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[Archimedes] concentrated his ambition exclusively upon those specula-
tions which are untainted by the claims of necessity. These studies, he be-
lieved, are incomparably superior to any others, since here the grandeur and
beauty of the subject matter vie for our admiration with the cogency and
precision of the methods of proof. Certainly in the whole science of geome-
try it is impossible to find more difficult and intricate problems handled in
simpler and purer terms than in his works. Some writers attribute it to his
natural genius. Others maintain that phenomenal industry lay behind the
apparently effortless ease with which he obtained his results. The fact is that
no amount of mental effort of his own would enable a man to hit upon the
proof of one of Archimedes’ theorems, and yet as soon as it is explained to
him, he feels he might have discovered it himself, so smooth and rapid is the
path by which he leads us to the required conclusion.

Plutarch Life of Marcellus [Scott-Kilvert’s translation]

It may be observed of mathematicians that they only meddle with such
things as are certain, passing by those that are doubtful and unknown. They
profess not to know all things, neither do they affect to speak of all things.
What they know to be true, and can make good by invincible argument, that
they publish and insert among their theorems. Of other things they are silent
and pass no judgment at all, choosing rather to acknowledge their ignorance,
than affirm anything rashly.

Barrow Mathematical Lectures

For [A.N.] Kolmogorov mathematics always remained in part a sport.
But when ... I compared him with a mountain climber who made first as-
cents, contrasting him with I. M. Gel "fand whose work I compared with the
building of highways, both men were offended. ‘... Why, you don’t think
I am capable of creating general theories?’ said Andrei Nikolaevich. ‘Why,
you think I can’t solve difficult problems?” added I. M.

V.I. Arnol’d in Kolmogorov in Perspective
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Introduction

In his autobiography [12], Winston Churchill remembered his struggles with
Latin at school. ‘ ... even as a schoolboy I questioned the aptness of the
Classics for the prime structure of our education. So they told me how Mr
Gladstone read Homer for fun, which I thought served him right.” ‘Naturally’
he says ‘I am in favour of boys learning English. I would make them all learn
English; and then I would let the clever ones learn Latin as an honour, and
Greek as a treat.’

This book is intended for those students who might find rigorous analysis
a treat. The content of this book is summarised in Appendix J and corre-
sponds more or less (more rather than less) to a recap at a higher level of the
first course in analysis followed by the second course in analysis at Cambridge
in 2003 together with some material from various methods courses (and thus
corresponds to about 60 to 70 hours of lectures). Like those courses, it aims
to provide a foundation for later courses in functional analysis, differential
geometry and measure theory. Like those courses also, it assumes comple-
mentary courses such as those in mathematical methods and in elementary
probability to show the practical uses of calculus and strengthen computa-
tional and manipulative skills. In theory, it starts more or less from scratch
but the reader who finds the discussion of section 1.1 baffling or the €, §
arguments of section 1.2 novel will probably find this book unrewarding.

This book is about mathematics for its own sake. It is a guided tour of a
great but empty Opera House. The guide is enthusiastic but interested only
in sight-lines, acoustics, lighting and stage machinery. If you wish to see the
stage filled with spectacle and the air filled with music you must come at
another time and with a different guide.

Although I hope this book may be useful to others, I wrote it for stu-
dents to read either before or after attending the appropriate lectures. For
this reason, I have tried to move as rapidly as possible to the points of dif-
ficulty, show why they are points of difficulty and explain clearly how they
are overcome. If you understand the hardest part of a course then, almost
automatically, you will understand the easiest. The converse is not true.

vil
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In order to concentrate on the main matter in hand, some of the sim-
pler arguments have been relegated to exercises. The student reading this
book before taking the appropriate course may take these results on trust
and concentrate on the central arguments which are given in detail. The
student reading this book after taking the appropriate course should have
no difficulty with these minor matters and can also concentrate on the cen-
tral arguments. 1 think that doing at least some of the exercises will help
students to ‘internalise’ the material but I hope that even students who skip
most of the exercises can profit from the rest of the book.

I have included further exercises in Appendix K. Some are standard, some
form commentaries on the main text and others have been taken or adapted
from the Cambridge mathematics exams. None are just ‘makeweights’, they
are all intended to have some point of interest. I have tried to keep to
standard notations but a couple of notational points are mentioned in the
index under the heading notation.

I have not tried to strip the subject down to its bare bones. A skeleton
is meaningless unless one has some idea of the being it supports and that
being in turn gains much of its significance from its interaction with other
beings, both of its own species and of other species. For this reason, I have
included several sections marked by a ©. These contain material which is
not necessary to the main argument but which sheds light on it. Ideally, the
student should read them but not study them with anything like the same
attention which she devotes to the unmarked sections. There are two sections
marked OO which contain some, very simple, philosophical discussion. It is
entirely intentional that removing the appendices and the sections marked
with a © more than halves the length of the book.

My first glimpse of analysis was in Hardy’s Pure Mathematics [23] read
when I was too young to really understand it. I learned elementary analysis
from Ferrar's A Textbook of Convergence [17] (an excellent book for those
making the transition from school to university, now, unfortunately, out of
print) and Burkill’s A First Course in Mathematical Analysis [10]. The books
of Kolmogorov and Fomin [30] and, particularly, Dieudonné [13] showed me
that analysis is not a collection of theorems but a single coherent theory.
Stromberg’s book An Introduction to Classical Real Analysis [45] lies perma-
nently on my desk for browsing. The expert will easily be able to trace the
influence of these books on the pages that follow. If, in turn, my book gives
any student half the pleasure that the ones just cited gave me, I will feel well
repaid.

Cauchy began the journey that led to the modern analysis course in his
lectures at the Ecole Polytechnique in the 1820’s. The times were not propi-
tious. A reactionary government was determined to keep close control over



Please send corrections however trivial to twk@dpmms.cam.ac.uk ix

the school. The faculty was divided along fault lines of politics, religion and
age whilst physicists, engineers and mathematicians fought over the contents
of the courses. The student body arrived insufficiently prepared and then
divided its time between radical politics and worrying about the job market
(grim for both staff and students). Cauchy’s course was not popular!.

Everybody can sympathise with Cauchy’s students who just wanted to
pass their exams and with his colleagues who just wanted the standard ma-
terial taught in the standard way. Most people neither need nor want to
know about rigorous analysis. But there remains a small group for whom
the ideas and methods of rigorous analysis represent one of the most splen-
did triumphs of the human intellect. We echo Cauchy’s defiant preface to his
printed lecture notes.

As to the methods [used here], I have sought to endow them
with all the rigour that is required in geometry and in such a
way that I have not had to have recourse to formal manipula-
tions. Such arguments, although commonly accepted ... cannot
be considered, it seems to me, as anything other than [sugges-
tive] to be used sometimes in guessing the truth. Such reasons
[moreover] ill agree with the mathematical sciences’ much vaunted
claims of exactitude. It should also be observed that they tend to
attribute an indefinite extent to algebraic formulas when, in fact,
these formulas hold under certain conditions and for only certain
values of the variables involved. In determining these conditions
and these values and in settling in a precise manner the sense of
the notation and the symbols I use, I eliminate all uncertainty.
... It is true that in order to remain faithful to these principles,
I sometimes find myself forced to depend on several propositions
that perhaps seem a little hard on first encounter ... . But, those
who will read them will find, I hope, that such propositions, im-
plying the pleasant necessity of endowing the theorems with a
greater degree of precision and restricting statements which have
become too broadly extended, will actually benefit analysis and
will also provide a number of topics for research, which are surely
not without importance.

!Belhoste’s splendid biography [4] gives the fascinating details.






Chapter 1

The real line

1.1 Why do we bother?

It is surprising how many people think that analysis consists in the difficult
proofs of obvious theorems. All we need know, they say, is what a limit is,
the definition of continuity and the definition of the derivative. All the rest
is ‘intuitively clear’.

If pressed they will agree that the definition of continuity and the defini-
tion of the derivative apply as much to the rationals QQ as to the real numbers
R. If you disagree, take your favorite definitions and examine them to see
where they require us to use R rather than Q. Let us examine the workings
of our ‘clear intuition’ in a particular case.

What is the integral of t2? More precisely, what is the general solution of
the equation

g(t) = £ *)

We know that #3/3 is a solution but, if we have been well taught, we know
that this is not the general solution since

o ="t (9

with ¢ any constant is also a solution. Is (x*) the most general solution of

(+)?
If the reader thinks it is the most general solution then she should ask
herself why she thinks it is. Who told her and how did they explain it? If the

LA good example of this view is given in the book [9]. The author cannot understand the
problems involved in proving results like the intermediate value theorem and has written
his book to share his lack of understanding with a wider audience.
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reader thinks it is not the most general solution, then can she find another
solution?

After a little thought she may observe that if g(¢) is a solution of (%) and
we set

1) =90 - 5

then f'(t) = 0 and the statement that (#x) is the most general solution of
(%) reduces to the following theorem.

Theorem 1.1.1. (Constant value theorem.) If f : R — R is differen-
tiable and f'(t) =0 for allt € R, then f is constant.

If this theorem is ‘intuitively clear’ over R it ought to be intuitively clear
over Q. The same remark applies to another ‘intuitively clear’ theorem.

Theorem 1.1.2. (The intermediate value theorem.) If f : R — R is
continuous, b > a and f(a) > 0 > f(b), then there exists a ¢ with b > ¢ > a.
such that f(c) = 0.

However, if we work over Q both putative theorems vanish in a puff of
smoke.

Example 1.1.3. If f : Q — Q is given by

flz)=-1 if ¥¥ < 2,
flz)=1 otherwise,

then

(i) f is a continuous function with f(0) = —1, f(2) = 1, yet there does
not exist a ¢ with f(c) =0,

(11) [ is a differentiable function with f'(x) = 0 for all x, yet f is not
constant.

Sketch proof. We have not yet formally defined what continuity and differen-
tiability are to mean. However, if the reader believes that f is discontinuous,
she must find a point x € Q at which f is discontinuous. Similarly, if she
believes that f is not everywhere differentiable with derivative zero, she must
find a point x € Q for which this statement is false. The reader will be in-
vited to give a full proof in Exercise 1.3.5 after continuity has been formally
defined. A

The question ‘Is (**) the most general solution of (x)?" now takes on a
more urgent note. Of course, we work in R and not in Q but we are tempted
to echo Acton ([1], end of Chapter 7).
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This example is horrifying indeed. For if we have actually seen
one tiger, is not the jungle immediately filled with tigers, and
who knows where the next one lurks.

Here is another closely related tiger.

Exercise 1.1.4. Continuing with Example 1.1.3, set g(t) =t + f(t) for all
t. Show that ¢'(t) =1 > 0 for all t but that g(—8/5) > g(—6/5).

Thus, if we work in Q, a function with strictly positive derivative need
not be increasing.

Any proof that there are no tigers in R must start by identifying the dif-
ference between R and @Q which makes calculus work on one even though it
fails on the other. Both are ‘ordered fields’, that is, both support operations
of ‘addition’ and ‘multiplication’ together with a relation ‘greater than’ (‘or-
der’) with the properties that we expect. I have listed the properties in the
appendix on page 379 but only to reassure the reader. We are not interested
in the properties of general ordered fields but only in that particular prop-
erty (whatever it may be) which enables us to avoid the problems outlined
in Example 1.1.3 and so permits us to do analysis.

1.2 Limits

Many ways have been tried to make calculus rigorous and several have been
successful. We choose the first and most widely used path via the notion of
a limit. In theory, my account of this notion is complete in itself. However,
my treatment is unsuitable for beginners and I expect my readers to have
substantial experience with the use and manipulation of limits.

Throughout this section F will be an ordered field. The reader will miss
nothing if she simply considers the two cases F = R and F = Q. She will,
however, miss something if she fails to check that everything we say applies
to both cases equally.

Definition 1.2.1. We work in an ordered field F. We say that a sequence
ai, as, ... tends to a limit a as n tends to infinity, or more briefly

Ap — a as n — o0

if, given any € > 0, we can find an integer ng(e) [read ‘ng depending on €’]
such that

lan, —a| < € for all n > ng(e).



4 A COMPANION TO ANALYSIS

The following properties of the limit are probably familiar to the reader.

Lemma 1.2.2. We work in an ordered field IF.

(1) The limit is unique. That is, if a,, — a and a, — b as n — oo, then
a=>.

(ii) If a, — a asn — oo and 1 <n(l) <n(2) <n(3)..., then ayj) — a
as j — oo.

(111) If an, = ¢ for all n, then a,, — ¢ as n — oc.

(w) If a,, — a and b, — b as n — oo, then a, + b, — a+ .

(v) If a,, — a and b, — b as n — oo, then a,b, — ab.

(vi) Suppose that a, — a asn — oo. If a, # 0 for each n and a # 0,
then a,' — a™!.

(vit) If a, < A for each n and a,, — a as n — oo, then a < A. Ifb, > B
for each n and b,, — b, as n — oo then b > B.

Proof. 1 shall give the proofs in detail but the reader is warned that similar
proofs will be left to her in the remainder of the book.
(i) By definition:-

Given € > 0 we can find an n4(€) such that |a,, — a|] < € for all n > ny(e).
Given € > 0 we can find an ng(e) such that |a, — b| < € for all n > na(e).

Suppose, if possible, that a # b. Then setting € = |a — b|/3 we have € > 0. If
N = max(n;(€), na(€)) then

la — bl <lay —a|+ |ay — b < e+e=2|b—al|/3

which is impossible. The result follows by reductio ad absurdum.
(ii) By definition,

Given € > 0 we can find an n(€) such that |a, — a| < € for all n > n(e),

(%)

Let € > 0. Since n(j) > j (proof by induction, if the reader demands a proof)
we have |a,;) — a| < € for all j > n,(e). The result follows.
(iii) Let € > 0. Taking n;(e) = 1 we have

la, —c| =0<e¢

for all n > ny(e). The result follows.
(iv) By definition, % holds as does

Given € > 0 we can find an ny(€) such that |b, — b| < € for all n > na(e).
(k)
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Observe that
|(an + by) — (a+b)| = |(an — a) + (b, — )| < |an, —al + |by — 1]
Thus if € > 0 and n3(e) = max(ny(e/2), na(e/2)) we have
l(an, +b,) — (a+b)| <la, —al +]b, — b <e€/2+¢€/2=¢

for all n > ns3(€). The result follows.

(v) By definition, % and s hold. Let ¢ > 0. The key observation is
that

\anby, — abl < |anb, — a,b| + |a,b — ab| = |a,||by, — b| + |b||la, —al (1)
If n > ny(1) then |a, —a| < 1so |a,| < |a] +1 and (1) gives
|anbn — abl < (la| + 1)[bn — b + [b|an — al. (2)

Thus setting? nz(e) = max(ni(1), ni(e/(2(16] + 1)), na(e/(2(Ja] +1))) we see
from (2) that

|anb, —abl < €/2+¢/2=c¢

for all n > n3(e). The result follows.
(vi) By definition, % holds. Let ¢ > 0. We observe that

1 1

a, a

B la — a,|

(3)

 allan] |

Since a # 0 we have |a|/2 > 0. If n > ny(|a|/2) then |a, — a|] < |a|/2 so
la,| > |a|/2 and (3) gives
1 1

a, a

2la — ay|
— e

(4)

Thus setting n3(e) = max(ny(|a|/2), ni(a*e/2)) we see from (4) that

1 1

a, a

<€

for all n > n3(e). The result follows.

2The reader may ask why we use n1(e/(2(|b] + 1)) rather than ny(e/(2]b|)). Observe
first that we have not excluded the possibility that b = 0. More importantly, observe that
all we are required to do is to find an ng(e) that works and is futile to seek a ‘best’ ng(e)
in these or similar circumstances.
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(vii) The proof of the first sentence in the statement is rather similar to
that of (i). By definition, % holds. Suppose, if possible, that a > A, that is,
a—A>0. Setting N =ny(a — A) we have

ay=(ay—a)+a>a—|ay —al] >a—(a—A) = A,

contradicting our hypothesis. The result follows by reduction ad absurdum.
To prove the second sentence in the statement we can either give a similar

argument or set a, = —b,, a = —b and A = —B and use the first sentence.
[Your attention is drawn to part (ii) of Exercise 1.2.4.] |

Exercise 1.2.3. Prove that the first few terms of a sequence do not affect
convergence. Formally, show that if there exists an N such that a, = b, for
n > N then, a, — a as n — oo implies b, — a as n — 0.

Exercise 1.2.4. In this exercise we work within Q. (The reason for this will
appear in Section 1.5 which deals with the axiom of Archimedes.)

(1) Observe that if e € Q and € > 0, then e = m/N for some strictly posi-
tive integers m and N. Use this fact to show, directly from Definition 1.2.1,
that (if we work in Q) 1/n — 0 as n — oo.

(i1) Show, by means of an example, that, if a, — a and a, > b for all
n, it does not follow that a > b. (In other words, taking limits may destroy
strict inequality.)

Does it follow that a > b? Give reasons.

Exercise 1.2.5. A more natural way of proving Lemma 1.2.2 (i) is to split
the argument in two

(1) Show that if |a — b| < € for all € > 0, then a = b.

(ii) Show that if a, — a and a, — b as n — oo, then |a — b| < € for all
e > 0.

(i111) Deduce Lemma 1.2.2 (i).

(iv) Give a similar ‘split proof’ for Lemma 1.2.2 (vii).

Exercise 1.2.6. Here is another way of proving Lemma 1.2.2 (v). I do not
clatm that it is any simpler, but it introduces a useful idea.

(1) Show from first principles that, if a, — a, then ca, — ca.

(ii) Show from first principles that, if a,, — a as n — oo, then a? — a®.

(iii) Use the relation vy = ((z +y)* — (x — y)?)/4 together with (i), (i)
and Lemma 1.2.2 (iv) to prove Lemma 1.2.2 (v).

The next result is sometimes called the sandwich lemma or the squeeze
lemma.
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Exercise 1.2.7. Suppose a,, > ¢, > b, for all m. Then, if a, — ¢ and
b, — ¢, it follows that ¢, — ¢ as n — oo.

Suppose |am| > |cm| > |bm| for all m and that a, — ¢ and b, — ¢ as
n — oo. Does it follow that ¢, — c¢? Give a proof or counterexample as
appropriate.

1.3 Continuity

Our definition of continuity follows the same line of thought.

Definition 1.3.1. We work in an ordered field F. Suppose that E is a subset
of F and that f is some function from E to F. We say that f is continuous
at x € E if given any € > 0 we can find dy(€, ) [read 6y depending on € and
x’] with éo(e,z) > 0 such that

|f(z) — f(y)] <€ forally € E such that |v —y| < do(€, x).

If f is continuous at every point of E we say that f : E — F is a continuous
function.

The reader, who, I expect, has seen this definition before, and is, in any
case, a mathematician, will be anxious to move on to see some theorems
and proofs. Non-mathematicians might object that our definition does not
correspond to their idea of what continuous should mean. If we consult
the dictionary we find the definition ‘connected, unbroken; uninterrupted in
time or sequence: not discrete’. A mathematician would object that this
merely defines one vague concept in terms of other equally vague concepts.
However, if we rephrase our own definition in words we see that it becomes
‘f is continuous if f(y) is close to f(z) whenever y is sufficiently close to
2’ and this clearly belongs to a different circle of ideas from the dictionary
definition.

This will not be a problem when we come to define differentiability since
there is no ‘common sense’ notion of differentiability. In the same way the
existence of a ‘common sense’ notion of continuity need not trouble us pro-
vided that whenever we use the word ‘continuous’ we add under our breath
‘in the mathematical sense’ and we make sure our arguments make no appeal
(open or disguised) to ‘common sense’ ideas of continuity.

Here are some simple properties of continuity:.

Lemma 1.3.2. We work in an ordered field F. Suppose that E is a subset
of F, that x € E, and that f and g are functions from E to F.
(i) If f(x) = c for all x € E, then fis continuous on E.
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(11) If f and g are continuous at x, then so is f + g.

(111) Let us define f x g: E — F by f x g(t) = f(t)g(t) for allt € E.
Then if f and g are continuous at x, so is f X g.

(iv) Suppose that f(t) # 0 for allt € E. If f is continuous at x so is

1/f.
Proof. Follow the proofs of parts (iii) to (vi) of Lemma 1.2.2. |

By repeated use of parts (ii) and (iii) of Lemma 1.3.2 it is easy to show
that polynomials P(t) = Y "_,a,t" are continuous. The details are spelled
out in the next exercise.

Exercise 1.3.3. We work in an ordered field F. Prove the following results.

(1) Suppose that E is a subset of F and that f : E — F is continuous at
x € E. If x € E' C E then the restriction f|g of f to E' is also continuous
at x.

(ii) If J : F — F is defined by J(x) = x for allx € F, then J is continuous
on F.

(111) Every polynomial P is continuous on F.

(iv) Suppose that P and @ are polynomials and that Q) is never zero on
some subset E of F. Then the rational function P/Q is continuous on E (or,
more precisely, the restriction of P/Q to E is continuous.)

The following result is little more than an observation but will be very
useful.

Lemma 1.3.4. We work in an ordered field F. Suppose that E is a subset
of F, that x € E, and that f is continuous at x. If x, € E for all n and
Ty — T asn — 00, then f(z,) — f(x) as n — oo.

Proof. Left to reader. |

We have now done quite a lot of what is called €, § analysis but all we
have done is sharpened our proof of Example 1.1.3. The next exercise gives
the details.

Exercise 1.3.5. We work in Q. The function f is that defined in Exam-
ple 1.1.5.

(i) Show that the equation x® = 2 has no solution. (See any elementary
text on number theory or Ezxercise K.1.)

(ii) If |z| < 2 and |n| < 1 show that |(x + n)?* — x?| < 5|n|.

(iii) If 2* < 2 and 6 = (2 — 2%)/6 show that y* < 2 whenever | —y| < 4.
Conclude that f is continuous at x.

(iv) Show that if x* > 2 then f is continuous at x.

(v) Conclude that f is a continuous function.
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Unless we can isolate the property that distinguishes the rationals from
the reals we can make no progress.

1.4 The fundamental axiom

The key property of the reals, the fundamental aziom which makes everything
work, can be stated as follows:

The fundamental axiom of analysis. If a, € R for eachn > 1, A € R
and a1 < ag < az < ... and a, < A for each n, then there exists an a € R
such that a,, — a as n — oo.

Less ponderously, and just as rigorously, the fundamental axiom for the
real numbers says every increasing sequence bounded above tends to a limit.

Everything which depends on the fundamental axiom is analysis, every-
thing else is mere algebra.

I claim that all the theorems of classical analysis can be obtained from the
standard ‘algebraic’ properties of R together with the fundamental axiom. I
shall start by trying to prove the intermediate value theorem. (Here [a,d] is
the closed interval [a,b] = {z € R : a <z <b}.)

Theorem 1.4.1. (The intermediate value theorem.) If f : [a,0] — R
is continuous and f(a) > 0 > f(b) then there exists a ¢ € [a,b] such that

fe) =0.
(The proof will be given as Theorem 1.6.1.)

Exercise 1.4.2. Assuming Theorem 1.4.1 prove the apparently more general
result:—

If f:]a,b] — R is continuous and f(a) >t > f(b) then there ezists a
c € [a,b] such that f(c) =t.

How might our programme of obtaining the intermediate value theorem
from the fundamental axiom fail?

(1) The reader has higher standards of rigour than I do but can fill in
the gaps herself. For example, in the statement of Theorem 1.4.1, I do not
explicitly say that b > a. Again, I talk about the ‘algebraic’ properties of R
when, strictly speaking, a set cannot have algebraic properties and I should
refer instead to the algebraic properties of (R, 4+, x, >). Such problems may
annoy the reader but do not cause the programme to fail.

(2) As is almost certainly the case, my proofs contain errors or have gaps
which do not occur in other accounts of the material and which can thus be
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corrected. In such a case, I apologise but it is I who have failed and not the
programme.

(3) My proofs contain a serious error or have a serious gap which occurs
in all accounts of this material. If this can be corrected then the programme
survives but looks a great deal more shaky. If a serious error has survived
for a century who knows what other errors may lurk.

(4) All accounts contain an error which cannot be corrected or a gap that
cannot be filled. The programme has failed.

We start our attempt with a simple consequence of the fundamental ax-
iom.

Lemma 1.4.3. In R every decreasing sequence bounded below tends to a
limat.
Proof. Observe that if a;, as, as, ... is a decreasing sequence bounded below

then —aq, —ao, —as, ... is an increasing sequence bounded above. We leave
the details to the reader as an exercise. |

Exercise 1.4.4. (i) If my, mg, ... is an increasing sequence of integers
bounded above, show that there exists an N such that m; = my for allj > N.

(1) Show that every non-empty set A C Z bounded above has a mazimum.
More formally, show that if A C Z, A # 0 and there exists a K such that
K > a whenever a € A then there exists an ag € A with ag > a whenever
a€ A.

1.5 The axiom of Archimedes

Our first genuinely ‘analysis’ result may strike the reader as rather odd.

Theorem 1.5.1. (Axiom of Archimedes.)

——0asn—
n

Proof. Observe that the 1/n form a decreasing sequence bounded below.
Thus, by the fundamental axiom (in the form of Lemma 1.4.3), 1/n tends
to some limit [. To identify this limit we observe that since the limit of a
product is a product of the limits (Lemma 1.2.2 (v))

1 1 1 l
_X__)_

o 2 n 2
and since the limit of a subsequence is the limit of the sequence (Lemma 1.2.2 (ii))

R

2n
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as n — o0o. Thus, by the uniqueness of limits (Lemma 1.2.2 (1)), [ =1/2 so
[ =0and 1/n — 0 as required. |

Exercise 1.5.2. [Exercise 1.2.4 (ii) concerned Q. We repeat that exercise
but this time we work in R.] Show, by means of an example, that, if a,, — a
and a, > b for all n, it does not follow that a > b. (In other words, taking
limits may destroy strict inequality.)

Does it follow that a > b? Give reasons.

Theorem 1.5.1 shows that there is no ‘exotic’ real number J say (to choose an
exotic symbol) with the property that 1/n > J for all integers n > 1 and yet
J > 0 (that is J is smaller than all strictly positive rationals and yet strictly
positive). There exist number systems with such exotic numbers (the famous
‘non-standard analysis’ of Abraham Robinson and the ‘surreal numbers’ of
Conway constitute two such systems) but, just as the rationals are, in some
sense, too small a system for the standard theorems of analysis to hold so
these non-Archimedean systems are, in some sense, too big. Eudoxus and
Archimedes? realised the need for an axiom to show that there is no exotic
number 1 bigger than any integer (i.e. 71> n for all integers n > 1; to see the
connection with our form of the axiom consider J = 1/7). However, in spite
of its name, what was an axiom for Eudoxus and Archimedes is a theorem
for us.

Exercise 1.5.3. (i) Show that there does not ezist a K € R with K > n for
alln € Z by using Theorem 1.5.1.
(ii) Show the same result directly from the fundamental aziom.

Exercise 1.5.4. (i) Show that if a is real and 0 < a < 1 then a" — 0 as
n — 0o. Deduce that if a is real and |a| < 1 then a™ — 0.
(i) Suppose that a is real and a # —1. Discuss the behaviour of

1—a"
1+ am

as n — oo for the various possible values of a.
[Hint (1 —a™)/(1+a")=(a"—=1)/(a™™+1).]

Here is an important consequence of the axiom of Archimedes.

Exercise 1.5.5. (i) Use the fact that every non-empty set of integers bounded
above has a maximum (see Ezercise 1.4.4) to show that, if x € R, then there
exists an integer m such that m < x < m+ 1. Show that |zt —m| < 1.

3This is a simplification of a more complex story.
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(11) If x € R and n is a strictly positive integer, show that there exists an
integer q such that |x — q/n| < 1/n.
(111) Deduce Lemma 1.5.6 below, using the aziom of Archimedes explicitly.

Lemma 1.5.6. If x € R, then, given any € > 0, there exists a y € Q such
that |z —y| < e.

Thus the rationals form a kind of skeleton for the reals. (We say that the
rationals are dense in the reals.)

The reader will probably already be acquainted with the following defi-
nition.

Definition 1.5.7. If a1, as, ... is a sequence of real numbers, we say that
a, — 00 as n — oo if, given any real K, we can find an ny(K) such that
a, > K for alln > ny(K).

Exercise 1.5.8. Using Fzxercise 1.5.3 show that n — co as n — oo.

Exercise 1.5.8 shows that two uses of the words ‘n tends to infinity’ are
consistent. It is embarrassing to state the result but it would be still more
embarrassing if it were false. Here is a another simple exercise on Defini-
tion 1.5.7.

Exercise 1.5.9. Let ay, as, ... be a sequence of non-zero real numbers.
Show that, if a, — oo, then 1/a,, — 0. Is the converse true? Give a proof
or counterexample.

Exercise 1.5.10. [t is worth noting explicitly that ordered fields may satisfy
the axiom of Archimedes but not the fundamental aziom. Show in particular
that the rationals satisfy the axiom of Archimedes. (This is genuinely easy
so do not worry if your answer is brief.)

Exercise 1.5.11. The reader may be interested to see an ordered field con-
taining Z which does not satisfy the axiom of Archimedes. We start by con-
sidering polynomials P(X) = Zivzo a, X" with real coefficients a, and form
the set K of rational functions P(X)/Q(X) where P and Q are polynomials
and @ is not the zero polynomial (that is Q(X) = Z%:o by X™ with by # 0
for some M ). Convince yourself that, if we use the usual standard formal
algebraic rules for manipulating rational functions, then K is a field (that is,
it satisfies conditions (A1) to (D) as set out in the axioms on page 379).

To produce an order on K we define the set P to consist of all quotients

of the form

25:0 a, X"
M m
Zm:() me
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with an, by # 0 and anby > 0. Convince yourself that this is a consistent
definition (remember that the same quotient will have many different repre-
sentations; P(X)/Q(X) = R(X)P(X)/R(X)Q(X) whenever R(X) is a non-
zero polynomial) and that P satisfies conditions (P1) to (P3). If we define
P (X)/Q1(X) > Po(X)/Q2(X) whenever Pi(X)/Q1(X)—Po(X)/Q2(X) € P
condition (P4) is automatically satisfied and we have indeed got an ordered
field.

We note that the elements of K of the form a/1 with a € R can be
wdentified in a natural way with R. If we make this natural identification, K
contains 7.

To see that the axiom of Archimedes fails, observe that 1/n > 1/X >0
forallneZ,n>1.

Of course, since the axiom of Archimedes fails, the fundamental aziom
fails. By examining the proof of Theorem 1.5.1, show that the 1/n form a
decreasing sequence bounded below but not tending to any limat.

If the reader knows some modern algebra she will see that our presentation
can be sharpened in various ways. (It would be better to define K using equiv-
alence classes. We should take greater care over checking consistency. The
words ‘identified in a natural way’ should be replaced by ‘there is an isomor-
phism of (R, +, X, >) with a subfield of K’.) Such readers should undertake
the sharpening as an instructive exercise.

Exercise 1.5.12. We shall not make any essential use of the decimal ez-
pansion of the real numbers but it is interesting to see how it can be obtained.
Let us write

D={neZ:9>n>0}.

(i) If x; € D show that Zjvzl ;1077 < 1.

(i) If x; € D show that Zjvzl 2;1077 converges to a limit z, say, as
N — oco. Show that 0 < x <1 and that x = 1 if and only if x; =9 for all j.

(111) If y € [0, 1] show that there exist y; € D such that

N
y—107N <) y107 <y

j=1

and that Zjvzl y;1077 — y as N — oo.

(iv) Identify explicitly the use of the axiom of Archimedes in the proof of
the last sentence of (ii) and in the proof of (iii).

(v) Suppose that aj, b; € D, a; = b; for j < M and ay > by. If
Z;.V:l a;1077 — a and Zjvzl b;1077 — b as N — oo show that a > b. Glive
the precise necessary and sufficient condition for equality and prove it.
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Exercise 1.5.13. It seems, at first sight, that decimal expansion gives a nat-
ural way of treating real numbers. It is not impossible to do things in this
way, but there are problems. Here is one of them. Let 0 < a, b < 1 and
c=ab. If Zjvzl a;1077 — a, Zjvzl b;1077 — b, and Z;VZI ¢;1077 — ¢ find ¢;
in terms of the various ay and by. (The reader is invited to reflect on this
problem rather than solve it. Indeed, one question is ‘what would constitute
a nice solution?’)

Exercise 1.5.14. Here is a neat application of decimal expansion.
(1) Define f : [0,1] — [0,1] as follows. Fach x € [0,1] has a unique
non-terminating decimal expansion

T = i leo—j
j=1

with the x; integers such that 0 < x; < 9. If there exists an integer N > 2
such that xo; =1 for all 7 > N but xon_o # 1 we set

f(z) = Z Ta(jn)411077.
=1

Otherwise we set f(x) = 0. Show that given any y € [0,1], any € > 0 and
any t € [0,1] we can find an x € [0,1] with |x —y| < € such that f(z) = t.
In other words f takes every value in [0, 1] arbitrarily close to every point.

(11) Show that if 0 < a < b < 1 then, given any t lying between f(a)
and f(b) (that is to say, t with f(a) < t < f(b) if f(a) < f(b) or with
f(b) <t < f(a) if f(b) < f(a)), there exists a ¢ € [a,b] such that f(c) = t.
(Thus the fact that a function satisfies the conclusion of the intermediate
value theorem (Ezercise 1.4.2) does not show that it is well behaved.)

(11i) Find a g : R — [0, 1] such that, given any y € R, any € > 0 and any
t €10,1], we can find an x with |v —y| < € with f(x) =t.

(1v) (This may require a little thought.) Find a g : R — R such that given
any y € R, any € > 0 and any t € R we can find an x with |z — y| < € such
that f(x) =t.

Although decimal expansion is a very useful way of representing numbers
it is not the only one. In Exercises K.13 and K.14 we discuss representation
by continued fractions.

1.6 Lion hunting

Having dealt with the axiom of Archimedes, we can go on at once to prove
the intermediate value theorem.
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Theorem 1.6.1. (The intermediate value theorem.) We work in R. If
f i a,b] — R is continuous and f(a) > 0 > f(b), then there exists a ¢ € |a, b
such that f(c) = 0.

Proof. Since the method of proof is important to us, I shall label its three
main parts.

Part A Set ap = a and by = b. We observe that f(ag) > 0> f(by). Now set
co = (ap+bp)/2. There are two possibilities. Either f(cg) > 0, in which case
we set a; = ¢y and by = by, or f(cy) < 0, in which case we set a; = ay and
b1 = ¢g. In either case, we have

flar) =20 = f(b),
ap < ar < by < by,
and bl —a; = (b(] — CLO>/2.

Continuing inductively we can find a sequence of pairs of points a, and b,
such that

flan) 20> f(bn),
Ap—1 S an S bn S bn—la
and b, — a, = (by_1 — an_1)/2,

for all n > 1.

Part B We have ag < a; < --- < a, < by so that the a,, form an increasing
sequence bounded above. By the fundamental axiom there is real number ¢,
say, such that a,, — c as n — o0o. Since a = ag < a,, < by we have a < ¢ < b.
We note also that b, — a, = 27"(by — ag) so, by the axiom of Archimedes,
b, — a,, — 0 and thus

b, =a, + (b, —a,) - c+0=c

as n — oo.

Part C Since f is continuous at ¢ and a,, — ¢, it follows that f(a,) — f(c)
as n — oo. Since f(a,) > 0 for all n, it follows that f(c) > 0. A similar
argument applied to the b, shows that f(c) < 0. Since 0 < f(c) < 0, it
follows that f(c) = 0 and we are done. [

Exercise 1.6.2. (i) Give the complete details in the inductive argument in
Part A of the proof of Theorem 1.6.1 above.

(ii) Give the details of the ‘similar argument applied to the b,  which
shows that f(c) <0.

(11i) We use various parts of Lemma 1.2.2 in our Theorem 1.6.1. Identify
the points where we use Lemma 1.2.2.
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Exercise 1.6.3. (i) Think how the argument used to prove Theorem 1.6.1
applies to [a,b] = [0,1], f(x) = 2—4x2. (You are not asked to write anything
though you may well choose to draw a diagram.)

(11) Think also how the argument used to prove Theorem 1.6.1 applies to
[a,0] =[0,1], f(z) = (1 —5z)(2 — 5z)(3 — bx).

The method used to prove Theorem 1.6.1 is called ‘Lion hunting’. The
method is also called ‘successive bisection’, ‘bisection search’ or simply ‘bi-
section’.

Let us summarise the proof. In Part A we have evidence of a lion in the
interval [a,_1,b,_1]. We split the interval into two halves [a, 1, ¢, 1] and
[¢n_1,b,_1] and show that, since there is evidence of a lion in the interval
[@n—1,by—1], either there is evidence of a lion in [a,,—1, ¢,—1], in which case we
take [an, by] = [an_1,cn_1], or, if there is no evidence of a lion in [a,_1, ¢;,—1]
(this does not mean that there are no lions in [a,_1, ¢,_1], simply that we do
not have evidence of one), then it follows that there must be evidence of a
lion in [¢,_1,b,_1] and we take [a,, b,] = [¢h_1,bp_1].

In Part B we use the fundamental axiom of analysis to show that these
successive bisections ‘close in” on a point ¢ which we strongly suspect of being
a lion. Finally in Part C we examine the point ¢ to make sure that it really
is a lion. (It might be a wolf or a left handed corkscrew.)

Let us see what goes wrong if we omit parts of the hypotheses of Theo-
rem 1.6.1. If we omit the condition f(a) > 0 > f(b), then we cannot even
start Part A of the argument. The example [a,b] = [0,1], f(z) = 1 shows
that the conclusion may indeed be false.

If we have f(a) > 0 > f(b) but replace R by another ordered field for
which the fundamental axiom does not hold, then Part A goes through per-
fectly but Part B fails. Example 1.1.3 with which we started shows that the
conclusion may indeed be false. (Take [a,b] = [-2,0].)

If we have f(a) > 0 > f(b) and we work over R but we do not demand
f continuous then Part C fails. Working over R we may take [a,b] = [0, 1]
and define f(z) =1 for z <1/3 and f(x) = —1 for x > 1/3. Parts A and B
work perfectly to produce ¢ = 1/3 but there is no lion (that is, no zero of f)
at c.

Exercises 1.6.4 to 1.6.6 are applications of the intermediate value theorem.

Exercise 1.6.4. Show that any real polynomial of odd degree has at least
one root. Is the result true for polynomials of even degree? Give a proof or
counterexample.

4The name probably comes from A Contribution to the Mathematical Theory of Big
Game Hunting by H. Pétard. This squib is reprinted in [8].
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Exercise 1.6.5. Suppose that g : [0,1] — [0,1] is a continuous function. By
considering f(x) = g(x) — x, or otherwise, show that there ezists a ¢ € [0, 1]
with g(c) = c. (Thus every continuous map of [0,1] into itself has a fized
point.)

Give an example of a bijective continuous function k : (0,1) — (0,1) such
that k(x) # x for all x € (0,1).

Give an example of a bijective (but, necessarily, non-continuous) function
h:[0,1] — [0,1] such that h(x) # x for all x € [0,1].
[Hint: First find a function H : [0,1] \ {0, 1, 1/2} — [0,1]\ {0, 1, 1/2}
such that H(x) # x.]

Exercise 1.6.6. FEvery mid-summer day at sixz o’clock in the morning, the
youngest monk from the monastery of Damt starts to climb the narrow path
up Mount Dipmes. At siz in the evening he reaches the small temple at the
peak where he spends the night in meditation. At siz o’clock in the morning
on the following day he starts downwards, arriving back at the monastery at
siz in the evening. Of course, he does not always walk at the same speed.
Show that, none the less, there will be some time of day when he will be at
the same place on the path on both his upward and downward journeys.

Finally we give an example of lion hunting based on trisecting the interval
rather than bisecting it.

Exercise 1.6.7. Suppose that we have a sequence x1, xs, ... of real num-
bers. Let [ag,bo] be any closed interval. Show that we can find a sequence of
pairs of points a, and b, such that

either , > b, + (bp_1 — an_1)/3 or x, < a, — (bp_1 — an_1)/3,
Qp—1 S Gy, S bn S bnfh
and b, — an, = (by—1 — an_1)/3,

foralln > 1.

Show that a,, and b, tend to some limit ¢ € |ag,by]. Show further that,
for each n > 1, either x,, > ¢+ (by—1 — an_1)/3 orxz, <c— (bp_1 —an_1)/3
and so in particular x,, # c.

Thus we cannot write the points of [ag, bo] as a sequence. (We say that
[ag, bo] is uncountable. The reader may know a proof of this via decimal
expansions.)

For more on countability and an important extension of this exercise see
Appendix B and Exercise B.7 within that appendix.
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1.7 The mean value inequality

Having disposed of one of the three tigers with which we started, by proving
the intermediate value theorem, we now dispose of the other two by using
the ‘mean value inequality’.

Theorem 1.7.1. (The mean value inequality.) Let U be the open inter-
val (o, B) on the real line R. Suppose that K > 0 and that a, b € U with
b>a. If f:U — R is differentiable with f'(t) < K for allt € U then

f(b) = fla) < (b—a)K.

Before we can do this we must define differentiability and the deriva-
tive. The reader will almost certainly be familiar with a definition along the
following lines.

Definition 1.7.2. Let U be an open set in R. We say that a function f :
U — R is differentiable at t € U with derivative f'(t) if, given € > 0, we can
find a §(t,e) > 0 such that (t — (t,€),t+6(t,€)) CU and

ft+h) - f()
h

— )| <e

whenever 0 < |h| < (t,€).

In Chapter 6 we shall define a more general notion of differentiation and
derive many of its properties. For the moment all we need is Definition 1.7.2.

Exercise 1.7.3. Let U be an open interval in R and suppose functions f, g :
U — R are differentiable at t € U with derivatives f'(t) and ¢'(t). If A, p €
R, show that \f + pg is differentiable at t with derivative Af'(t) + pg'(t).

To obtain Theorem 1.7.1 we prove an apparently weaker result.

Lemma 1.7.4. We use the notation and assumptions of Theorem 1.7.1. If
€ >0, then f(b) — f(a) < (K +¢€)(b—a).

Proof of Theorem 1.7.1 from Lemma 1.7.4. Since f(b)—f(a) < (K+¢€)(b—a)
for all € > 0, it follows that f(b) — f(a) < K(b— a). |

Proof of Lemma 1.7.4. We suppose that f(b) — f(a) > (K + ¢€)(b — a) and
use lion-hunting to derive a contradiction. Set ag = a, by = b. We observe
that f(bo) — f(ao) > (K + €)(by — ag). Now set co = (ap + bo)/2. Since

(f(co) = flao) — (K +€)(co — ao)) + (f(bo) — f(co) — (K + €)(bo — o))
= (f(bo) = f(ao) — (K +€)(bo — ao)) > 0,



Please send corrections however trivial to twk@dpmms.cam.ac.uk 19

at least one of the expressions f(co) — f(ao) — (K +€)(co — ap) and (f(by) —
f(co) = (K 4 €)(bo — co) must be strictly positive. If f(bg) — f(co) — (K +
€)(bo — co) > 0, we set a; = ¢p and by = by. Otherwise, we set a; = a¢ and
b1 = ¢g. In either case, we have

f(b1) — flar) > (K +¢€) (b1 — ar),
ap < a; < by < by,
and b1 —a; = (bo - (Zo)/2.

Continuing inductively, we can find a sequence of pairs of points a,, and
b,, such that

f(bn) = flan) > (K +€)(by — an),
Ap—1 S An S bn S bn—h
and b, — ap, = (b1 — ap_1)/2,

for all n > 1.

We have ag < a1 < --- < a, < by so that the a, form an increasing
sequence bounded above. By the fundamental axiom there is real number ¢,
say, such that a,, — cas n — o0o. Since a = ag < a,, < by we have a < c < b
and similarly ay < ¢ < by for all N . We note also that b, —a,, = 27" (by—ay)
so, by the axiom of Archimedes, b,, — a,, — 0 and thus

by, =an+ (b, —a,) - c+0=c

as n — 0o.
Since f is differentiable at ¢, we can find a § > 0 such that (¢—0d,c+J) C U
and
fle+h) = f(c)
h

— f(c)| <¢€/2
whenever 0 < |h| < d. Thus
|[f(c+h) = f(c) = ['(c)h] < €|h]/2
whenever |h| < 6, and so, since f'(c) < K,
fle+h)—flc) <(K+¢€¢/2)h for0<h<$
fle)= flc+h) < —(K+¢€/2)h for =§ <h <0

Since a, — ¢ and b, — ¢, we can find an N such that |ay — ¢| < § and
lby — c| < 6. Tt follows, first taking h = ay — ¢ and then h = by — ¢, that

7(e) = flax) < (K + ¢/2)(c — ay)
and f(by) — £(c) < (K +¢/2)(by — ).
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Thus

fbn) = flan) = (f(bn) = f(c)) + (f(c) = flan))
< (K +¢€/2)(bn = ¢) + (K +¢/2)(c — an)
= (K +¢/2)(by — an),

contradicting our earlier assumption that f(b,) — f(a,) > (K + €)(b, — a,)
for all n.

Thus our initial assumption must be wrong and the theorem is proved.
[ |

Theorem 1.7.1 immediately proves Theorem 1.1.1.

Theorem 1.7.5. (The constant value theorem.) Let U be the open in-
terval (o, B) or the real line R. If f: U — R is differentiable with f'(t) =0
for allt € U, then f is constant.

Proof. Let b, a € U with b > a. By applying Theorem 1.7.1 to f with K =0
we see that f(b) — f(a) < 0. By applying Theorem 1.7.1 to —f with K =0,
we see that f(a) — f(b) < 0. Thus f(a) = f(b). But a and b were arbitrary,
so f is constant. |

In section 1.1 we noted the importance of the following simple corollary.

Theorem 1.7.6. Let U be the open interval (o, B) or the real line R. If the
functions f,g: U — R are differentiable with f'(t) = ¢'(t) for allt € U then
there exists a constant ¢ such that f(t) = g(t) + ¢ for allt € U.

Proof. Apply Theorem 1.7.5 to f — g. ]

In A Tour of the Calculus [5], Berlinski greets this theorem with a burst
of rhetoric.

. functions agreeing in their derivates, the theorem states,
differ on an interval only by a constant. It is the derivative of
a real-valued function that like some pulsing light illuminates
again the behaviour of the function, enforcing among otherwise
anarchic and wayward mathematical objects a stern uniformity
of behaviour. Such is the proximate burden of the mean value
theorem, which is now revealed to play a transcendental role in
the scheme of things.
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To which the present author, constrained by the conventions of textbook
writing from such active expressions of enthusiasm, can only murmur ‘Hear,
hear’.

It is fairly easy to see that Theorem 1.7.1 is equivalent to the following
result.

Theorem 1.7.7. Let U be the open interval (o, 3) or the real line R. Sup-
pose that a, b € U and b > a. If g : U — R is differentiable with ¢'(t) > 0
for allt € U then

g(b) —g(a) = 0.

Exercise 1.7.8. (i) By taking f = —g and K = 0, prove Theorem 1.7.7
from Theorem 1.7.1.

(ii) By taking g(t) = Kt— f(t), prove Theorem 1.7.1 from Theorem 1.7.7.

Thus a function with positive derivative is increasing.
The converse result is ‘purely algebraic’ in the sense that it does not
involve the fundamental axiom.

Lemma 1.7.9. If g : (a,b) — R is differentiable and increasing on (a,b)
then ¢'(t) > 0 for allt € (a,b).

Exercise 1.7.10. Use the definition of the derivative to prove Lemma 1.7.9.
[Hint: Show first that given any € > 0 we have ¢'(t) > —e./

Readers who know the mean value theorem (given as Theorem 4.4.1 later)
may wish to extend Theorem 1.7.1 as follows.

Exercise 1.7.11. Suppose that a, b € R and b > a. If f : [a,b] — R is
continuous and f is differentiable on (a,b) with f'(t) < K for allt € (a,b),
use Theorem 1.7.1 on intervals (a,,b,) with a < a, < b, < b and continuity
to show that

f(b) = fla) < (b—a)K.

Experience shows that students do not fully realise the importance of
the mean value inequality. Readers should take note whenever they use
Theorem 1.7.6 or Theorem 1.7.7 since they are then using the mean value
inequality directly.
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1.8 Full circle

We began this chapter with an example of an ordered field for which the
intermediate value theorem failed. A simple extension of that example shows
that just as the fundamental axiom implies the intermediate value theorem,
so the intermediate value theorem implies the fundamental axiom.

Theorem 1.8.1. Let F be an ordered field for which the intermediate value
theorem holds, that is to say:

Let a, b € F with b > a and set [a,b] = {z € F;b > © > a}. If
f:]a,b] = F is continuous and f(a) > 0 > f(b) then there exists a c € [a,b]
such that f(c) = 0.

Then the fundamental axiom holds. That is to say:

Ifa, € F foreachn>1, A€eF, a1 <ay <az<... anda, < A for each

n then there exists an ¢ € F such that a,, — ¢ as n — oo.

Proof. Suppose a1 < as < a3z < ... and a, < A for all n. Choose a < a; and
b > A. Define f : [a,b] — F by

flz)=1 if © < a,, for some n,
flz)=-1 otherwise.

Since f does not take the value 0, the intermediate value theorem tells us
that there must be a point ¢ € [a,b] at which f is discontinuous.

Suppose that y < ay for some N, so € = ay —y > 0. Then, whenever
|lz—y| < €/2, we have v < ay—¢€/2,s0 f(z) = f(y) = 1l and | f(z)— f(y)| = 0.
Thus f is continuous at y. We have shown that ¢ > a,, for all n.

Suppose that there exists an € > 0 such that y > a,, + € for all n. Then,
whenever |r —y| < €/2, we have x > a,, +¢€/2 for all n, so f(z) = f(y) = —1
and |f(x) — f(y)| = 0. Thus f is continuous at y. We have shown that given
€ > 0 there exists an ng(e) such that ¢ < ap,() + €.

Combining the results of the two previous paragraphs with the fact that
the a,, form an increasing sequence, we see that, given € > 0, there exists an
no(e) > 0 such that a,, < ¢ < a, + € and so |c — a,| < € for all n > ny(e).
Thus a,, — ¢ as n — oo and we are done. [ |

Exercise 1.8.2. State and prove similar results to Theorem 1.8.1 for Theo-
rem 1.7.6 and Theorem 1.7.1. (Thus the constant value and the mean value
theorem are equivalent to the fundamental axiom.)
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1.9 Are the real numbers unique?

Our statement of Theorem 1.8.1 raises the question as to whether there
may be more than one ordered field satisfying the fundamental axiom. The
answer, which is as good as we can hope for, is that all ordered fields satisfying
the fundamental axiom are isomorphic. The formal statement is given in the
following theorem.

Theorem 1.9.1. [f the ordered field (F, +, x, >) satisfies the fundamental

axiom of analysis, then there exists a bijective map 6 : R — F such that, if
x, y € R, then

0(z +y) = 0(z) +6(y)
O(zy) = 6(x)6(y)
6(x) > 0 whenever x > 0.

Exercise 1.9.2. Show that the conditions on 0 in Theorem 1.9.1 imply that
0(z) > 0(y) whenever x > y.

We shall need neither Theorem 1.9.1 nor its method of proof. For com-
pleteness we sketch a proof in Exercises A.1 to A.5 starting on page 380,
but I suggest that the reader merely glance at them. Once the reader has
acquired sufficient experience both in analysis and algebra she will find that
the proof of Theorem 1.9.1 writes itself. Until then it is not really worth the
time and effort involved.






Chapter 2

A first philosophical interlude
VAV,

This book contains two philosophical interludes. The reader may omit both

on the grounds that mathematicians should do mathematics and not philosophise
about it!. However, the reader who has heard Keynes’ gibe that ‘Practical
men who believe themselves to be exempt from any intellectual influences,
are usually the slaves of some defunct economist’ may wonder what kind of
ideas underlie the standard presentation of analysis given in this book.

2.1 Is the intermediate value theorem obvi-

ous? QQ

It is clear from Example 1.1.3 that the intermediate value theorem is not
obvious to a well trained mathematician. Psychologists have established that
it is not obvious to very small children, since they express no surprise when
objects appear to move from one point to another without passing through
intermediate points. But most other human beings consider it obvious. Are
they right?

The Greek philosopher Zeno has made himself unpopular with ‘plain hon-
est men’ for over 2000 years by suggesting that the world may not be as
simple as ‘plain honest men’ believe. I shall borrow and modify some of his
arguments.

There are two ways in which the intermediate value theorem might be
obvious:- through observation and introspection. Is it obvious through ob-

My father on being asked by Dieudonné to name any mathematicians who had been
influenced by any philosopher, instantly replied ‘Descartes and Leibniz’.

25
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servation? Suppose we go to the cinema and watch the film of an arrow’s
flight. It certainly looks as though the arrow is in motion passing through
all the points of its flight. But, if we examine the film, we see that it consists
of series of pictures of the arrow at rest in different positions. The arrow
takes up a finite, though large, number of positions in its apparent flight
and the tip of the arrow certainly does not pass through all the points of
the trajectory. Both the motion and the apparent truth of the intermediate
value theorem are illusions. If they are illusory in the cinema, might they
not be illusory in real life?

There is another problem connected with the empirical study of the in-
termediate value theorem. As Theorem 1.8.1 proves, the intermediate value
theorem is deeply linked with the structure of the real numbers. If the in-
termediate value theorem is physically obvious then the structure of the real
numbers should also be obvious. To give an example, the intermediate value
theorem implies that there is a positive real number z satisfying z? = 2.
We know that this number /2 is irrational. But the existence of irrational
numbers was so non-obvious that this discovery precipitated a crisis in Greek
mathematics?.

Of course, it is possible that we are cleverer than our Greek forefathers, or
at least better educated, and what was not obvious to them may be obvious
to us. Let us try and see whether the existence of /2 is physically obvious.

One way of doing this would be to mark out a length of /2 metres on a
steel rod. We can easily mark out a length of 1.4 metres (with an error of less
than .05 metres). With a little work we can mark out a length of 1.41 metres
(with an error of less than .005 metres) or, indeed, a length of 1.414 metres
(with an error of less than .0005 metres). But it is hard to see why looking
at a length of 1.414 4+ .0005 metres should convince us of the existence of a
length /2. Of course we can imagine the process continued but few ‘plain
honest men’ would believe a craftsman who told them that because they
could work to an accuracy of 4+.00005 metres they could therefore work to
an accuracy of £.000000 005 metres ‘and so on’. Indeed if someone claimed
to have marked out a length of 1.414 213562373095 metres to an accuracy
of £5 x 1071% metres we might point out that the claimed error was less than
the radius of a proton.

If we try to construct such a length indirectly as the length of the hy-
potenuse of a right angled triangle with shorter sides both of length 1 metre
we simply transfer the problem to that of producing two lengths of 1 metre

2Unfortunately, we have no contemporary record of how the discovery was viewed and
we can be certain that the issues were looked at in a very different way to that which we
see them today. Some historians even deny that there was a crisis, but the great majority
of commentators agree that there is ample indirect evidence of such a crisis.
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(we can produce one length of 1 metre by using the standard metre, but how
can we copy it exactly?) and an exact right angle. If we try to construct it
by graphing y = 22 — 2 and looking at the intersection with the axis y = 0
close inspection of the so called intersection merely reveals a collection of
graphite blobs (or pixels or whatever). Once again, we learn that there are
many numbers which almost satisfy the equation z? = 2 but not whether
there are any which satisfy the equation exactly.

Since the intermediate value theorem does not seem to be obvious by
observation, let us see whether it is obvious by introspection. Instead of
observing the flight of an actual physical arrow, let us close our eyes and
imagine the flight of an ideal arrow from A to B. Here a difficulty presents
itself. We can easily picture the arrow at A and at B but, if we wish to
imagine the complete flight, we must picture the arrow at the half way point
Aj from A to B. This is easy enough but, of course, the same argument shows
that we must picture the arrow at the half way point A, from A to Ay, at the
half way point A3 from A to As and so on. Thus in order to imagine the flight
of the arrow we must see it at each of the infinite sequence of points Ay, A,,
As, ... . Since an electronic computer can only perform a finite number of
operations in a given time, this presents a problem to those who believe that
the brain is a kind of computer. Even those who believe that, in some way,
the brain transcends the computer may feel some doubts about our ability to
picture the arrow at each of the uncountable set® of points which according
to the ‘obvious’ intermediate value theorem (the intermediate value theorem
implies the fundamental axiom by Theorem 1.8.1 and the fundamental axiom
yields the result of Exercise 1.6.7) must be traversed by the tip of the arrow
on its way to the target.

There is another difficulty when we try to picture the path of the arrow.
At first, it may seem to the reader to be the merest quibble but in my opinion
(and that of many cleverer people) it becomes more troubling as we reflect
on it. It is due to Zeno but, as with his other ‘paradoxes’ we do not have
his own words. Consider the flying arrow. At every instant it has a position,
that is, it occupies a space equal to itself. But everything that occupies a
space equal to itself is at rest. Thus the arrow is at rest.

From the time of Zeno to the end of the 19th century, all those who argued
about Zeno’s paradoxes whether they considered them ‘funny little riddles’
or deep problems did not doubt that, in fact, the arrow did have a position
and velocity and did, indeed, travel along some path from A to B. Today
we are not so sure. In the theory of quantum mechanics it is impossible to
measure the position and momentum of a particle simultaneously to more

3Plausible statement B.10 is relevant here.
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than a certain accuracy. But ‘plain honest men’ are uninterested in what they
cannot measure. It is, of course, possible to believe that the particle has an
exact position and momentum which we can never know, just as it is possible
to believe that the earth is carried by invisible elephants standing on an
unobservable turtle, but it is surely more reasonable to say that particles do
not have position and momentum (and so do not have position and velocity)
in the sense that our too hasty view of the world attributed to them. Again
the simplest interpretation of experiments like the famous two slit experiment
which reveal the wavelike behaviour of particles is that particles do not travel
along one single path but along all possible paths.

A proper modesty should reduce our surprise that the real world and the
world of our thoughts should turn out to be more complicated than we first
expected.

Two things fill the mind with ever-fresh admiration and rev-
erence, the more often and the more enduringly the mind is oc-
cupied with them: the starry heaven above me and the moral law
within me. [Kant, Critique of Practical Reason]

We cannot justify results like the intermediate value theorem by an appeal
to our fallible intuition or an imperfectly understood real world but we can
try to prove them from axioms. Those who wish may argue as to whether
and in what sense those axioms are ‘true’ or ‘a model for reality’ but these
are not mathematical problems.

A note on Zeno We know practically nothing about Zeno except that he wrote
a book containing various paradoxes. The book itself has been lost and we
only know the paradoxes in the words of other Greek philosophers who tried
to refute them. Plato wrote an account of discussion between Socrates, Zeno
and Zeno’s teacher Parmenides but it is probably fictional. The most that we
can hope for is that, like one of those plays in which Einstein meets Marilyn
Monroe, it remains true to what was publicly known.

According to Plato:-

Parmenides was a man of distinguished appearance. By that time
he was well advanced in years with hair almost white; he may
have been sixty-five. Zeno was nearing forty, a tall and attractive
figure. It was said that he had been Parmenides’ lover. They
were staying with Pythadorus ... . Socrates and a few others
came there, anxious to hear a reading of Zeno’s treatise, which
the two visitors had brought for the first time to Athens.

Parmenides taught that what is must be whole, complete, unchanging



Please send corrections however trivial to twk@dpmms.cam.ac.uk

29

and one. The world may appear to be made of many changing things but
change and plurality are illusions. Zeno says that his book is

. a defense of Parmenides argument against those who try to
make fun of it by showing that his supposition, that [only one
thing exists| leads to many absurdities and contradictions. This
book, then, is a retort against those who assert a plurality. It pays
them back in the same coin with something to spare, and aims
at showing that on a thorough examination, the assumption that
there is a plurality leads to even more absurd consequences than
the hypothesis of the one. It was written in that controversial
spirit in my young days ... [40]

Many historians of mathematics believe that Zeno’s paradoxes and the
discussion of the reasoning behind them were a major factor in the devel-
opment of the Greek method of mathematical proof which we use to this

day.






Chapter 3

Other versions of the
fundamental axiom

Since all of analysis depends on the fundamental axiom, it is not surprising
that mathematicians have developed a number of different methods of proof
to exploit it. We have already seen the method of ‘lion hunting’. In this chap-
ter we see two more: the ‘supremum method’ and the ‘Bolzano-Weierstrass
method’.

3.1 The supremum

Just as the real numbers are distinguished among all systems enjoying the
same algebraic properties (that is all ordered fields) by the fundamental ax-
iom, so the integers are distinguished among all systems enjoying the same
algebraic properties (that is all ordered integral domains) by the statement
that every non-empty set of the integers bounded above has a maximum.

Well ordering of integers. If A C Z, A # () and there exists a K such that
K > a whenever a € A then there exists an ag € A with ag > a whenever
a€ A.

(We proved this as a consequence of the fundamental axiom in Exer-
cise 1.4.4.)

The power of this principle is illustrated by the fact that it justifies the
method of mathematical induction.

Exercise 3.1.1. (i) State formally and prove the statement that every non-
empty set of integers bounded below has a minimum.

31
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(11) Suppose that P is some mathematical property which may be pos-
sessed by a positive integer n. Let P(n) be the statement that n possesses the
property P. Suppose that

(a) P(0) is true.

(b) If P(n) is true, then P(n+ 1) is true.

By considering the set

E={ne€Z:n>0 and P(n) is true},

and using (i), show that P(n) is true for all positive integers n.

(111) Examine what happens to your proof of (ii) when P(n) is the state-
ment n > 4, when P(n) is the statement n < 4 and when P(n) is the
statement n = —4.

Unfortunately, as the reader probably knows, a bounded non-empty set
of real numbers need not have a maximum.

Example 3.1.2. I[f E = {xr € R : 0 < = < 1}, then E is a non-empty
bounded set of real numbers with no maximum.

Proof. Ifa > 1orif a <0, then a ¢ E, so a is not a maximum. If 0 < a < 1,
then a < (a+1)/2 € E, so a is not a maximum. [

However, we shall see in Theorem 3.1.7 that any non-empty bounded set
of real numbers does have a least upper bound (supremum).

Definition 3.1.3. Consider a non-empty set A of real numbers. We say
that a is a least upper bound (or supremum) for A if the following two
conditions hold.

(i) o > a for all a € A.

(1) If B > a for all a € A, then > «.

Lemma 3.1.4. If the supremum exists, it is unique.

Proof. The only problem is setting out the matter in the right way.
Suppose « and o’ least upper bounds for a non-empty set A of real num-
bers. Then
(i) a > a for all a € A.
(i) If B > a for all @ € A, then > a.
(i') o > a for all a € A.
(ii") If 8 > a for all @ € A, then § > .
By (i), a > a for all a € A, so by (ii’), a > /. Similarly, o’ > «a, so a = o/
and we are done. [

1
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It is convenient to have the following alternative characterisation of the
supremum.

Lemma 3.1.5. Consider a non-empty set A of real numbers; « is a supre-
mum for A if and only if the following two conditions hold.

(i) « > a for all a € A.

(ii) Given € > 0 there exists an a € A such that a + € > a.

Proof. Left to reader. |
We write sup A or sup,c4 a for the supremum of A, if it exists.

Exercise 3.1.6. Check that the discussion of the supremum given above car-
ries over to all ordered fields. (There is no need to write anything unless you
wish to.)

Here is the promised theorem.

Theorem 3.1.7. (Supremum principle.) If A is a non-empty set of real
numbers which is bounded above (that is, there exists a K such that a < K
foralla € A), then A has a supremum.

Note that the result is false for the rationals.

Exercise 3.1.8. Let us work in Q. Using Ezercise 1.53.5 (ii), or otherwise,
show that

{reQ: 2% <2}
has no supremum.

We must thus use the fundamental axiom in the proof of Theorem 3.1.7.
One way to do this is to use ‘lion hunting’.

Exercise 3.1.9. (i) If A satisfies the hypotheses of Theorem 3.1.7 show that
we can find ag, by € R with ag < by such that a < by for all a € A but
[CL(), b()] NA 7é @

(ii) Continuing with the discussion of (i) show that we can find a sequence
of pairs of points a,, and b, such that

a<b, foralla e A

[an, by] N A #£ 0,

an-1 < ap < by < by,
and by, — ap, = (b1 — an_1)/2,

foralln > 1.
(iii) Deduce Theorem 3.1.7.
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Here is another way of using the fundamental axiom to prove Theo-
rem 3.1.7. (However, if the reader is only going to do one of the two Exer-
cises 3.1.9 and 3.1.10 she should do Exercise 3.1.9.)

Exercise 3.1.10. (i) If A satisfies the hypotheses of Theorem 3.1.7, explain
carefully why we can find an integer r(j) such that

7(5)277 > a for alla € A but
there exists an a(j) € A with a(j) > (r(j) — 1)277.

[Hint. Recall that every non-empty set of the integers bounded below has a
minimum. |

(ii) By applying the fundamental aziom to the sequence (r(j)—1)277 and
using the axiom of Archimedes, deduce Theorem 3.1.7.

We leave it to the reader to define the greatest lower bound or infimum
written inf A or inf,c 4 a, when it exists.

Exercise 3.1.11. (i) Define the greatest lower bound by modifying Defini-
tion 3.1.3. State and prove results corresponding to Lemmas 3.1.4 and 3.1.5.

(ii) Show that

inf a = — sup(—a
L= T,
provided that either side of the equation exists.

(ii1) State and prove a result on greatest lower bounds corresponding to
Theorem 3.1.7. (Part (ii) gives a short proof.)

As an example of how a ‘supremum argument’ can be used we reprove
the intermediate value theorem (Theorem 1.6.1).

Theorem 3.1.12. We work in R. If f : [a,b] — R is continuous and f(a) >
0 > f(b), then there exists a ¢ € [a,b] such that f(c) = 0.

Proof. Our proof will have three labelled main parts which may be compared
with those in the ‘lion hunting proof” on page 15.
Part A Consider the set

E={x€[a,b] : f(x)>0}.

We observe that f(a) > 0, so a € E and F is non-empty. Since z € E implies
x < b, the set F is automatically bounded above.

Part B Since every non-empty set bounded above has a supremum, F has a
supremum, call it c.
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Part C Let € > 0. Since f is continuous at ¢ we can find a § > 0 such that
if z € [a,b] and |z — ¢| < 0 then |f(z) — f(c)| < e. We must consider three
possible cases according as a < ¢ < b, c=b or ¢ = a.

If a < ¢ < b, we proceed as follows. Since ¢ = sup ¥ we can find ¢ € F
such that 0 < ¢ —xz9 < d and so |f(zg) — f(c)| < e. Since zg € E, f(xg) >0
and so f(c) > —e. On the other hand, choosing yo = ¢ + min(b — ¢, d)/2 we
know that 0 < yg — ¢ < § and so |f(zo) — f(c)| < €. Since yo > ¢ it follows
that yo ¢ E so f(yo) <0 and f(c) < e. We have shown that |f(c)| <e.

If ¢ = b, we proceed as follows. Since ¢ = sup F, we can find z¢ € E such
that 0 < ¢ —x < 0 and so |f(zg) — f(c)| < e. Since xy € E, f(xo) > 0 and
so f(c¢) > —e. By hypothesis f(b) <0so |f(c)| <e.

If ¢ = a we proceed as follows. Since ¢ = a we know that f(c) > 0. On
the other hand, choosing yp = c+min(b—c,0)/2 we know that 0 < yo—c < ¢
and so |f(yo) — f(c)| < e. Since yy > c it follows that yo ¢ E so f(yo) < 0
and f(c) < e. We have shown that |f(c)| < e.

In all three cases we have shown that |f(c)| < € for all € > 0 so f(c) =
0. |

Exercise 3.1.13. In both the ‘lion hunting’ and the ‘supremum argument’
proofs we end up with a point ¢ where f(c) =0, that is a ‘zero of f’. Give an
example of a function f : [a,b] — R satisfying the hypotheses of the interme-
diate value theorem for which ‘lion hunting’ and the ‘supremum argument’
give different zeros.

Let us summarise the proof just given. In Part A we construct a set £
on which f has a certain kind of behaviour and show that E is bounded and
non-empty. In Part B we use the fact that E is bounded and non-empty to
give us a point ¢ = sup E which is in some sense a ‘transition point’. Finally
in Part C we examine the point ¢ to make sure that it really has the desired
property. Note that we had to examine the cases ¢ = a and ¢ = b separately.
This often happens when we use the ‘supremum argument’.

Let us see what goes wrong if we omit parts of the hypotheses of The-
orem 3.1.12. If we omit the condition f(a) > 0, then we cannot even start
Part A of the argument.

If we have f(a) > 0 but replace R by another ordered field for which it is
not necessarily true that every non-empty bounded subset has a supremum,
Part A goes through perfectly but Part B fails.

If we have f(a) > 0> f(b) and we work over R but we do not demand f
continuous then Part C fails. Part C also fails if f(a) > 0 and f is continuous
but we do not know that 0 > f(b).

As a second example of how a ‘supremum argument’ can be used we
reprove Lemma 1.7.4 from which the mean value inequality (Theorem 1.7.1)
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follows.

Lemma 3.1.14. Let U be the open interval (e, 3) on the real line R. Suppose
that a, b € U and b > a. If f : U — R is differentiable with f'(t) < K for
allt € U and € > 0 then

f(0) = fla) < (b—a)(K +e).
Proof. Consider the set
E={zeclab] : f(t)— fla) < (K +¢€)(t—a)foralla <t <z}

We observe that f(a) — f(a) =0= (K +¢)(a—a) >0soa € E and F is
non-empty. Since x € F implies x < b, the set E is automatically bounded
above.

Since every non-empty set bounded above has a supremum, E has a
supremum, call it c.

Since f is differentiable at ¢, we can find a 6 > 0 such that (c—d,c+9) C U
and

fle+h) = flo)
h

— f'(0)] < ¢/2
whenever 0 < |h| < §. Thus
|[f(c+h) = flc) = f'(c)h] < €|h]/2
whenever |h| < 0, and so, since f'(c) < K,
fle+h)—flc) < (K+¢/2)h for0<h<
Fle) = fle+h) < —(K +¢/2)h for =6 <h <0

We must consider three possible cases according as a < ¢ < b, c=0bor c=a.
If a < ¢ < b we proceed as follows. If a <t < ¢, then, by the definition of
the supremum, we can find an x € E with ¢t < z < ¢ and so, by the definition

of I,
f(t) = fla) < (K +€)(t —a).

If c <t < c+9, then, choosing a ty > a with ¢ >ty > ¢ — 9, we have
fto) = fla) < (K +¢€)(to —a)

whilst, by the result of the previous paragraph,

f(e) = f(to) < (K +€/2)(c —to)
ft) = fle) < (K +¢€/2)(t — o),
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so, adding the last three inequalities, we obtain

f(t) = fla) < (K +€)(t — a).

Thus f(t) — f(a) < (K +€)(t —a) for all a <t < ¢+ 0, contradicting the
definition of c.

If ¢ = a, then we know that f(t) — f(a) < (K + €¢/2)(t — a) for all
a <t < a-+9J, again contradicting the definition of ¢. Since we have shown
that it is impossible that ¢ = a or a < ¢ < b, it follows that ¢ = b. Since the
supremum of a set need not belong to that set we must still prove that b € E.
However, if we choose a ty > a with b > ty > b — ¢ the arguments of the
previous paragraph give f(b) — f(to) < (K +¢€/2)(b—to) and f(to) — f(a) <
(K +¢€)(to —a), so f(c) < (K 4 €)(c —a). The arguments of the previous
paragraph also give f(t) — f(a) < (K +¢€)(t—a) for a <t < ¢, so c € E and
the theorem follows. |

We now discuss the relation between the fundamental axiom and the
supremum principle. In the proof of Theorem 3.1.7 we saw that the funda-
mental axiom together with the usual rules of algebra implies the supremum
principle. In the proof of Theorem 3.1.12 we saw that the supremum principle
together with the usual rules of algebra implies the intermediate value the-
orem. However, Theorem 1.8.1 tells us that the intermediate value theorem
together with the usual rules of algebra implies the fundamental axiom.

Although our argument has been a bit informal the reader should be
satisfied that the following is true. (If she is not satisfied she may write out
the details for herself.)

Theorem 3.1.15. Let (F, +, X, >) be an ordered field. Then the following
two statements are equivalent.

(i) Every increasing sequence bounded above has a limit.

(i1) Every non-empty set bounded above has a supremum.

The next exercise sketches a much more direct proof that the supremum
principle implies the fundamental axiom.

Exercise 3.1.16. Let (F, 4+, x, >) be an ordered field such that every non-
empty set bounded above has a supremum. Suppose that a, € F for each
n>1, AeF, a1 <ay<az<... anda, < A for each n. Write E = {a, :
n > 1}. Show that E has a supremum, a say, and that a,, — a.

3.2 The Bolzano-Weierstrass theorem

This section is devoted to the following important result.
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Theorem 3.2.1. (Bolzano-Weierstrass.) If z, € R and there exists a K
such that |x,| < K for all n, then we can find n(1) <n(2) < ... and x € R
such that x,;) — x as j — oo.

Mathematicians say a sequence converges if it tends to a limit. The
Bolzano-Weierstrass theorem thus says that every bounded sequence of reals
has a convergent subsequence. Notice that we say nothing about uniqueness;
if x, = (—1)" then x5, — 1 but z9,,1 — —1 as n — 0.

Exercise 3.2.2. (i) Find a sequence x,, € [0,1] such that, given any x €
0,1], we can find n(1) < n(2) < ... such that x,; — = as j — 0o.

(1) Is it possible to find a sequence x, € [0,1] such that, given any x €
[0,1] with x # 1/2, we can find n(1) < n(2) < ... and © € R such that
Tpi) — T as j — oo but we cannot find m(1) < m(2) < ... such that
Ty — 1/2 as j — 00? Give reasons for your answer.

The proof of the Bolzano-Weierstrass theorem given in modern textbooks
depends on an ingenious combinatorial observation.

Lemma 3.2.3. If xz,, € R, then at least one of the following two statements
must be true.

(A) There exist m(1) < m(2) < ... such that Tp;) > T4y for each
Jj=>1

(B) There exist n(1) < n(2) < ... such that x,;) < xngy1) for each
J= L

Exercise 3.2.4. Prove Theorem 3.2.1 from Lemma 3.2.3 and the fundamen-
tal axiom.

Proof of Lemma 3.2.3. Call an integer m > 1 a ‘far seeing integer’ if x,, > x,
for all n > m. (The term ‘far seeing’ is invented for use in this particular
proof and is not standard terminology.) There are two possibilities:

(A) There exist infinitely many far seeing integers. Thus we can can find
m(1) < m(2) < ... such that each m(j) is far seeing and so Zp(j) > Tp(jt1)
for each j > 1.

(B) There are only finitely many far seeing integers. Thus there exists
an N such that, if n > N, there exists an n’ > n with z,, > x, and so, in
particular, x,, > z,. Thus, given n(j) > N, we can find n(j + 1) > n(j)
with @) < @n(i41). Proceeding inductively, we obtain n(1) < n(2) < ...
with ,,(j) < Tp(j41) for each j > 1. [ |

I admit that the proof above is very clever but I feel that clever proofs
should only be used when routine proofs do not work. Here is a proof of the
Bolzano-Weierstrass theorem by lion hunting.
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Exercise 3.2.5. We assume the hypotheses of Theorem 3.2.1. Set [ag, by| =
[— K, K]. Show that we can find a sequence of pairs of points a,, and b, such
that

T € [an, by] for infinitely many values of m,
Qp—1 S Qp, S bn S bn—la
and by, — ap = (bp_1 — an_1)/2,

for alln > 1.

Show that a,, — ¢ as n — oo for some ¢ € [ag,by]. Show further that
we can find m(j) with m(j + 1) > m(j) and xm) € |a;,b;] for each j > 1.
Deduce the Bolzano-Weierstrass theorem.

Exercise 3.2.5 links directly with the origins of the theorem. Proof by
successive bisection (our ‘lion hunting’) was invented by Bolzano and used
by Weierstrass to prove Theorem 3.2.1.

Here is another natural proof of Theorem 3.2.1 this time using a supre-
mum argument.

Exercise 3.2.6. We assume the hypotheses of Theorem 3.2.1. Explain why
Yn = sup{z,, : m >n}

is well defined. Show that the y, form a decreasing sequence bounded below
and conclude that y, tends to a limit y.

Show carefully that we can find n(j) with n(j + 1) > n(j) such that
ly — zn(jy| < j7'. Deduce the Bolzano-Weierstrass theorem.

The y of Exercise 3.2.6 is called limsup,,_, . z,. More formally we have
the following definition.

Definition 3.2.7. Ifx, is a sequence of real numbers which is bounded above
we write

lim sup z,, = nhIEO sup{z,, : m >n}.

Exercise 3.2.8. Let x, be a bounded sequence of real numbers.

(i) Define liminf,, . x,, by analogy with lim sup, showing that lim inf,,_. . x,
ertsts.

(i) Show that liminf, . x, = —limsup,,_ . (—x,).

(#i) Show that liminf, . x, < limsup,,_,. Z,.

(iv) Show that liminf, . x, = limsup,,_, . =, if and only if x, tends to
a limit.
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v) If n(1) <n(2) <... and x,;y — &’ as j — oo show that
(v) ()

liminf z,, < 2’ < limsup z,,.

n—0oo n—o0

(vi) If liminf, .z, < 2/ < limsup, .. x,, does it follow that there
exist n(1) < n(2) < ... such that x,;) — «' as j — oo? Give a proof or
counterexample.

(vii) Show that y = limsup,,_, . x, if and only if both the following con-
ditions hold.

(A) Given € > 0 we can find an N(¢) such that x, < y + € for all
n > N(e).
(B) Given e > 0 and N we can findn(N,e) > N such that x,(n,e > y—e.

State and prove a similar result for liminf.

Although we mention lim sup from time to time, we shall not make great
use of the concept.

The reader will not be surprised to learn that the Bolzano-Weierstrass
theorem is precisely equivalent to the fundamental axiom.

Exercise 3.2.9. Suppose that F is an ordered field for which the Bolzano-
Weierstrass theorem holds (that is, every bounded sequence has a convergent
subsequence). Suppose that a,, is an increasing sequence bounded above. Use
the Bolzano-Weierstrass theorem to show that there exists an a € F and
n(l) < n(2) < ... such that a,j) — a as j — oo. Show that a, — a as
n — oo and so F obeys the fundamental axiom.

We illustrate the use of the Bolzano-Weierstrass theorem by applying it
to the familiar example of the intermediate value theorem.

Theorem 3.2.10. We work inR. If f : [a,b] — R is continuous and f(a) >
0 > f(b), then there exists a ¢ € [a,b] such that f(c) = 0.

Proof. Our proof will have three labelled main parts which may be compared
with those in ‘lion hunting proof’ on page 15 and the ‘supremum proof’ on
page 34.

Part A Without loss of generality, we may suppose a = 0 and b = 1. Consider
the real numbers f(0), f(1/n), f(2/n), ..., f(1). Since f(0) > 0 and f(1) <
0 there must exist an integer r with 0 < r < mn — 1 such that f(r/n) >0 >
f((r+1)/n). Set x, =r/n.

Part B Since the z,, € [0,1], they form a bounded sequence and so, by the
Bolzano-Weierstrass theorem, we can find a ¢ € [0,1] and n(l) < n(2) < ...
such that ;) — cas j — oo.
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Part C Since f is continuous and z,;) — ¢, it follows that f(z,)) — f(c)
as j — 00. Since f(z,(j)) > 0, it follows that f(c) > 0.

By the axiom of Archimedes, ) + n(j)™" — ¢ s0 f(z,;) +n(j)™') —
f(c) as j — oo. Since f(z,;) + n(j)™") < 0 it follows that f(c) < 0.
Combining this result with that of the paragraph above, we obtain f(c) =0
as required. [ |

Exercise 3.2.11. Produce a version of the proof just given in which we do
not assume that a and b take particular values.

Exercise 3.2.12. Eztend Exercise 3.1.183 to cover the ‘Bolzano- Weierstrass’
argument as well.

Let us summarise the proof just given. In Part A we construct a sequence
of points z,, which look ‘more and more promising’. In Part B we use the fact
that every bounded sequence has a convergent subsequence to give a point
which ‘ought to be very promising indeed’. Finally in Part C we examine the
point ¢ to make sure that it really has the desired property.

Let us see what goes wrong if we omit parts of the hypotheses of Theo-
rem 3.2.10. If we omit the condition f(a) > 0, f(b) < 0 then we cannot even
start Part A of the argument.

If we have f(a) > 0 > f(b) but replace R by another ordered field
for which the Bolzano-Weierstrass theorem does not hold then Part A goes
through perfectly but Part B fails. As usual this is shown by Example 1.1.3.

If we have f(a) > 0> f(b) and we work over R but we do not demand f
continuous then Part C fails.

Exercise 3.2.13. Let f : [0,1] — R Show that, if f(1)—f(0) > L, then there
must exist an integer r with 0 < r < n—1 such that f((r+1)/n)— f(r/n) >
L/n.

By imitating the proof of Theorem 3.2.10, give a Bolzano-Weierstrass
proof of Lemma 1.7.4 and thus of Theorem 1.7.1 (the mean value inequality).

Exercise 3.2.14. In this exercise you may use the axiom of Archimedes and
the fact that any non-empty bounded set of integers has a maximum.

(i) Let E be a non-empty set of real numbers which is bounded above
(that is there exists a K such that K > x whenever x € E). If n is a strictly
positive integer show that there exists an integer r such that

there exists an e € E with e > r/n
but (r +1)/n > x whenever x € E.

(ii) Arguing in the manner of the proof of Theorem 3.2.10, show, using
the Bolzano-Weierstrass theorem, that E has a supremum.
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3.3 Some general remarks

We have now obtained three different but equivalent forms of the fundamental
axiom (the fundamental axiom itself, the existence of a supremum for a non-
empty bounded set, and the Bolzano-Weierstrass theorem) and used methods
based on these three forms to prove the intermediate value theorem and the
mean value inequality (themselves equivalent to the fundamental axiom). I
make no excuse for the time we have spent on this programme. All of analysis
rests like an inverted pyramid on the fundamental axiom so it makes sense
to study it closely.

For reasons which will become clear in the next chapter, we will rely most
strongly on ‘Bolzano-Weierstrass’ techniques. However, there will be several
places where we prefer ‘supremum methods’. Exercises K.118 to K.121 show
that lion hunting is useful in theory of integration and, although it lies outside
the scope of this book, it should be remarked that the standard proof of
Cauchy’s theorem, on which complex analysis is based, relies on lion hunting.
There is a fourth method of exploiting the fundamental axiom based on
‘Heine-Borel” or ‘compactness’ which is not discussed here (see Exercises K.29
to K.36, which are intended to be done after reading Chapter 4) but which,
when she does meet it, the reader should consider in the context of this
chapter.

Whenever we use one of these techniques it is instructive to see how the
others could have been used. (Often this is easy but occasionally it is not.)
It is also worth bearing in mind that, whenever we genuinely need to use one
of these methods or some theorem based on them, we are using the basic
property of the reals. Everything that depends on the fundamental axiom is
analysis — the rest is mere algebra.

However, the reader should also remember most of the difficulties in anal-
ysis are resolved not by the precise manipulation of axioms but by the clear
understanding of concepts.



Chapter 4

Higher dimensions

4.1 Bolzano-Weierstrass in higher dimensions

In 1908, Hardy wrote a textbook to introduce the new rigorous analysis (or
‘continental analysis’ as it was known in a Cambridge more insular than
today) to ‘first year students at the Universities whose abilities approach
something like what is usually described as “scholarship standard” ’. Apart
from the fact that even the most hardened analyst would now hesitate to
call an introduction to analysis A Course of Pure Mathematics [23], it is
striking how close the book is in both content and feel to a modern first
course in analysis. (And, where there are changes, it is often not clear that
the modern course! has the advantage.) One major difference is that Hardy
only studies the real line but later advances in mathematics mean that we
must now study analysis in R™ as well.

We start with some algebra which is probably very familiar to most of
my readers. If x, y € R™, we define the inner product (or dot product) x -y
of the two vectors by

j=1

(We shall sometimes use the alternative notation (x,y) = x-y. Many texts
use the notation x.y =x-y.)

Lemma 4.1.1. Ifx,y,z € R™ and A € R then
(i) x - x > 0 with equality if and only if x = 0,

Indeed, anyone who works through the exercises in Hardy as a first course and the
exercises in Whittaker and Watson’s even older A Course of Modern Analysis [47] as a
second will have had a splendid education in analysis.

43
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(iii) (Ax) -y = A(x-y),
(v) (x+y) z=x-z2+y-z
Proof. Direct calculation which is left to the reader. [ |

Since x - x > 0 we may define the ‘Euclidean norm of x” by
x| = (x - x)"/2
where we take the positive square root.

Lemma 4.1.2. (The Cauchy-Schwarz inequality.) If x, y € R™ then
-y | < [x]lllyll-

Proof. 1f ||x]| = 0, then x = 0, so x -y = 0 and the inequality is trivial. If
not, we observe that

0<(Ax+y) (Ax+y)
= N[x|]* +2xx -y + [ly|?

X-y ? 2 (X‘Y)2
= (el + 3 )+ Iyl - S

I x|
If we now set A = —(x - y)/||x||?, this gives us
(x-y)
0 < HyH2 T T ane
I

which, after rearrangement and taking square roots, gives the desired result?.
[ |

Exercise 4.1.3. Although the proof just given is fairly detailed, it is a worth-
while exercise to extend it so that all the steps are directly justified by reference
to the properties of the inner product given in Lemma 4.1.1.

We can now obtain the standard properties of the Euclidean norm.

2The reader may ask why we do not ‘simply’ say that x -y = ||x||||y]| cos § where 0 is
the angle between the vectors x and y. The Cauchy-Schwarz inequality is then ‘simply’
the statement that |cos | < 1. However, our program is to deduce all of analysis from a
limited set of statements about R. We have not yet discussed what ‘cos’ is to be and, even
more importantly what the ‘angle between two vectors’ is to mean. When we finally reach
a definition of angle in Exercise 5.5.6, the reader will see that we have actually reversed
the suggested argument of the first two sentences of this footnote. This way of proceeding
greatly amuses mathematicians and greatly annoys educational theorists.
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Lemma 4.1.4. If || || is the Euclidean norm on R™, then the following re-
sults hold.

(1) [|x]| > 0 for all x € R™.

(i) If ||x|| = 0, then x = 0.

(iii) If X € R and x € R™, then || x|| = |A]]|x]|-

(iv) (The triangle inequality.) If x,y € R™ then ||x +y|| < ||x|| + |yl

Proof. The triangle inequality can be deduced from the Cauchy-Schwarz in-
equality as follows.

I+ ylI* =(x+y) - (x+y) =[x +2xy + [yl
<IBl1* + 2l + Iy 1" = (Il + [y [D*

The remaining verifications are left to the reader. |

Exercise 4.1.5. (i) By carefully ezamining the proof of Lemma 4.1.2, or
otherwise, show that we have equality in the Cauchy-Schwarz inequality (that
is, we have |x -y| = ||x||[|yl|l) if and only if x and y are linearly dependent
(that is, we can find real A\ and u, not both zero, such that A\x = py ).

(ii) Show that we have equality in the triangle inequality (that is ||x|| +
Iyl = |lx +¥yl|) of and only if we can find positive X\ and p, not both zero,
such that A\x = py.

We observe that

" 1/2
[x -yl = (Z(Ij - yj)2>

=1

which (at least if m = 1, m = 2 or m = 3) is recognisably the distance (more
properly, the Euclidean distance) between x and y. If we set x = a — b and
y = b — ¢, then the triangle inequality of Lemma 4.1.4 (iv) becomes

la—cll < fla—=b] +|b—cl

which is usually read as saying that the length of one side of a triangle is less
than or equal to the sum of the lengths of the other two sides.

Exercise 4.1.6. If x = (z1,%2,...,2,) € R™ show that
1<i<m

m
max |z;| < [Ix|| < |ai| < m max |z,
— 1<i<m

Looking at each of the 3 inequalities in turn, find necessary and sufficient
conditions for equality.
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Exercise 4.1.7. We proved the triangle inequality by going via the Cauchy-
Schwarz inequality. Try and prove the inequality

3 1/2 5 1/2 5 1/2
(fo) + (Zﬁ) > (Z(%‘ +yj)2>

i=1
directly.

Although we shall not take the matter to extremes, we shall have a strong
preference for coordinate free methods and statements. So far as [ am aware,
no one has found a set of labelled axes (perhaps carved in stone or beau-
tifully cast in bronze) bearing an attestation from some higher power that
these are ‘nature’s coordinate axes’. Coordinate free statements and methods
encourage geometric intuition and generalise more readily.

Maxwell who played a crucial role in the development of vector methods
wrote in the first chapter of his great Treatise on Electricity and Magnetism

For many purposes of physical reasoning, as distinguished from
calculation, it is desirable to avoid explicitly introducing the Carte-
sian coordinates, and to fix the mind at once on a point of space
instead of its three coordinates, and on the magnitude and di-
rection of a force instead of its three components. This mode of
contemplating geometrical and physical quantities is more prim-
itive and more natural than the other. (Chapter 1, [37])

We now turn towards analysis.

Definition 4.1.8. We work in R™ with the Fuclidean norm. We say that a
sequence ay, as, ... tends to a limit a as n tends to infinity, or more briefly

a, — a as n — oo,
if, given € > 0, we can find an no(€) such that
|la, — a|| <€ for all n > ng(e).

Notice that this shows that Definition 1.2.1 was about the distance be-
tween two points and not the absolute value of the difference of two numbers.
We can prove the following results on sequences in R™ in exactly the same

way as we proved the corresponding results for R (and more general ordered
fields F) in Lemma 1.2.2.
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Lemma 4.1.9. We work in R™ with the FEuclidean norm.

(i) The limit is unique. That is, if a, — a and a,, — b as n — oo, then
a=bhb.

(ii) If a,, — a as n — oo and n(l) < n(2) <n(3)..., then a,;) — a as
J — 0o0.

(iii) If a,, = ¢ for all n, then a, — ¢ as n — oo.

() If a, — a and b, — b as n — oo, then a, + b, — a+b.

(v) Suppose a, € R™, a € R™", A\, € R and A\ € R. Ifa, — a and
A — A, then A\ a, — Aa.

Proof. Left to the reader. [

Exercise 4.1.10. The parts of Lemma 1.2.2 do not all have corresponding
parts in Lemma 4.1.9. Fxplain briefly why these differences occur.

Exercise 4.1.11. (i) Ifa, — a and b,, — b asn — oo, show that a,,-b,, —
a.b. (You may find the Cauchy-Schwarz inequality useful.)
(i1) If x, y € R™ show that

xy = ([x+yl* + [x - y|I*) /4.
Prove part (i) following the method of Exercise 1.2.6.

Lemma 4.1.9 is, of course, merely algebra and applies to Q™ as much as
to R™. In order to do analysis we need a more powerful tool and, in keeping
with the spirit of our general programme, we extend the Bolzano-Weierstrass
theorem to R™.

Theorem 4.1.12. (Bolzano-Weierstrass.) If x,, € R™ and there ezists a
K such that ||x,|| < K for all n, then we can find n(1) < n(2) < ... and

x € R™ such that X,jy — X as j — oo.
Once again ‘any bounded sequence has a convergent subsequence’.

Proof. We prove the result for m = 2, leaving it to the reader to prove the
general result. Let us write x,, = (z,,¥,). Observe that, since ||x,| < K,
it follows that |z,| < K. By the Bolzano-Weierstrass theorem for the reals
(Theorem 3.2.1), it follows that there exist a real number = and a sequence
m(1) <m(2) < ... such that 2, — = as k — oo.

Since || || < K, it follows that |y,u| < K so, again by the Bolzano-
Weierstrass theorem for the reals, if follows that there exist a real number y
and a sequence k(1) < k(2) < ... such that y,,;) — y as j — oo.

Setting n(j) = m(k(j)) and x = (z,y) we have

1%n(y = X[ < Zni) — 21 + [Yn) — Y| = [Tmiy) — 2 + [Ympgy —yl = 0+0=0,

and so X;(j) — X as j — 00. |
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Exercise 4.1.13. Prove Theorem 4.1.12 for general m.

Exercise 4.1.14. We can also prove Theorem 4.1.12 by ‘multidimensional
lion hunting’. In this exercise we again consider the case m = 2, leaving
the general case to the reader. She should compare this exercise with Ezer-
cise 3.2.5.

We assume the hypotheses of Theorem 4.1.12. Consider the square

So = [ao, bo] x [a), by = [~ K, K] x [~ K, K].

Explain why x,, € Sy for all n.
Set co = (ao + o) /2, ¢y = (ay + by)/2 and consider the four squares

T, = [GOaCO] X [%;C{)]a Too = [Co7b0] X [%706],

To,g = [Clo,Co] X [Clo,bé)], T074 = [Co,bo] X [06,66]

Ezplain why at least one of the squares Ty ,, say, must be such that x, € Ty,
for infinitely many values of r. We set [a1, b1] X [a], 0] = T -

Show that we can find a sequence of pairs of intervals [a,, b,] and [al,, b))
such that

X, € [an, ba] X [a,, 0] for infinitely many values of r,

ns Yn
Ap—1 é Qp, S bn S bn—17 a'/n_l S afn S b; S b;_la

and by, — a, = (by_1 —an_1)/2, U, —a, = (b, _;—al, )/2,

n

for alln > 1.

Show that a, — ¢ as n — oo for some ¢ € [ag,by] and a!, — ¢ as
n — oo for some ¢ € [agy,by]. Show further that we can find m(j) with
m(j + 1) > m(j) and Xpy € lay, bs] x [a}, 0] for each j > 1. Deduce the
Bolzano- Weierstrass theorem.

The proof of Theorem 4.1.12 involves extending a one dimensional result
to several dimensions. This is more or less inevitable because we stated
the fundamental axiom of analysis in a one dimensional form. However the
Bolzano-Weierstrass theorem itself contains no reference as to whether we are
working in R or R™. It is thus a excellent tool for multidimensional analysis.

4.2 Open and closed sets

When we work in R the intervals are, in some sense, the ‘natural’ sets to
consider. One of the problems that we face when we try to do analysis in
many dimensions is that the types of sets with which we have to deal are
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much more diverse. It turns out that the so called closed and open sets
are both sufficiently diverse and sufficiently well behaved to be useful. This
short section is devoted to deriving some of their simpler properties. Novices
frequently find the topic hard but eventually the reader will appreciate that
this section is a rather trivial interlude in a deeper discussion.

The definition of a closed set is a natural one.

Definition 4.2.1. A set F C R™ s closed if whenever x,, € F' for each n
and X, — X asn — oo thenx € F.

Thus a set is closed in the sense of analysis if it is ‘closed under the
operation of taking limits’. An indication of why this is good definition is
given by the following version of the Bolzano-Weierstrass theorem.

Theorem 4.2.2. (i) If K is a closed bounded set in R™ then every sequence
in K has a subsequence converging to a point of K.

(i1) Conversely, if K is a subset of R™ such that every sequence in K has
a subsequence converging to a point of K, then K is a closed bounded set.

Proof. Both parts of the proof are easy.

(i) If x,, is a sequence in K, then it is a bounded sequence and so, by
Theorem 4.1.12, has a convergent subsequence X,;y — X, say. Since K is
closed, x € K and we are done.

(i) If K is not closed, we can find x,, € K and x ¢ K such that x,, — x
as n — 00. Since any subsequence of a convergent subsequence converges to
the same limit, no subsequence of the x,, can converge to a point of K.

If K is not bounded, we can find x,, € K such that ||x,| > n. If x is any
point of R™, then the inequality

% = x| = [[%nll = [Ix] > 7 = [Ix]
shows that no subsequence of the x,, can converge. |

When working in R™, the words ‘closed and bounded’ should always elicit

the response ‘Bolzano-Weierstrass’. We shall see important examples of this

slogan in action in the next section (Theorem 4.3.1 and Theorem 4.5.5).
The following remark is sometimes useful.

Exercise 4.2.3. (i) If A is a non-empty closed subset of R with supremum
«, then we can find a, € A with a, — o as n — 0.

(i) If A is a non-empty closed subset of R, then, if sup,cqa exists,
SUpP,cqa € A.

We turn now to the definition of an open set.
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Definition 4.2.4. A set U C R™ 1is open if, whenever x € U, there exists
an € > 0 such that, whenever ||x —y|| < €, we havey € U.

Thus every point of an open set lies ‘well inside the set’. The ability
to ‘look in all directions’ plays an important role in many proofs. The first
example we shall see occurs in the proof of Rolle’s theorem (Theorem 4.4.4)
and the idea will play a key part in the study of complex analysis.

Exercise 4.2.5. Consider sets in R. Prove the following results. The inter-
val [a,b] ={z € R:a < x < b} is closed, the interval (a,b) = {r € R:a <
x < b} is open, the interval [a,b) = {x € R:a < x < b} is neither open nor
closed, R 1is both open and closed.

Lemma 4.2.6. Consider sets in R™. Let x € R™ and r > 0.
(i) The set B(x,r) ={y € R™: ||x —y|| <1} is open.
(i) The set B(x,r) ={y €e R™ : ||[x —y| < r} is closed.
Proof. This is routine3. There is no loss of generality in taking x = 0.
(i) If z € B(0,r), then ||z|| < r so, if we set 6 = r — ||z, it follows that

9> 0. If ||z — y|| < 0, the triangle inequality gives
Iyl < llzl| + |z — v < |zl + 6 =1,

so that y € B(0,7). Thus B(0,7) is open.
(i) If y,, € B(0,7) and y,, — y as n — oo, then, by the triangle inequal-
ity,
Iyl <Myl +lly =yull <7 +lly —yull =7+ 0=7

as n — oo. Thus |ly|| < r and we have shown that B(0,r) is closed. |

We call B(x,7) the open ball of radius r and centre x. We call B(x,r)
the closed ball of radius r and centre x. Observe that the closed and open
balls of R are precisely the closed and open intervals.

The following restatement of the definition helps us picture an open set.

Lemma 4.2.7. A subset U of R™ is open if and only if each point of U is
the centre of an open ball lying entirely within U .

Thus every point of an open set is surrounded by a ball consisting only
of points of the set.

The topics of this section are often treated using the idea of neighbour-
hoods. We shall not use neighbourhoods very much but they come in useful
from time to time.

3Mathspeak for ‘It may be hard the first time you see it but when you look at it later
you will consider it to be routine.’
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Definition 4.2.8. The set N is a neighbourhood of the point x if we can
find an r > 0 (depending on both x and N ) such that B(x,r) C N.

Thus a set is open if and only if it is a neighbourhood of every point that
it contains.
Returning to the main theme we note the following remarkable fact.

Lemma 4.2.9. A subset E of R™ is open if and only if its complement
R™\ E is closed.

Proof. Again, this is only a question of writing things down clearly. We split
the proof into two parts.

Necessity Suppose that F is open. If x, € R™ \ F for all n and x,, — x
as n — oo, then we claim that x € R™ \ E. For, if not, we must have
x € F and so, since E is open, we can find an € > 0 such that, whenever
la—x|| < e, it follows that a € E. Since x,, — X, we can find an N such that
|lxy —x|| < € and so xy € E, contradicting the statement that x,, € R™\ E.
Thus x € R™\ E and we have shown that R™ \ E is closed.

Sufficiency Suppose that R™ \ F is closed. We show that E is open. For,
if not, there must exist an a € E such that, given any € > 0, there exists
ay ¢ E with ||y — al| < e. In particular, we can find x,, € R™ \ E such
that ||x, — a|| < 1/n. By the axiom of Archimedes, this means that x,, — a
as n — oo and so, since R™ \ E is closed, a € R™ \ E, contradicting our
assumption that a € F. Thus E is open. [ |

We observe the following basic results on open and closed sets.

Lemma 4.2.10. Consider the collection T of open sets in R™.
(i))Der, R" €.
(ii) If Uy € T for all o« € A, then |J,c 0 Uas € T.
(ii) If Uy, Us, ..., Uy €7, then (\_, U; € 7.

Proof. This is routine.

(i) Since the empty set contains no points, every point in the empty set
has any property we desire (in this case, that of being the centre of an open
ball lying within the empty set). Thus the empty set is open. If x € R™
then B(x,1) C R™. Thus R™ is open.

(ii) If x € J,ea Ua, then we can find a particular a(0) € A such that
x € Uy (o). Since Uy o) is open, we can find a § > 0 such that B(x,0) C Uy ).
Automatically, B(x,d) C (J,ec4 Us- We have shown that (J, .4 Uy is open.

(ili) If x € (j_, Uj, then x € U; for each 1 < j < n. Since each Uj is
open we can find a d; > 0, such that B(x,d;) C U, for each 1 < j < n.
Setting = min;<;<, d;, we have § > 0 (note that this part of the argument
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requires that we are only dealing with a finite number of open sets U,) and
B(x,d) C Uj for each 1 < j < n. Thus B(x,0) € (\j_, U; and we have
shown that (;_, U; is open. |

Lemma 4.2.11. Consider the collection F of closed sets in R™.
(i) e F,R" € F.
(i) If Fy € F for all a € A, then (\,c4 Fa € F.
(ZZZ) IfFl, FQ, N Fn S ./T, then U?:lf?j e F.

Proof. This follows from Lemma 4.2.10 by repeated use of Lemma 4.2.9.
(i) Observe that ) = R™\R™ and R™ = R™\{). Now use Lemma 4.2.10 (i).
(ii) Observe that

ﬂFa:Rm\ U(Rm\Fa)

acA aEA

and use Lemma 4.2.10 (ii).
(iii) Observe that

UF =R\ &\ F)

and use Lemma 4.2.10 (iii). |

Exercise 4.2.12. We proved Lemma 4.2.10 directly and obtained Lemma 4.2.11
by complementation. Prove Lemma 4.2.11 and obtain Lemma 4.2.10 by com-
plementation.

Exercise 4.2.13. (i) We work in R and use the usual notation for intervals
(see Exercise 4.2.5 if necessary). Show that

ﬁ —1—5351)=[-1,1)

and conclude that the intersection of open sets need not be open. Why does
this not contradict Lemma 4.2.107

(11) Let Uy, Uy, ... be open sets in R such that Uy 2O Uy D Us 2
Show, by means of examples, that ﬂ;’il U; may be (a) open but not closed,
(b) closed but not open, (¢) open and closed or (d) neither open nor closed.

(111) What result do we get from (iii) by complementation?

(iv) Let F; = [aj,b;] and Fy C F, C F3 C ... Show, by means of exam-
ples, that ﬂ;’il F; may be (a) open but not closed, (b) closed but not open,
(c) open and closed or (d) neither open nor closed.



Please send corrections however trivial to twk@dpmms.cam.ac.uk 53

(v) Let a < b and ¢ < d. Show that, if we work in R?, [a,b] x [c,d] is
closed, (a,b) x (¢,d) is open and (a,b) x [c,d] is neither open nor closed.

(vi) Do part (ii) with R replaced by R2.

(vii) If A is open in R™ and B is open in R™, show that A X B is open
in R™*". State and prove the corresponding result for closed sets.

Of course, analysis deals with (reasonably well behaved) functions as
well as sets. The notion of continuity gives us a natural class of reasonably
well behaved functions. The definition carries over unchanged from the one
dimensional case.

Definition 4.2.14. Let E C R™. We say that a function f : E — RP is
continuous at some point x € E if, given € > 0, we can find a §(e,x) > 0
such that, whenevery € E and ||x — y|| < d(e,x), we have

I£(x) — £(y)ll <«

If £ is continuous at every point x € E, we say that £ is a continuous function
on E.

This may be the place to make a comment on vector notation. It is
conventional in elementary analysis to distinguish elements of R™ from those
in R by writing points of R™ in boldface when printing and underlining
them when handwriting. Eventually this convention becomes tedious and,
in practice, mathematicians only use boldface when they wish to emphasise
that vectors are involved.

Exercise 4.2.15. After looking at Lemma 1.58.2 and parts (iii) to (v) of
Lemma 4.1.9, state the corresponding results for continuous functions. (Thus
part (v) of Lemma 4.1.9 corresponds to the statement that, if A\ : E — R and
f: E — RP are continuous at x € E, then so is Mf.) Prove your statements
directly from Definition 4.2.14.

Suppose that E C R™ and f : E — R is continuous at x. Show that, if
f(t) #0 forallt € E, then 1/f is continuous at x.

Once again we have the following useful observation.

Lemma 4.2.16. Let E be a subset of R™ and f : E — RP a function.
Suppose that x € E and that £ is continuous at x. If x, € E for all n and
X, — X as n — o0, then f(x,) — f(x) as n — oo.

Proof. Left to the reader. [ |

Another way of looking at continuity, which will become progressively
more important as we proceed, is given by the following lemma.
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Lemma 4.2.17. The function f : R™ — RP is continuous if and only if
f=1(U) is open whenever U is an open set in RP.

The reader may need to be reminded of the definition
f1(U)={xcR™: f(x) € U}.

Proof. As with most of the proofs in this section, this is just a matter of
writing things down correctly. We split the proof into two parts.

Necessity Suppose f is continuous and U is an open set in RP. If x € £71(U),
then f(x) € U. But U is open, so there exists an € > 0 such that B(f(x),¢€) C
U. Since f is continuous at x, we can find a 0 > 0 such that

|f(x) — f(y)|| < € whenever ||x —y|| < 0.

We thus have B(x,d) C £71(U). It follows that £~'(U) is open.

Sufficiency Suppose that f~1(U) is open whenever U is an open subset of R?.
Let x € R™and € > 0. Since B(f(x), €) is open, it follows that £~ (B(f(x), €))
is open. But x € f71(B(f(x),¢€)), so there exists a § > 0 such that B(x,d) C
f~1(B(f(x),¢)). We thus have

|f(x) — f(y)|| < € whenever ||x —y|| < 0.

It follows that f is continuous. |

Exercise 4.2.18. Show that sin((—5m,5m)) = [-1,1]. Give ezamples of
bounded open sets A in R such that (a) sin A is closed and not open, (b)
sin A is open and not closed, (c) sin A is neither open nor closed, (d) sin A
is open and closed. (Observe that () is automatically bounded.)

The reader may object that we have not yet derived the properties of sin.
In my view this does not matter if we are merely commenting on or illustrat-
ing our main argument. (I say a little more on this topic in Appendiz C.)
However, if the reader is interested, she should be able to construct a poly-
nomial P such that (a), (b), (c) and (d) hold for suitable A when sin A is
replaced by P(A).

The next exercise gives a simple example of how Lemma 4.2.17 can be
used and asks you to contrast the new ‘open set’ method with the old ‘e, ¢
method

Exercise 4.2.19. Prove the following result, first directly from Definition 4.2.14
and then by using Lemma 4.2.17 instead.
Iff : R™ — RP and g : R? — RY are continuous, then so is their

composition g o f.
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(Recall that we write g o f(x) = g(f(x)).)

The reader who has been following carefully may have observed that we
have only defined limits of sequences. Here is another notion of limit which
is probably familiar to the reader.

Definition 4.2.20. Let E C R™, x € E and a € RP. Consider a function
f:E\{x} = RP (or* a function f : E — RP). We say that f(y) — a as
y — X through values of y € E if, given € > 0, we can find a 6(e,x) > 0
such that, whenever y € E and 0 < ||x —y|| < d(¢,x), we have

IIf(x) —a|| <e.
(We give a slightly more general definition in Exercise K.23.)

Exercise 4.2.21. Let F C R™, x € E and a € RP. Consider a function
f:E\{x} - Rr. Definef:E — R by f(y) =f(y) ify € E\ {x} and
f(x) = a. Show that f(y) — a as'y — x through values of y € E if and only
if T is continuous at x.

Exercise 4.2.22. After looking at your solution of Lemma 4.2.15, state and
prove the corresponding results for limits.

Exercise 4.2.23. [In this ezercise you should start from Definition 1.7.2]
Let U be an open set in R. Show that a function f : U — R is differentiable
at t € U with derivative f'(t) if and only if

f(t_’_hf)b_ f(t) _ f/(t)

as h — 0 (through values of h witht +h € U).

Exercise 4.2.24. In Chapter 6 we approach the properties of differentia-
tion in a more general manner. However the reader will probably already
have met results like the following which can be proved using Ezercises 4.2.22
and 4.2.23.

(i) If f, g: (a,b) — R are differentiable at x € (a,b), then so is the sum
f+ g and we have (f + g)'(z) = f'(z) + ¢'(x).

(i) If f, g : (a,b) — R are differentiable at x € (a,b), then so is the
product f x g and we have (f x g)'(z) = f'(z)g(x)+ f(x)g'(x). [Hint: f(x+
R)ga+h) — F()g(x) = (F(z+h) — F@@))g(x +h) + F(2)(g(x +b) — g(x)) ]

(15i) If f : (a,b) — R is nowhere zero and f is differentiable at x € (a,b),
then so is 1/ f and we have (1/f) (z) = —f'(z)/ f(x)%.

4Thus it does not matter whether f is defined at x or not (and, if it is defined, it does
not matter what the value of f(x) is).




56 A COMPANION TO ANALYSIS

(iv) State accurately and prove a result along the lines of (ii) and (iii)
dealing with the derivative of f/g.

(v) Ifc € R, ¢ # 0 and f : R — R is differentiable at x, show that the
function f. defined by f.(t) = f(ct) [t € R] is differentiable at ¢~ 'z and we
have fi(c™'z) = cf'(x). What happens if c =07

(vi) Use part (i) and induction on n to show that if r,,(x) = ", then r,
is everywhere differentiable with r! (x) = nr,_1(x) [n > 1]. Hence show that
every polynomial is everywhere differentiable. If P and ) are polynomials
and Q(t) # 0 for all t € (a,b) show that P/Q is everywhere differentiable on

(a,b).

Exercise 4.2.25. (i) Use part (ii) of Ezercise 4.2.24 to show that, if f, g :
(a,b) — R satisfy the equation f(t)g(t) =1 for allt € (a,b) and are differ-
entiable at x € (a,b) then ¢'(x) = —f'(x)/f(x)*.

(11) Explain why we can not deduce part (iii) of Ezercise 4.2.24 directly
from part (i) of this exercise. Can we deduce the result of part (i) of this
exercise directly from part (iii) of Ezercise 4.2.24%

(111) Is the following statement true or false? If f, g : (a,b) — R are
differentiable at x € (a,b) and f(z)g(x) = 1 then ¢'(z) = —f'(x)/f(z)%
Give a proof or counterexample.

Exercise 4.2.26. From time to time the eagle eyed reader will observe state-
ments like

‘f(r) — 00 as x — —o0’

which have not been formally defined. If this really bothers her, she is probably
reading the wrong book (or the right book but too early). It can be considered
a standing exercise to fill in the required details.

In Appendiz D, I sketch a method used in Beardon’s elegant treatment [2]
which avoids the need for such repeated definitions.

4.3 A central theorem of analysis

In this section we prove Theorem 4.3.4 which says that a real-valued con-
tinuous function on a closed bounded set in R™ is bounded and attains its
bounds. This result together with the intermediate value theorem (proved as
Theorem 1.6.1) and the mean value inequality (proved as Theorem 1.7.1 and
later in a more general context as Theorem 6.3.1) are generally considered
to be the central theorems of elementary analysis.

Our next result looks a little abstract at first.
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Theorem 4.3.1. Let K be a closed bounded subset of R™ and f : K — RP
a continuous function. Then f£(K) is closed and bounded.

Thus the continuous image of a closed bounded set is closed and bounded.

Proof. By Theorem 4.2.2 (ii), we need only prove that any sequence in f(K)
has a subsequence converging to a limit in f(K).

To this end, suppose that y,, is a sequence in f(K). By definition, we can
find x,, € K such that f(x,) = y,. Since K is closed and bounded subset,
Theorem 4.2.2 (i) tells us that there exist n(j) — oo and x € K such that
Xp(j) — X as j — 00. Since f is continuous,

Yn() = £(Xn(j) — £(x) € £(K)
and we are done. [ |

Exercise 4.3.2. Let N : R™ — R be given by N(x) = ||x||. Show that
N is continuous. Deduce in particular that if X, — X as n — o0, then
%] — [1x]-

Exercise 4.3.3. (i) Let A be the open interval (0,1). Show that the map
f A — R given by f(x) = 1/ is continuous but that f(A) is unbounded.
Thus the continuous image of a bounded set need not be bounded.

(i) Let A = [1l,00) = {x € R : z > 1} and f : A — R be given by
f(z) = 1/z. Show that A is closed and f is continuous but f(A) is not
closed. Thus the continuous image of a closed set need not be closed.

(iii) Show that the function 7 : R? — R given by w(x,y) = x is continu-
ous. (The function 7 is called a projection.) Show that the set

A={(z,1/z) : x >0}
is closed in R? but that w(A) is not.

We derive a much more concrete corollary.

Theorem 4.3.4. Let K be a closed bounded subset of R™ and f : K - R a
continuous function. Then we can find ki and ko in K such that

f(ke) < f(k) < fki)
forallk € K.

Proof. Since f(K) is a non-empty bounded set, it has a supremum M say.
Since f(K) is closed, M € f(K), that is M = f(k;) for some k; € K. We
obtain ko similarly. |
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In other words, a real-valued continuous function on a closed bounded
set is bounded and attains its bounds. Less usefully we may say that, in this
case, f actually has a maximum and a minimum. Notice that there is no
analogous result for vector-valued functions. Much popular economic writing
consists of attempts to disguise this fact (there is unlikely to be a state of
the economy in which everybody is best off).

Exercise 4.3.5. When I was an undergraduate, we used another proof of
Theorem 4.53.4 which used lion hunting to establish that f was bounded and
then a clever trick to establish that it attains its bounds.

(i) We begin with some lion hunting in the style of Exercise 4.1.14. As
in that exercise, we shall only consider the case m = 2, leaving the general
case to the reader. Suppose, if possible, that f(K) is not bounded above (that
is, given any k > 0, we can find a x € K such that f(x) > k).

Since K is closed and bounded, we can find a rectangle Sy = |ag, bo] X
lah, by] 2 K. Show that we can find a sequence of pairs of intervals [a,, by]
and [al, 0] such that

f(K N ay, by x [al,b]) is not bounded,

ny ’n
QAp—1 S Qn, S bn S bnfly @In_l S a;,, S b;L S b/n—la

and b, — a, = (by—1 — ay_1)/2, b, —a, = (b,_; —al,_1)/2,
foralln > 1.

Show that a, — ¢ as n — oo for some ¢ € [ag, by] and a, — ¢ asn — oo
for some ¢ € [ag,by]. Show that ¢ = (¢,d') € K. Use the fact that f is
continuous at ¢ to show that there exists an € > 0 such that, if x € K and
|x —c|| <, then f(x) < f(c)+ 1. Show that there exists an N such that

[anvbn] X [a;wb/n] C B(Ca 6)
for alln > N and derive a contradiction.

Hence deduce that f(K) is bounded above. Show also that f(K) is bounded
below.

(11) Since any non-empty bounded subset of R has a supremum, we know
that M = sup f(K) and m = inf f(K) exist. We now produce our clever
trick. Suppose, if possible, that f(x) # M for all x € K. Explain why,
if we set g(x) = 1/(M — f(x)), g : K — R will be a well defined strictly
positive continuous function. Deduce that there exists a real number M' > 0
such that g(x) < M’ for all x € K and show that f(x) < M — 1/M’ for all
x € K. FEzxplain why this contradicts the definition of M and conclude that
there must exist some k1 € K such that f(ky) = M. We obtain ko similarly.
(The author repeats the remark he made on page 38 that amusing as proofs
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like these are, clever proofs should only be used when routine proofs do not
work.)

Our next theorem is just a particular but useful case of Theorem 4.3.4.

Theorem 4.3.6. Let [ : [a,b] — R be a continuous function. Then we can
find ky, ko € [a,b] such that

f(ke) < f(z) < f(k)
for all z € [a,b)].

Later we will use this result to prove Rolle’s theorem (Theorem 4.4.4)
from which in turn we shall obtain the mean value theorem (Theorem 4.4.1).

Theorem 4.3.4 can also be used to prove the fundamental theorem of
algebra which states that every complex polynomial has a root. If the reader
cannot wait to see how this is done then she can look ahead to section 5.8.

Exercise 4.3.7. (i) Prove Theorem 4.5.6 directly from the one-dimensional
version of the Bolzano-Weierstrass theorem. (Essentially just repeat the ar-
guments of Theorem 4.3.1.)

(ii) Give an example of a continuous f : (a,b) — R which is unbounded.

(11i) Give an example of a continuous f : (a,b) — R which is bounded but
does not attain its bounds.

(iv) How does your argument in (i) fail in (ii) and (iii)?

(v) Suppose now we work over Q and write [a,b] = {x € Q : a < x < b}.
Show that f(x) = (1+(2*—2)*)"! defines a continuous function f : [0,2] — Q
which is continuous and bounded but does not attain its upper bound. How
does your argument in (i) fail?

Define a continuous function g : [0,2] — Q which is continuous and
bounded but does not attain either its upper bound or its lower bound. Define
a continuous function h : [0,2] — Q which is continuous but unbounded.

We conclude this section with an exercise which emphasises once again the
power of the hypotheses ‘closed and bounded’ combined with the Bolzano-
Weierstrass method. The result is important but we shall not make much
use of it.

Exercise 4.3.8. (i) By picking xz; € K; and applying the Bolzano- Weierstrass
theorem, prove the following result.

Suppose that K1, Ky, ... are non-empty bounded closed sets in R™ such
that K1 O Ky O .... Then ﬂ;’il K; # 0. (That is, the intersection of a
nested sequence of bounded, closed, non-empty sets is itself non-empty.)
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(i1) By considering K; = [j,00), show that boundedness cannot be dropped
from the hypothesis.

(iii) By considering K; = (0,77"), show that closedness cannot be dropped
from the hypothesis.

Exercises K.29 to K.36 discuss a substantial generalisation of Exercise 4.3.8
called the Heine-Borel theorem.

4.4 The mean value theorem

Traditionally one of the first uses of the theorem that every continuous func-
tion on a closed interval is bounded and attains its bounds has been to prove
a slightly stronger version of the mean value inequality.

In common with Dieudonné ([13], page 142) and Boas ([8], page 118), I
think that the mean value inequality is sufficient for almost all needs and
that the work required to understand the subtleties in the statement and
proof of Theorem 4.4.1 far outweigh any gain.

However, Theorem 4.4.1 is likely to remain part of the standard analysis
course for many years, so I include it here.

Theorem 4.4.1. (The mean value theorem.) If f : [a,b] — R is a
continuous function with f differentiable on (a,b), then we can find a ¢ €
(a,b) such that

f) = fla) = (b—a)f'(c).
Here are some immediate consequences.

Lemma 4.4.2. If f : [a,b] — R is a continuous function with f differen-
tiable on (a,b), then the following results hold.

(1) If f'(t) > 0 for all t € (a,b) then f is strictly increasing on |a,b.
(That is, f(y) > f(z) wheneverb>y > x> a.)

(11) If f'(t) > 0 for allt € (a,b) then f is increasing on [a,b]. (That is,
f(y) > f(z) whenever b>y > x> a.)

(111) If f'(t) = 0 for all t € (a,b) then f is constant on [a,b]. (That is,
f(y) = f(x) whenever b >y >z > a.)

Proof. We prove part (i), leaving the remaining parts to the reader. If b >
y > x > a, then the mean value theorem (Theorem 4.4.1) tells us that

fly) = fx) = (y —2)f'(c)
for some ¢ with y > ¢ > x. By hypothesis f'(¢) > 0, s0 f(y) — f(z) >0. B
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Exercise 4.4.3. Prove Theorem 1.7.1 from Theorem 4.4.1.

The key step in proving Theorem 4.4.1 is the proof of the special case
when f(a) = f(b).

Theorem 4.4.4. (Rolle’s theorem.) If g : [a,0] — R is a continuous
function with g differentiable on (a,b) and g(a) = g(b), then we can find a
c € (a,b) such that ¢'(c) = 0.

The next exercise asks you to show that the mean value theorem follows
from Rolle’s theorem.

Exercise 4.4.5. (i) If f is as in Theorem 4.4.1, show that we can find a real
number A such that, setting

g(t) = f(t) — AL,

the function g satisfies the conditions of Theorem 4.4.4.

(i1) By applying Rolle’s theorem (Theorem 4.4.4) to the function g in (i),
obtain the mean value theorem (Theorem 4.4.1). (Thus the mean value the-
orem is just a tilted version of Rolle’s theorem.)

Cauchy produced an interesting variant on the argument of Exercise 4.4.5.
which we give as Exercise K.51.

Exercise 4.4.6. The following very easy consequence of Definition 1.7.2 will
be used in the proof of Rolle’s theorem. Let U be an open set in R and let
f U — R be differentiable at t € U with derivative f'(t). Show that if
t,eU, t,#tandt, —t asn — oo, then

ftn) = f()

et /W

as n — Q.

We now turn to the proof of Rolle’s theorem.

Proof of Theorem /./.4. Since the function ¢ is continuous on the closed in-
terval [a, b], Theorem 4.3.6 tells us that it is bounded and attains its bounds.
More specifically, we can find k1, ko € [a, b] such that

g(ka) < g(z) < g(k1)

for all x € [a,b]. If both k; and ko are end points of [a,b] (that is ki, ko €
{a,b}) then

g(a) = g(b) = g(k1) = g(ks)
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and g(z) = g(a) for all z € [a,b]. Taking ¢ = (a + b)/2, we have ¢'(c) = 0
(the derivative of a constant function is zero) and we are done.

If at least one of k; and ks is not an end point there is no loss in generality
in assuming that k; is not an end point (otherwise, consider —g). Write
¢ = k1. Since ¢ is not an end point, a < ¢ < b and we can find a 6 > 0 such
that a <c—0 < c+6 <b. Set x,, = ¢ — §/n. Since ¢ is a maximum for g,
we have g(c) > g(z,) and so

9(xn) — g(c)

>0

for all n. Since

g(w,) —g(c)

/
C?
pra— — ¢'(c)

it follows that ¢’(c) > 0. However, if we set y,, = ¢+ d/n, a similar argument

shows that

9(yn) — g(c)
yn — C

<0

for all n and so ¢'(c) < 0. Since 0 < ¢'(¢) < 0, it follows that ¢’(c) = 0 and
we are done. ]

(We look more closely at the structure of the preceeding proof in Exer-
cise K.45.)
In his interesting text [11], R. P. Burn writes

Both Rolle’s theorem and the mean value theorem are geomet-
rically transparent. Each claims, with slightly more generality
in the case of the mean value theorem, that for a graph of a
differentiable function, there is always a tangent parallel to the
chord.

My view is that the apparent geometrical transparency is due to our strong
intuitive feeling a function with positive derivative ought to increase — which
is precisely what we are ultimately trying to prove®. It is because of this strug-
gle between intuition and rigour that the argument of the second paragraph
of the proof always brings to my mind someone crossing a tightrope above

5This should not be interpreted as a criticism of Burn’s excellent book. He is writing
a first course in analysis and is trying to persuade the unwilling reader that what looks
complicated is actually simple. I am writing a second course in analysis and trying to
persuade the unwilling reader that what looks simple is actually complicated.
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a pool full of crocodiles. Let me repeat to any reader tempted to modify
that argument, we wish to use Theorem 4.4.1 to prove that a function with
positive deriwvative is increasing and so we cannot use that result to prove
Theorem 4.4.1. 1f you believe that you have a substantially simpler proof of
Rolle’s theorem than the one given above, first check it against Exercise K.46
and then check it with a professional analyst. Exercise K.43 gives another
use of the kind of argument used to prove Rolle’s theorem.

If the reader uses Theorem 4.4.1, it is important to note that we know
nothing about ¢ apart from the fact that ¢ € (a, b).

Exercise 4.4.7. Suppose that ks is as in the proof of Theorem 4.4.4. Show
explicitly that, if ko is not an end point, g'(ks) = 0.

Exercise 4.4.8. Suppose that g : R — R is differentiable, that a < b and
that g(a) = g(b). Suppose ki and ky are as in the proof of Theorem 4.4.4.
Show that, if ki = a, then ¢'(a) < 0 and show by example that we may have
g'(a) < 0. State similar results for the cases b= ki and a = k.

Exercise 4.4.9. (This ezxercise should be compared with Lemma 4.4.2.)

(i) Suppose that f : (a,b) — R is differentiable and increasing on (a,b).
Show that f'(t) > 0 for all t € (a,b).

(ii) If f : R — R is defined by f(t) = t3, show that f is differentiable and

everywhere strictly increasing yet f'(0) = 0.

Exercise 4.4.10. [ said above that the mean value inequality is sufficient
for most purposes. For the sake of fairness here is an example where the
extra information provided by Rolle’s theorem does seem to make a difference.
Here, as elsewhere in the exercises, we assume that reader knows notations
like F™) for the rth derivative of F and can do things like differentiating a
polynomial which have not been explicitly treated in the main text.

Suppose that f: R — R is n times differentiable and that

a<xr <To<---<xp<b.

Suppose that P is a polynomial of degree n —1 with P(z;) = f(z;). (We say
that P is an interpolating polynomial for f.) We are interested in the error

E(t) = f(t) — P(t)

at some point t € [a,b]. Since we already know that E(x;) =0, we may also
assume that t, x1, x2, ... , x, are distinct.
We consider the function
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(1) Show that F' vanishes at t, x1, x9, ..., T, and so vanishes at n + 1
distinct points in (a,b).

(i1) By using Rolle’s theorem (Theorem 4.4.4), show that F' vanishes at
n distinct points in (a,b).

(i4i) By repeated use of Rolle’s theorem show that F™ vanishes at some
point ¢ € (a,b).

(iv) By computing F™ explicitly, deduce that

0= () - mEm ]

and so

Of course, we know nothing about ¢, but, if we know that |f™ (z)| < A for
all x € [a,b], we can deduce that

)= P < ] -

for allt € [a,b]. (We discuss this matter further in Ezercise K.48.)
(v) Deduce the weaker inequality

(b—a)"
76 - Py < a0
for allt € [a,].
A similar argument to the one just given is used in Fxercise K./9 to prove
a version of Taylor’s theorem.

A very sharp-eyed reader may observe that we cannot prove Lemma 4.4.2 (i)
from the mean value inequality®.

4.5 Uniform continuity

The mean value inequality (Theorem 1.7.1) is an excellent example of the
way that many theorems of analysis convert local information into global

SHaving gone to all the bother of proving Theorem 4.4.1 from which Lemma 4.4.2 (i)
follows, we might as well use it. However, Exercise K.27 provides an alternative proof.
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information. We know that f’(z) < K so that locally the rate of increase of
f is no greater than K. We deduce that f(u) — f(v) < K(u — v) so that
globally the rate of increase of f is no greater than K. I remind the reader,
once again, that this conversion of local to global fails for Q and depends on
the fundamental axiom of analysis.

The main theorem of this section (Theorem 4.5.5 on uniform continuity) is
another excellent example of the conversion of local information to global. We
need a couple of definitions and examples. Recall first from Definition 4.2.14
what it means for a function to be continuous on a set

Definition 4.5.1. Let £ C R™. We say that a function £ : E — RP is
continuous on E if, given any point x € E and any € > 0, we can find a
d(e,x) > 0 such that, whenever y € E and ||x — y|| < (e, %), we have

[f(x) —f(y)] <e.
Now compare Definition 4.5.1 with our definition of uniform continuity.

Definition 4.5.2. Let E C R™. We say that a function £ : E — RP s
uniformly continuous on E if, given any € > 0, we can find a §(¢) > 0 such
that, whenever x,y € E and ||x —y|| < d(¢), we have

[£(x) — £(y)ll <.

Example 4.5.4 and Theorem 4.5.5 depend on understanding what it means
for a function not to be uniformly continuous.

Exercise 4.5.3. Let E C R™. Write down the definition of what it means

for a function £ : E — RP not to be uniformly continuous’.

Example 4.5.4. The following three functions are continuous but not uni-
formly continuous.

(i) f1 : R = R given by fi(x) = z*.

(ii) fo:(0,1) — R given by fo(zx) = 7.

(iii) f3:(0,1) — R given by f3(z) = sin(z ™).

Proof. (i) Suppose that § > 0. If we take z > ¢! and y = = + §/2, we have
|‘T - y| < 57 yet

22 — P =P =2 = (y+a)(ly—x) >207'6/2 = 1.

Thus f; is not uniformly continuous.
(i) and (iii) are left as exercises for the reader. [

"Mathematical educationists call this sort of thing ‘finding the contrapositive’.
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Theorem 4.5.5. Let K be a closed bounded subset of R™. Iff : K — RP s
continuous on K, then f is uniformly continuous on K.

Proof. Earlier I said that the words ‘closed and bounded’ should elicit the
response ‘Bolzano-Weierstrass’. Let us see how this slogan works here.

If f is not uniformly continuous, then there must exist an € > 0 such that,
given any 0 > 0, we can find x, y € K such that

[x =yl <4 but [f(x) —£(y)[| > e
Thus we can find a sequence of pairs of points x,,, y, € K such that
|x, — ¥l < 1/n but |f(x,) — f(y.)| > €.

By the Bolzano-Weierstrass theorem, we can find a k € K and a sequence
n(l) <n(2) <n(3) <... such that x,;) — k as j — oco. Since

[yny = Kl < [yne) = %) | + %0y =k = 0+ 0 =0,
it follows that y, ;) — k as j — oo. Since f is continuous, it follows that
€ < 1E6¢)) = £l < E(xa(s)) — £ + IE(yags)) — £ — 040 =10
as j — o0. This contradiction proves the theorem. |

Exercise 4.5.6. Use Theorem 4.5.5 to prove that a real-valued continuous
function on a closed bounded set is bounded. Use the trick given in Fxer-
cise 4.3.5 (ii) to deduce that a real-valued continuous function on a closed
bounded set is bounded and attains its bounds (Theorem 4.3.4).

Exercise 4.5.7. If we work in Q rather than R use the function of Exam-
ple 1.1.3 to give an example of a function f : Q — Q which is continuous

but not uniformly continuous on [0,2]. At which stage does our proof Theo-
rem 4.5.5 break down?

We shall use the fact that a continuous function on a closed bounded set
is uniformly continuous when we show that every continuous function on a
closed interval is integrable (Theorem 8.3.1) and it was in this context that
the notion of uniformity first arose.

4.6 The general principle of convergence

We know that an increasing sequence of real numbers tends to a limit if and
only if the sequence is bounded above. In this section we consider a similarly
useful result which applies to sequences in R".
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Definition 4.6.1. We say that a sequence of points x, € R™ is a Cauchy
sequence if, given any € > 0, we can find no(€) such that ||x, — x| < € for
all p,q > no(e).

Our first lemma is merely® algebraic.
Lemma 4.6.2. Any convergent sequence in R™ forms a Cauchy sequence.

Proof. Suppose that x,, — x. Let € > 0. By definition, we can find an ng(e)
such that

|x, — x|| < €/2 for all n > ng(e).
We observe that, by the triangle inequality,
1%p = Xql| < lIxp = x|+ [[xg —x[| <€/2+€/2=¢
for all p,q > ng(e), so we are done. [ |
The converse to Lemma 4.6.2 is a powerful theorem of analysis.
Theorem 4.6.3. Any Cauchy sequence in R™ converges.

Proof. Suppose that x,, € R™ is a Cauchy sequence. Then, by definition,
given any € > 0, we can find N(e) such that ||x, —x,| < € for all p,q > N(e).
In particular, if n > N(1), we have

[1%nll < [1%n —xn)ll + X8l < 14 XNl
It follows that

x|l < max x| +1
1<r<N(1)
for all n and so the sequence x,, is bounded.

By the Bolzano-Weierstrass theorem, it follows that there is an x € R™
and a sequence n(1) < n(2) < ... such that x,;) — x as j — oo. Thus,
given any € > 0, we can find J(e) such that ||x,;) — x|| < € for all j > J(e).

We now observe that if n > N(¢/2) and we choose a j such that j >
J(e/2) and n(j) > N(e/2), then

50— x| < 10 = Xagill + 13ns) — X[| < €/24 ¢/2 = €.

Thus x,, — x as n — oo and we are done. [ |

8Remember that, from the standpoint of this book any argument, however difficult and
complicated it may be that does not involve the fundamental axiom is ‘mere algebra’.
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Exercise 4.6.4. Show that, if any subsequence of a Cauchy sequence con-
verges, then the Cauchy sequence converges.

Combining Theorem 4.6.3 with Lemma 4.6.2, we get the general principle
of convergence.

Theorem 4.6.5. (General principle of convergence.) A sequence in
R™ converges if and only if it is a Cauchy sequence.

The general principle of convergence is used in the study of infinite sums.
Definition 4.6.6. Ifa; € R™ we say that Z;; a; converges to s if

N
E aj — S
=1

as N — co. We write 3 77, a; =s.
If Z;\le a; does not tend to a limit as N — oo, we say that the sum
> 2, a; diverges.

[The definition just given corresponds to how mathematicians talk but is
not how logicians talk. Formally speaking, Z;; a; either exists or it does
not and cannot converge or diverge. In an effort to get round this some books
use locutions like ‘the series a; converges to the sum Z?L a;’.]

We note that any result on sums can be rewritten as a result on sequences
and vice versa.

Exercise 4.6.7. We work in R™.

(i) If s, = > i_, a;, then 377, a; converges to s if and only if s, — s as
n — oo.

(it) If we write sy =0 and a; =s; —s;_1, then's, — s asn — oo if and
only if Z;’il a; converges to s.

Exercise 4.6.8. By writing

N N
(aj+b;)=> a;+> by,
j=1 j=1

show that, if Y77 a; and 2 | b; converge, then so does Y 77, (a; +b;) and

that, in this case,

N

J=1

Zaj—kb Zaj—ier
j=1
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Exercise 4.6.9. Ifa; = b, for all j > M and Z;’il b; converges, show that
Z;’;l a; converges. Thus ‘the first few terms of an infinite sum do not affect
its convergence’.

Exercise 4.6.10. Prove the general principle of convergence for sums, that
15 to say, prove the following result. The sum Z;; a; converges if and only
if, given any € > 0, we can find no(e) such that ||>75_ a;|| < € for all
q > p > ng(e).

Exercise 4.6.11. (i) Show that if 377, a; converges, then |a,| — 0 as
n— oo.

(i1) By observing that 37, G2 > nl2 or otherwise, show that the
converse of part (i) is false.

(iti) Show that, if n > 0, then Y72, j='*" diverges. (We will obtain
stronger results in Ezercises 5.1.9 and 5.1.10.)

We use the general principle of convergence to prove a simple but impor-
tant result.
Theorem 4.6.12. Let a, € R™ for each n. If 377, ||la;|| converges, then
so does Y7 | a;.

Proof. Since 77, ||la || converges, the (trivial, algebraic) necessity part of
the general principle of convergence tells that, given any € > 0, we can find
no(e) such that Y31 [|la;|| < e for all ¢ > p > ng(e). The triangle inequality
now tells us that

q q
1) al <> llay] <e
Jj=p Jj=p

for all ¢ > p > np(e) and the (profound, analytic) sufficiency part of the
general principle of convergence tells that Zj; a; converges. |

Theorem 4.6.12 is often stated as saying that ‘absolute convergence implies
convergence’. We formalise this by making a definition.

Definition 4.6.13. If a; € R™, we say that the sum Z?; a; 1s absolutely
convergent if > 22 ||a;|| converges.

Theorem 4.6.12 has the natural interpretation that if we wander around
R™ taking a sequence of steps of finite total length then we must converge
on some point. However, although the result appears ‘intuitively evident’,
the proof ultimately depends on the fundamental axiom of analysis.
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Exercise 4.6.14. The first proof of Theorem 4.6.12 that I was given went
as follows.

(i) We work first in R. Let a, € R for each n. If Y7 |a;| converges,
then set

=0 if a, >0
=0, a, = —a, otherwise.

N
at

Use the fact that 25:1 a,t is an increasing sequence to show thatlimy_. Y, _; at

exists. Show similarly that imy_, o 22[:1 a,, exists. Establish the equality

N N N
D= =)
n=1 n=1 n=1

and use it to show that limy_,~ 22;1 a, erists.

(11) By taking real and imaginary parts, use (i) to prove that if a, € C
for each n and 3777 |aj| converges, then so does )77, a;.

(11i) Use (i) to prove Theorem 4.6.12.

Although this 1is, if anything, an easier proof than the one I gave, it is
a bit inelegant and does not generalise to to the context of general normed
spaces as discussed in Chapter 10.

Theorem 4.6.12 is often used in tandem with another simple but powerful
tool.

Theorem 4.6.15. (The comparison test.) We work in R. Suppose that
0 <b; <a; forall j. Then, if Y32, a; converges, so does Y 22, b;.

Proof. Since A,, = Z?:l a; is an increasing sequence tending to a limit A we
know that A, < A for each n. Thus

n n
D b<) a4
j=1 j=1
for each n and B,, = Z?Zl b; is an increasing sequence bounded above. By

the fundamental axiom, B,, tends to a limit and the result follows. |

Exercise 4.6.16. We work in R. Spell out in detail the proof that, if A; <
Ay < ... and A, — A asn — oo, then Aj < A for all j.

Exercise 4.6.17. (This should be routine for the reader. It will be needed
in the proof of Lemma 4.6.18.) We work in R.
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(i) Show that 37" 1! = (1- vt /(1 —7).
(i) Deduce that Z;io r? converges if and only if |r| < 1 and that, if
Ir| <1, then

jgor]: T

We are now in a position to discuss power series >~ a,2" in C. The
reader may object that we have not discussed convergence in C but from
our point of view C is just R? with additional algebraic structure. (Alterna-
tively, the reader should be able to supply all the appropriate definitions and
generalizations for herself.)

Lemma 4.6.18. Suppose that a, € C. If 3"  a,z] converges for some
2o € C, then " ja,z" converges for all z € C with |z] < |z|.

Proof. Since ), a,z{ converges, the general principle of convergence tells
us that |a,z{| — 0 as n — oo. In particular, we can find an N such that
lanzi| < 1 for all n > N. Thus, setting M = 1 + maxo<,<n |a,2|, we have
lan2y| < M for all n > 0.

Now suppose that |z| < |z9|. We observe that
0l

n
lan2"| = |anz} |—n < Mr"

Z|
|zo
where r = |z|/|z]. Since 0 < r < 1, the geometric sum »_>° , Mr™ converges.
Since 0 < |a,2"| < Mr™ the comparison test (Theorem 4.6.15) tells us that
>0 o lanz™| converges. But, by Theorem 4.6.12, absolute convergence im-
plies convergence, so » > a,z" converges. |

Theorem 4.6.19. Suppose that a, € C. Then either ) " a,z" converges
for all z € C, or there exists a real number R with R > 0 such that

(i) >0 g anz" converges if |z| < R,

(ii) Y0 g anz™ diverges if |z| > R.

We call R the radius of convergence of the power series » > a,z". If
Yoo g anz™ converges for all z, then, by convention, we say that the power
series has infinite radius of convergence and write R = oo. It should be no-
ticed that the theorem says nothing about what happens when |z| = R. In
Example 5.2.3 we shall see that the power series may converge for all such
z, diverge for all such z or converge for some points z with |z| = R. but not
for others.
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Proof of Theorem 4.6.19. If>">° ' a,z" converges for all z, then there is noth-
ing to prove. If this does not occur, there must exist a z; € C such that
Yo g anzy diverges. By Lemma 4.6.18, it follows that >~ a,2" diverges
whenever |z| > |z;| and so the set

[e.9]

S ={lz] : Zanz” converges }

n=0

is a bounded subset of R. Since Y ° ,a,0" converges, S is non-empty and
so has a supremum (see Theorem 3.1.7) which we shall call R.

By the definition of the supremum, > a,z" diverges if |z| > R, so (ii)
holds. Now suppose |z| < R. By the definition of the supremum we can find
a zo with |z| < |z9] < R such that Y °  a,2{ converges. Lemma 4.6.18 now
tells us that Y ja,2™ converges and we have shown that (i) holds. |

Exercise 4.6.20. (i) If a € C find, with proof, the radius of convergence of
D nm 02"

(ii) Find, with proof, the radius of convergence of > >~ n™z".

(1i1) Conclude that every possible value of R with R > 0 or R = oo can
occur as a radius of convergence.

Exercise 4.6.21. If Y>>  a,z" has radius of convergence R and |z| > R,
show that the sequence |a,z}| is unbounded.

(For further exercises on the radius of convergence look at Exercises K.59
and K.57.)

Theorem 4.6.19 and its proof (including the steps like Lemma 4.6.18 which
lead up to it) are both beautiful and important. We shall return to it later
(for example in Lemma 11.5.8) and extract still more information from it.
Time spent thinking about it will not be wasted. (If you would like an
exercise on the proof look at Exercise K.58.)

We conclude this section and the chapter with a rather less important
discussion which the reader may choose to skip or skim. The general principle
of convergence is obviously a very strong principle. It is natural to ask
whether it is as strong as the fundamental axiom of analysis. The answer is
that it is almost as strong but not quite. The general principle of convergence
together with the axiom of Archimedes are equivalent to the fundamental
axiom of analysis.

Exercise 4.6.22. Suppose that F is an ordered field that satisfies the axiom
of Archimedes.
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(i) Show that, if x,, is an increasing sequence bounded above, then, given
any positive integer q, there exists an N(q) such that 0 < x,, — x,, < 1/q for
alln >m > N(q).

(ii) Deduce that any increasing sequence bounded above is a Cauchy se-
quence.

(iii) Deduce that, if F satisfies the general principle of convergence, it
satisfies the fundamental axiom of analysis.

Later, in Appendix G, as a by-product of more important work done in
Section 14.4, we shall obtain an example of an ordered field that satisfies the
general principle of convergence but not the axiom of Archimedes (and so
not the fundamental axiom of analysis).






Chapter 5

Sums and suchlike ¢

This chapter contains material on sums which could be left out of a stream-
lined course in analysis. Much of the material can be obtained as corollaries
of more advanced work. However, I believe that working through it will help
deepen the reader’s understanding of the processes of analysis.

5.1 Comparison tests O

How can we tell if a sum )~  a, converges?
We have already seen two very useful tools in Theorem 4.6.12 and Theo-
rem 4.6.15, which we restate here.

Theorem 5.1.1. (Absolute convergence implies convergence.) Let
a, € R™ for eachn. If 3777, ||a;| converges then so does 3777, a;.

Theorem 5.1.2. (The comparison test.) We work in R. Suppose that
0 <b; <a; forall j. Then, if 7~ a; converges, so does ) ", b;.

Comparison with geometric series gives the ratio test.

Exercise 5.1.3. We work in R. Suppose that a,, is a sequence of non-zero
terms with a,.1/a, — 1 as n — oo.

(i) If || < 1, show that we can find an N such that |ap11/a,| < (141)/2
for all n > N. Deduce that we can find a constant K such that |a,| <
K((1+1)/2)" for alln > 1. Conclude that Y .- | a, converges.

(i) If |l > 1, show that |a,| — oo as n — oo and so, in particular,
> | ay, diverges.

n=1

We can extend the result of Exercise 5.1.3 by using absolute convergence
(Theorem 5.1.1).

75
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Lemma 5.1.4. (The ratio test.) Suppose that a,, is a sequence of non-zero
terms in R™ with ||a,1]|/||lan] — 1 as n — oco.

(i) If |l| < 1, then > 7 | a, converges.

(ii) If |l| > 1, then |ja,|| — co as n — oo and so, in particular, >~ a,
diverges.

Exercise 5.1.5. Prove Lemma 5.1.4. What can you say if ||a,41]|/]|an] —
00 ?

Exercise 5.1.6. If a3, = ao,_1 = 47", show that 22021 a, converges but
Uni1/an does not tend to a limit. Give an example of a sequence b, with
by, > 0 such that " 7 | b, diverges but b,1/b, does not tend to a limit.

Notice that lemma 5.1.4 says nothing about what happens when [ = 1.
In Exercise 5.1.9 (ii) the reader is invited to show that, if [ = 1, we may have
convergence or divergence.

The ratio test is a rather crude tool and the comparison test becomes
more effective if we can use other convergent and divergent series besides the
geometric series. Cauchy’s condensation test provides a family of such series.
(However, most people use the integral comparison test which we obtain later
in Lemma 9.2.4, so the reader need not memorise the result.)

Exercise 5.1.7. We work in R. Suppose that a,, is a decreasing sequence of
positive numbers.

(1) Show that

2N+l 1
N aon > E an > 2NV agni.

n=2N
(ii) Deduce that, if Y n_o 2N agn converges to A, then

M
am < A

m=1

for all M. Ezplain why this implies that Y ~_ a,, converges.
(ii1) Show similarly that if > > am, converges, so does Y \n_o2Nagn.

Tidying up a bit (remember that the convergence of an infinite sum is
not affected by the first few terms), we obtain the following lemma.

Lemma 5.1.8. (Cauchy’s condensation test.) We work in R. If a,
is a decreasing sequence of positive numbers, then > " a, and Y - 2"asm
converge or diverge together.
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The next two exercises use logarithms and powers. These will be formally
defined later in Sections 5.6 and 5.7 but we shall run no risk of circularity if
we use them in exercises.

Exercise 5.1.9. (i) Show that Y >~ n~® converges if « > 1 and diverges if
a <1.

(ii) Give an example of a sequence of strictly positive numbers a,, with
ant1/an — 1 such that "> | a, converges. Give an example of a sequence of
strictly positive numbers a, with a,y1/a, — 1 and a, — 0 as n — oo such
that 3> | a, diverges.

(iii) We know from (i) that Y .~ n~' diverges. Use the inequality of
Ezercise 5.1.7 (ii) to give a rough estimate of the size of N required to give
SN nt > 100.

Exercise 5.1.10. (i) Show that Y>> ,n *(logn)™* converges if a > 1 and
diverges if a < 1. Give a rough estimate of the size of N required to give
S n~t(logn)~t > 100.

(ii) Show that "7 ;n~*(logn) '(loglogn)~® converges if a > 1 and di-
verges if a < 1. Give a rough estimate of the size of N required to give
SN ntlogn) ! (loglogn) ! > 100.

(iii) Write down and answer the appropriate part (iii) for this question®.

However, as the following exercise makes clear, whatever series we use for
a comparison test, there must be some other series for which the test fails.

Exercise 5.1.11. Suppose a, is a sequence of positive real numbers such
that >~ " | a, converges. Show that we can find N(1) < N(2) < ... such that

M
Z an <477 for all M > N(j).

n=N(j)

If we now set b, = a, for 1 <n < N(1) and b, = 2a,, for N(j)+1<n <
N(j+1) [j > 1], show that b,/a, — oo as n — oo but >~ b, converges.

Suppose u,, is a sequence of positive real numbers such that Y | u, di-
verges. Show that we can find a sequence of positive real numbers v, such
that v, /u, — 0 as n — oo but >~ v, diverges.

Functions with this sort of growth play an important role in certain parts of mathe-
matics as is indicated by the riddle “‘What sound does a drowning number theorist make?’

)

with the answer ‘Log log log ... ’.
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5.2 Conditional convergence ¢

If the infinite sum Z]oil a; is convergent but not absolutely convergent, we
call it conditionally convergent?.
The reader should know the following simple test for convergence.

Lemma 5.2.1. (Alternating series test.) We work in R. If we have a

decreasing sequence o ositive numbers a, with a, — 0 as n — oo, then
n n )
g (—1)] 1a~ converges
J ges.

=1
Further
N [e’e)
D (=1 a; =Y (=1 | < fanl
j=1 j=1
for all N > 1.

The last sentence is sometimes expressed by saying ‘the error caused by
replacing a convergent infinite alternating sum of decreasing terms by the
sum of its first few terms is no greater than the absolute value of the first
term neglected’. We give the proof of Lemma 5.2.1 as an exercise.

Exercise 5.2.2. We work i R. Suppose that we have a decreasing se-
quence of positive numbers a, (that is, a, > ant1 > 0 for all n). Set
Sm =5 (=1)"a;.

(1) Show that the so, form an increasing sequence and the s, 1 form a
decreasing sequence.

(11) By writing

Sop = Q1 — ((12 — ag) te (a2n—2 - af2n—1) — Q2p

show that s9, < ay. Show also that s9,—1 > 0. Deduce that ss, — a,
Son_1 — (3 as n — oo for some a and (3.

(111) Show that o = (3 if and only if a,, — 0 as n — oo.

(iv) Suppose now that a,, — 0 as n — oo and so o = = 1. Show that
s, — 1 asn — oo.

(v) Under the assumptions of (iv), show that sa, <1 < So,11 and deduce
that |l — son| < agpe1. Show similarly that |l — sop_1| < ag, for all n.

(vi) Check that we have indeed proved Lemma 5.2.1.

We use Lemma 5.2.1 to give part (iii) in the following set of examples of
what can happen on the circle of convergence.

2The terminology we use for infinite sums is not that which would be chosen if the
subject were developed today, but attempts at reforming established terminology usually
do more harm than good.



Please send corrections however trivial to twk@dpmms.cam.ac.uk 79

Example 5.2.3. (i) Show that Y~ nz" has radius of convergence 1 and
that Y°>°  nz" diverges for all z with |z| = 1.

(ii) Show that Y7 n™22" has radius of convergence 1 and that > >>  n™2z"
converges for all z with |z| = 1.

(iii) Show that Yo" n~'z" has radius of convergence 1 and thaty_ -, n=12"

converges if z = —1 and diverges if z = 1.

Proof. We leave the details to the reader. In each case the fact that the series
diverges for |z| > 1 and converges for |z| < 1 is easily established using the
ratio test. ]

Lemma 5.2.1 is a special case of a test due to Abel.

Lemma 5.2.4. (Abel’s test for convergence.) Suppose that a; € R™
and there exists a K such that

<K

n
>
j=1

for all n > 1. If \; is a decreasing sequence of real positive numbers with
Aj — 0 as j — 00, then Z;; Aja; converges.

Exercise 5.2.5. Take m =1 and a; = (—1)"™' in Lemma 5.2.4.

(i) Deduce the alternating series test (without the estimate for the error).

(1t) By taking \; = 1, show that the condition \; — 0 cannot be omitted
in Lemma 5.2.4.

(iii) By taking A\; = (14 (=1)7)/2j, show that the condition \; decreasing
cannot be omitted in Lemma 5.2.4.

We set out the proof of Lemma 5.2.4 as an exercise.

Exercise 5.2.6. (i) Suppose that a; € R™ and \; € R. We write
Sn = Z a;.
j=1
Show that
q q q
> Nay =) NS5 = Sim1) = Ar1Se + D (A — 1)S; — ASpo
J=p J=p Jj=p

forallq > p > 1. This useful trick is known as partial summation by analogy
with integration by parts. Note that So = 0 by convention.
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(1) Now suppose that the hypotheses of Lemma 5.2.4 hold. Show that

Z)\ a;

and use the general principle of convergence to show that Zj’;l Aja; con-
verges.

<)\q+1K+Z ~ X)) K + MK =2\, K,

Abel’s test is well suited to the study of power series as can be seen in
part (ii) of the next exercise.

Exercise 5.2.7. Suppose that « is real.
(i) Show that Y >" , n®z™ has radius of convergence 1 for all values of .
(i) Show that, if & > 0, > °° n*z" diverges (that is, fails to converge)
for all z with |z| = 1.
(iii) Show that, if o < —1, Y7 n®2™ converges for all z with |z| = 1.
(iv) Show that, if =1 < a <0, Y7, n®2" converges for all z with |z| =1
and z # 1, but diverges if z = 1.
(v) Identify the points where > °°  n~'z*" converges.

So far as I know, it remains an open problem? to find a characterisation
of those sets £ C {z € C : |z| = 1} such that there exists a power series
> > anz™ of radius of convergence 1 with Y7 | @, 2" convergent when z € E
and divergent when |z| =1 and z ¢ E.

It is important to remember that, if we evaluate a sum like > ° @,
which is convergent but not absolutely convergent, then, as Exercise 5.2.8
below makes clear, we are, in effect, evaluating ‘co — 0o’ and the answer we
get will depend on the way we evaluate it.

Exercise 5.2.8. Let a; € R. Write

T = =0 zfaJZO

= —ay if a; < 0.

(i) If both 3722, af and 3722, a; converge, show that 3 77, |a;| converges.
ii) If exactly one of S0 al and Y 27, a; converges, show that > °°, a
Jj=1"J j=1"J j=1"%7
diverges.
(iii) Show by means of evamples that, if both Y 32 al and Y72, a; di-
verge, then Y72 | a; may converge or may diverge.
W Show that if 2 | a; is convergent but not absolutely convergent, then
j
both 32, aj and Z] a; diverge.

3See [31].
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(Exercise K.68 contains some advice on testing for convergence. Like
most such advice it ceases to be helpful at the first point that you really
need it.)

In his ground-breaking papers on number theory, Dirichlet manipulated
conditionally convergent sums in very imaginative ways. However, he was
always extremely careful to justify such manipulations. To show why he took
such care he gave a very elegant specific counterexample which is reproduced
in Exercise K.72. The following more general and extremely striking result
is due to Riemann.

Theorem 5.2.9. Let a; € R. If Z;; a; 1s convergent but not absolutely
convergent, then given any | € R we can find a permutation o of Nt = {n €
Z . n > 1} (that is a bijection o : N* — NT) with Y2 | aq(;) convergent to
l.

We give a proof in the next exercise.

Exercise 5.2.10. Suppose that Z;; a; s convergent but not absolutely con-
vergent and that | € R. Set

S(0)={neN*t:aq,<0}, T(0)={neN*":a, >0}

We use the following inductive construction.

At the nth step we proceed as follows. If Z 1 ag(jy < I, let m, =
min7'(n) and set o(n) = my, T(n+1) =T(n )\{mn} and S(n+1) =S(n). If
Z;";ll as(j) > 1, let my, = min S(n) and set o(n) = m,, S(n+1) = S(n)\{m,}
and T(n+1) =T (n).

(i) Describe the construction in your own words. Carry out the first few
steps with a, = (—1)"/n and suitable | (for ezample | =2, 1 = —1).

(ii) Show that o is indeed a permutation.

(i1i) If k > la| for all a € S(n)UT(n), m > n and S(m) # S(n),
T(m) # T(n) show that | 37", as ;) — l| < k. (It may be helpful to consider
what happens when Z;”_l as(j) — | changes sign.)

(iv) Conclude that 377, az(;y — 1 asn — oo.

Let me add that Example 5.2.9 is not intended to dissuade you from using
conditionally convergent sums, but merely to warn you to use them carefully.
As Dirichlet showed, it is possible to be both imaginative and rigorous.

In A Mathematician’s Miscellany [35], Littlewood presents an example
which helps understand what happens in Riemann’s theorem. Slightly dressed
up it runs as follows.

I have an infinite supply of gold sovereigns and you have none. At one
minute to noon I give you 10 sovereigns, at 1/2 minutes to noon I take one



82 A COMPANION TO ANALYSIS

sovereign back from you but give you 10 more sovereigns in exchange, at 1/3
minutes to noon I take one sovereign back from you but give you 10 more
sovereigns in exchange and so on (that is, at 1/n minutes to noon I take
one sovereign back from you but give you 10 more sovereigns in exchange
[n > 2]). The process stops at noon. How rich will you be?
As it stands the question is not sufficiently precise. Here are two refor-

mulations.
Reformulation A 1 have an infinite supply of gold sovereigns labelled s;, so,

. and you have none. At one minute to noon I give you the sovereigns
s; with 1 < j < 10, at 1/2 minutes to noon I take the sovereign s; back
from you but give you the sovereigns s; with 11 < j < 20, in exchange,
at 1/3 minutes to noon I take the sovereign ss back from you but give you
the sovereigns s; with 21 < j < 30, in exchange and so on (that is, at 1/n
minutes to noon I take the sovereign s,_; back from you but give you the
sovereigns s; with 10n — 9 < j < 10n, in exchange). The process stops at
noon. How rich will you be? In this case, it is clear that I have taken all my
sovereigns back (I took sovereign s, back at 1/(n + 1) minutes to noon) so
you are no richer than before.
Reformulation B 1 have an infinite supply of gold sovereigns labelled s;, so,

. and you have none. At one minute to noon I give you the sovereigns
s; with 1 < j < 10, at 1/2 minutes to noon I take the sovereign s, back
from you but give you the sovereigns s; with 11 < j < 20, in exchange, at
1/3 minutes to noon I take the sovereign s, back from you but give you the
sovereigns the s; with 21 < j < 30, in exchange and so on (that is, at 1/n
minutes to noon I take the sovereign sy(,—1y back from you but give you the
sovereigns s; with 10n — 9 < j < 10n, in exchange). The process stops at
noon. How rich will you be? In this case, it is clear that I have given you
all my odd numbered sovereigns and taken none of them back. You are now
infinitely rich.

Exercise 5.2.11. Give a reformulation in which you end up with precisely
N sovereigns.

Remark: There is a faint smell of sulphur about Littlewood’s example. (What
happens if all the gold pieces are indistinguishable??) However, most mathe-
maticians would agree that the original problem was not correctly posed and
that reformulations A and B are well defined problems with the answers we
have given.

Littlewood’s paradox depends on my having an infinite supply of gold
sovereigns. In the same way Dirichlet showed that the phenomenon described

4There is a connection with Zeno’s paradoxes. See Chapter II, Section 4 of [19] or in
rather less detail (but accompanied by many other splendid paradoxes) in [41].
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in Example 5.2.9 cannot occur if the sum is absolutely convergent. We shall
prove this as Lemma 5.3.4 in the next section.

5.3 Interchanging limits ¢

We often find ourselves wishing to interchange the order of two limiting
processes. Among the examples we shall discuss in the course of this book
are

(o) o0 o o0 (o]
Z Z ajj = Z Z aij (interchanging the order of summation)
i=1 j=1 j=1i=1

b pd d b
/ / f(z,y)dedy Z / / f(z,y)dydx (interchanging the order of integration)
0% f 0% f

(changing the order of partial differentiation)

0xdy - Oyox
b -
lim fulz)dr = / lim f,(z)dz (limit of integral is integral of limit)
d [° » [POf . . . .
& f(x,y)de = a—y(x, y) dx (differentiation under the integral sign)

(The list is not exhaustive. It is good practice to make a mental note each
time you meet a theorem dealing with the interchange of limits.)

Unfortunately, it is not always possible to interchange limits. The reader
should study the following example carefully. (A good counterexample may
be as informative as a good theorem.)

Exercise 5.3.1. Tuke a,, =1 if m < n, ap, = 0 otherwise. Write out the
values of apy, in matriz form (say for 1 < n, m < 5). Find lim, . aum
when m s fized and lim,, o ap;y, when n is fized. Show that

lim (lim a,,) # lim ( lim a,;,)

In his Course of Pure Mathematics [23], Hardy writes.

If L and L’ are two limit operations then the numbers LL'z and
L' Lz are not generally equal in the strict sense of the word ‘gen-
eral’. We can always, by the exercise of a little ingenuity, find 2
so that LL'z and L'Lz shall differ from one another. But they are
equal generally if we use the word in a more practical sense, viz.
as meaning ‘in the great majority of such cases as are likely to
occur naturally’. In practice, a result obtained by assuming that
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two limit operations are commutative is probably true; at any rate
it gives a valuable suggestion of the answer to the problem under
consideration. But an answer thus obtained, must in default of
further study ... be regarded as suggested only and not proved.

To this I would add that, with experience, analysts learn that some limit
interchanges are much more likely to lead to trouble than others.
One particularly dangerous interchange is illustrated in the next example.

Exercise 5.3.2. Take a,,, = 1/n if m < n, apy, = 0 otherwise. Write out
the values of apy, in matriz form (say for 1 < n, m <5). Show that

o0 o0
lim E pm F E lim g,
n—oo n—oo
m=1 m=1

We shall see a similar phenomenon in Example 11.4.12, and, in Exer-
cise 11.4.14 following that example, we shall look at a branch of mathematics
in which, contrary to Hardy’s dictum, the failure of limit interchange is the
rule rather than the exception.

Exercise 5.3.2 involves an ‘escape to infinity’ which is prevented by the
conditions of the next lemma.

Lemma 5.3.3. (Dominated convergence.) Suppose that ¢; > 0 and

> oy ¢ converges. If aj(n) € R™ and |la;(n)|| < ¢; for all n, then, if

a;j(n) — a; asn — oo, it follows that Y777 | a; converges and

o0 o

doain) =) a

j=1 =1
as n — 0.

Proof. Let ¢ > 0 be given. Since 2;’;1 c¢; converges, it follows from the
general principle of convergence that we can find an P(e) such that

q
ch S 6/3
Jj=p

for all ¢ > p > P(e). It follows that

q q

Y Ml Y g <e3 (1)

j=P(e)+1 j=P(e)+1
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for all ¢ > P(¢) and all n. Allowing ¢ to tend to infinity, we have

o0

Y )l <e/3 (2)

j=P(e)+1

for all n.
Returning to the inequality (1), but this time letting n tend to infinity
whilst keeping ¢ fixed, we obtain

q q

Yoo lalls Yo g <e3

j=P(e)+1 j=P(e)+1

for all ¢ > P(e). Since an increasing sequence bounded above converges,
this shows that > 7% 5., [laj]|. converges. Since >>°7 .. a; converges
absolutely it converges and the same must be true of 377, ., a;(n) We
now allow ¢ to tend to infinity to obtain

[e.e]

Y gl <e/3. (3)
j=P(e)+1
Since a;(n) — a;, we can find M;(e) such that

laj(n) —a;]| < €/(6P(c))

for all n > M;(€). In particular, taking M (e) = maxi<;<p() M;(€) we have

P(e) P(e)
D ajn) =D aj| <e¢/3 (4)
j=1 j=1

for all n > M(e). Combining the inequalities (2), (3) and (4), we obtain

oo o0
D_ain) =) ayl <
7j=1 7j=1
for n > M(e) so we are done. |

If we look at Littlewood’s sovereigns, the hypothesis in the dominated
convergence theorem can be interpreted as saying that we have only Zj; c;
sovereigns to play with. It is thus, perhaps, not surprising that we can use
the dominated convergence theorem to prove that an absolutely convergent
sum can be rearranged in any way we wish without affecting its convergence.
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Lemma 5.3.4. We work in R™. If Z;; a; 1s absolutely convergent and o
is a permutation of N*, then Z‘J’il a,(j) 18 absolutely convergent and

Z As(j) = Z a;-
j=1 j=1

Proof. Define a;(n) = a; if j € {o(1), 0(2), ..., o(n)} and aj(n) = 0
otherwise. Then [|a;(n)|| < ||a;|| for all j and n and

> ayg =Y aj(n),
j=1 j=1

so, by the dominated convergence theorem,
n o0

>_a) = D
j=1 j=1

To see that Z;’il a,(j) is absolutely convergent, apply the result just obtained
with ||a;|| in place of a;. |

The reader may feel that there is only one ‘natural’ method of defining
Y r>0 &, to wit the standard definition

N

a, = lim a,.

> a = lim ) a
r=0

r>0

I would disagree with her even for this case®, but it is clear that there are
several ‘natural’ methods of defining > ., a,;. Among the possibilities are

N N N r
lim a,;, lim a,_s s, and lim a
Nﬂw;; s Nﬁm;; (r—s)s NHOOT2—;:§N rs
(that is, considering sums over squares, triangles or quadrants of circles).
Fortunately it is clear that each of these summation methods is a rearrange-
ment of the others and so, provided we have absolute convergence, it does not
matter which we use.

We give the details in the next lemma but the reader who is already

convinced can safely ignore them.

5Communications engineers sometimes use ‘hard summation’
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Lemma 5.3.5. Suppose that E is an infinite set and that Ei, E, ... and
Fy, Fs, ... are finite subsets of E such that

(Z) El gE2 C R UzilEk:Ef

(ii)) i CF C ..., Ui Fr=F.
Suppose further that a, € R™ for each e € E.

Then, if 3, c g, llael| tends to a limit as N — oo, it follows that ) ., - a.,
>eery acll and - . ac tend to a limit as N — oo and

dm > 2= Jim )
EEEN GEFN
Proof. Using condition (i) and the fact that the X} are finite, we can enu-
merate the elements of X as ey, es, ... in such a way that
En = {61, €2, -+, €M(N)}

for some M(N). Thus

M(N)
> llagl = llal
j=1

ecbEN

tends to a limit, so ij\i(lN ) |ac, || is bounded by some K for all N and, since
all terms are positive, 7, [|a.,|| is bounded by K for all n. Thus }°7, a,
converges absolutely.

We now observe that there is a permutation ¢ such that

P(N)
D ac,, =D llal
j=1

eeFn

for some integer P(N). The required results now follow from Theorem 5.3.4.
|

Exercise 5.3.6. Explain how the previous lemma gives the following result
for a,s € R™.
If any of the three limits

N

N N r
Nli_{nOOZZHarsH’ ]\}EHOOZZHa(T—S)S||7 or ]\}1_{%0 Z ]|

r=0 s=0 r=0 s=0 r2+52§N
exist, then so do the other two. Further, under this condition, the three limits
N N N r
lim g E a lim E g ag_ and lim E a
N—oo s N—oo (r=s)s N—oo "
r=1 s=0 r=0 s=0 r24s2<N

exist and are equal.
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There are two other ‘natural” methods of defining >
use, to wit

rs>0 @rs 111 COMMON

i i a,; and i i a, g

r=0 s=0 s=0 r=0
or more explicitly
M M
lim lim E a,, and lim lim E a,s.
N—oo M —00 M—oo N —00

We shall show in the next two lemmas that, provided we have absolute con-
vergence, these summation methods are also equivalent.

Lemma 5.3.7. Let a,; € R™ for r, s > 0. The following two statements
are equivalent.
(1) Zivzo Zivzo llays|| tends to a limit as N — oo.

(1) > ey lans|| converges for all v >0 and > "2 > 72, |ars|| converges.
Further, if statements (i) and (i) hold, then > .~ a,s converges for all
r>0and Y 2 Y o0, A, converges.

Proof. We first show that (i) implies (ii). Observe that, if M > r, then

M M
Z o] Z ||aUS|| < hm ZZ [[aws |-
5=0 u=0 s u=0 s=0

Thus, since an increasing sequence bounded above tends to a limit, Yo~ ||a.s||
converges for all » > 0. Now observe that if N > M

M N N N
> 2 llanll< > >l
r=0 s=0 r=0 s=0

Thus, allowing N — oo whilst keeping M fixed, (remember from Lemma 4.1.9 (iv)
that the limit of a finite sum is the sum of the limits) we have

M oo
ZZ las| < hm ZZ ays]|-

r=0 s=0 r=0 s=0

. . . . . oo o0
Thus, since an increasing sequence bounded above tends to a limit, >~ > > ||a ||
converges.
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Now we show that (ii) implies (i). This is easier since we need only note
that

and use, again, the fact that an increasing sequence bounded above tends to
a limit.

Finally we note that, if (ii) is true, the fact that absolute convergence
implies convergence immediately shows that >~ a,, converges for all r > 0.
We also know that

o oo
E ars|| < [as |,
s=0 s=0
so the comparison test tells us that Y 2 >~ a, converges. [

Lemma 5.3.8. Let a,s € R™ forr, s > 0. If the equivalent statements (i)
and (i) in Lemma 5.3.7 hold, then

0o 00 N N

5 g a,; = lim g g a, .
N—oo

r=0 s=0 r=0 s=0

Proof. By Lemma 5.3.7 and 5.3.5, we know that Y~ > a,; and imy_, Zfio Zivzo a,,
exist. We need only prove them equal.

We prove this by using the dominated convergence theorem again. Set
as(N)=a;if0<r<Nand 0<s <N, and a,s(N) = 0 otherwise. If r
is fixed,

00 N 00
E ars(N) = § Ars — E Ars.
s=0 s=0 s=0

But we know that

0o N N 00
I ZarS(N)H < Z lars(NV)]| < Z lans || < Z [as |l
s=0 s=0 s=0 s=0

and Y 07 > ||ays|| converges. Thus the dominated convergence theorem
applied to Y2 b, (N) with b,(N) = >">2 a,,(N) gives

2.2 an=2 0 an(N) =3 ) an

r=0 s=0 r=0 s=0 r=0 s=0

as required |



90 A COMPANION TO ANALYSIS

We have proved the following useful theorem.

Lemma 5.3.9. (Fubini’s theorem for sums.) Let a,; € R™. If any one
of the following three objects,

N N oo 00 0o 00
B el o fal 3 fa
—00

r=0 s=0 r=0 s=0 s=0 r=0
1s well defined, they all are, as are

N

N 0o 00 oo 00
lim E E as, § E &g, E E A
N—o0

r=0 s=0 r=0 s=0 s=0 r=0

Further

N N 0o 00 0o 00
lim § § Apgy = E E Apg, = E E Arg.
N—oo

r=0 s=0 r=0 s=0 s=0 r=0

This theorem allows us to interchange the order of summation of infinite
sums (provided we have absolute convergence). 1 attach the name Fubini to
it because Fubini proved a general and far reaching theorem of which this is
a special case.

Exercise 5.3.10. (i) Set a,. =1 for allr > 1 and a,,—1 = —1 for all r > 2.
Set a,s = 0 otherwise. Write out the matriz with entries a,s where 1 < r < 4,
1 < s <4. Show, by direct calculation, that

oo 00 oo 00
DD st D)
r=1 s=1 s=1 r=1

(11) Set by; =1, bis =0 for s > 2 and

by =27 "2 for2r2<s<2rl 1
bys = 27" for2ml<s<2m—1
b.s =0 otherwise,

when r > 2. Write out the matriz with entries b,, where 1 <r <4,1<s<
8. Show by direct calculation that

r=1 s=1 s=1 r=1
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Summing over triangles rather than squares and using Lemma 5.3.5, we
obtain another version of Fubini’s theorem which we shall use in the next
section.

Lemma 5.3.11. If > %> 72 llay|| converges, then writing

Sn = E aij,

i+j=n

we have Y~ s, absolutely convergent and

oo 0o 0o
D_si=D D ai
n=0

i=0 j=0

We are no longer so concerned with tracing everything back to the fun-
damental axiom but that does not mean that it ceases to play a fundamental
role.

Exercise 5.3.12. We work in Q. Show that we can find xo, 1, T2, T3, ...
an increasing sequence such that xo =0 and x; — x;—1 < 279 for j > 1, but
., does not tend to a limit.

Set zg = 0, a1; = Tj — Tj—1, Qg5 = 277 — aij, and Qij = 0 fO’I”i > 3.
Show that a;; > 0 for alli, j, that Y72, a;; exists for all j and 3772 Y77, aj;
exists. Show, however, that Zj‘;l a;j does not exist when i =1 or 1= 2.

5.4 The exponential function ¢

We have proved many deep and interesting theorems on the properties of
continuous and differentiable functions. It is somewhat embarrassing to ob-
serve that, up to now, the only differentiable (indeed the only continuous
functions) which we could lay our hands on were the polynomials and their
quotients. (Even these were obtained as an afterthought in Exercise 4.2.24.
We shall use results from that exercise in this section, but all such results
will be proved in a wider context in Chapter 6.) In the next four sections we
widen our repertoire considerably.

We start with the function exp. Historically, the exponential function
was developed in connection with Napier’s marvelous invention of the loga-
rithm as a calculating tool (see Exercise 5.6.6). However, if by some historic
freak, mathematics had reached the state it was in 1850 whilst bypassing the
exponential and logarithmic functions, the exponential function might have
been discovered as follows.
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One way to obtain new functions is to look for solutions to differential
equations. Consider one of the simplest such equations y'(x) = y(z). With-
out worrying about rigour (‘In a storm I would burn six candles to St George
and half a dozen to his dragon’) we might try to find a solution in the form
of a power series y(z) = > a;a7.

Plausible statement 5.4.1. The general solution of the equation

with a € R.

Plausible argument. We seek for a solution of % of the form y(z) = Z] 0 @
Assuming that we can treat a power series in the same way as we can treat
a polynomial, we differentiate term by term to obtain y'(z) = Zj; jajaxi~t,
Equation % thus becomes

which may be rewritten as

Z — (j+ Dajy)2? = 0.

j=0

Now, if a polynomial P(x) vanishes for all values of x, all its coefficients are
zero. Assuming that the result remains true for power series, we obtain

—(J+1Daj1 =0

for all j > 0 and a simple induction gives a; = ao/j!. Setting a = ag, we
have the result. A

Later in the book we shall justify all of the arguments used above (see Theo-
rem 11.5.11 and Exercise 11.5.13) but, for the moment, we just use them as
a heuristic tool.

We can make an immediate observation.
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Lemma 5.4.2. The power series

has infinite radius of convergence.

Proof. If z # 0, then, setting u; = 27 /5!, we have |uj1|/|u;| = |2|/(j+1) — 0
as j — oo. Thus, by the ratio test, Z;io 27 /4! is absolutely convergent, and
so convergent, for all z. |

We may thus define e(z) = Zj‘io 27 /4! for all z € C. A little playing
around with formulae would lead to the key observation.

Lemma 5.4.3. If z, w € C, then
e(z)e(w) = e(z + w)

Proof. Observe that » 2 |2"|/r! converges to e(|z]) and > -, |w®|/s! con-
verges to e(|wl]). Thus, writing a,s = (|2"|/r!)(|w*|/s!),

ZZ"Z( )
sy

0 .

e(lwl) = e([z])e(lw]).

Thus > 7 > a,s converges absolutely and, by Lemma 5.3.11, it follows
that, if we write
Cn = Z Qrs,

r+s=n

we have Y ° ¢, absolutely convergent and

[eS) 0o 00
D=0 D
n=1

i=1 j=1
But
n n z’/‘ wn—r
Cn = ; Qp(n—r) = ; P E—

1 - n T n—r (Z + w)n
Tl TZ:O (r>z T T
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e(z)e(w) = Zi—: <Z Z—f) = ZZ&TS = ch =e(z+w).

s=0 r=1 s=1
[ |

It should be noticed that the essential idea of the proof is contained in its
last sentence. The rest of the proof is devoted to showing that what ought
to work does, in fact, work.

Exercise 5.4.4. (Multiplication of power series.) The idea of the pre-
vious lemma can be generalised.

(i) Let An, pin € C and vy, = 37 Ajfin—j. Show, by using Lemma 5.3.11,
or otherwise, that, if >~ A, and > ° , p, are absolutely convergent so is
> o Yn and

a3 =S
n=0 n=0 n=0
[e%S)

(ii) Suppose that ">, a,z" has radius of convergence R and that Y, by2"
has radius of convergence S. Explain why, if |w| < min(R, S), both >~ a,w™
and Y, byw™ converge absolutely. Deduce that, if we write ¢,, = > s QrDs
then >~ c,w™ converges absolutely and

(o @] oo [o¢]
E anwng bnwnzg cpw™.

Thus Y " cn2" has radius of convergence at least min(R,S) and, if
|lw| < min(R,S), the formula just displayed applies. This result is usually
stated as ‘two power series can be multiplied within their smaller radius of
convergence’.

Exercise 5.4.5. Use Ezercise 5.4.4 directly to prove Lemma 5.4.35.

Exercise 5.4.6. (i) Prove directly thaty ., 2" has radius of convergence 1
and

(o) . 1
;Z :l—z

for |z| < 1.
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(ii) Use Exercise 5.4.4 to show that Y > (n+1)z" has radius of conver-
gence at least 1 and that

o0

1
2
for |z| < 1. Show that >~ 7 (n+ 1)2" has radius of convergence exactly 1.
(i) It is trivial that 1 + z has radius of convergence co. Use this obser-

vation and others made earlier in the exercise to show that, for appropriate
choices of Y7 janz™ and Y.~ b,z", we can have, in the notation of Exer-
cise 5.4.4,

(a) R=1, 5 =00,y > c,2" has radius of convergence oo.

(b) R=1, S =00, > " c,2" has radius of convergence 1.
[See also Exercise K.23/.]

The next exercise gives an algebraic interpretation of Lemma 5.4.3.

Exercise 5.4.7. Check that C is an Abelian group under addition. Show that
C\ {0} is an Abelian group under multiplication. Show that e : (C, +) —
(C\ {0}, x) is a homomorphism.

The following estimate is frequently useful.

Lemma 5.4.8. If |z| < n/2, then

nlj

2|Z|"
o .

.

j=0

Proof. Most mathematicians would simply write

Z Eld

|2

N AT
_Z; nl (n+1)(n+2)...(n+k)

n k
LS ()
— nl n+1

n: o

2" 1 (n+ D[
= nl R — [

nl 1 — B (n+1—|z))n!

2|z["

n!
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Exercise 5.4.9. A particularly cautious mathematician might prove Lemma 5.4.8
as follows. Set eq,(2) =30 j—], Show that, if m > n, then

(n+ 1)z
(n+1—|z])n!"

lem(2) — en—1(2)| <

Deduce that

(n+ D"
(n+1—1z))n!"

le(2) = en1(2)] <e(2) = em(2)] + lem(2) = ena(2)] <e(2) — em(2)] +

By allowing m — oo, obtain the required result.

We now switch our attention to the restriction of e to R. The results we
expect now come tumbling out.

Exercise 5.4.10. Consider e : R — R given by e(z) = > a7 /5.

(i) Using Lemma 5.4.8, show that |e(h) — 1 — h| < h? for |h| < 1/2.
Deduce that e is differentiable at O with derivative 1.

(i1) Ezplain why e(x + h) — e(x) = e(x)(e(h) — 1). Deduce that e is
everywhere differentiable with e'(z) = e(x).

(111) Show that e(x) > 1 for x > 0 and, by using the relation e(—x)e(z) =
1, or otherwise, show that e(x) > 0 for all x € R.

(iv) Ezplain why e is a strictly increasing function.

(v) Show that e(x) > x for x > 0 and deduce that e(x) — o0 as r — 0.
Show also that e(x) — 0 as © — —o0.

(vi) Use (v) and the intermediate value theorem to show that e(x) =y
has a solution for all y > 0.

(vii) Use (iv) to show that e(x) = y has at most one solution for all y > 0.
Conclude that e is a bijective map of R to RTT ={z € R : > 0}.

(viii) By modifying the proof of (v), or otherwise, show that P(x)e(—x) —
0 as x — oco. [We say ‘exponential beats polynomial’.]

(iz) By using (viii), or otherwise, show that e is not equal to any function
of the form P/Q with P and @ polynomials. [Thus e is a genuinely new
function.]

When trying to prove familiar properties of a familiar function, it is prob-
ably wise to use a slightly unfamiliar notation. However, as the reader will
have realised from the start, the function e is our old friend exp. We shall
revert to the mild disguise in the next section but we use standard notation
for the rest of this one.
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Exercise 5.4.11. (i) Check that R is an Abelian group under addition. Show
that R*T ={z € R : > 0} is an Abelian group under multiplication. Show
that exp : (R, +) — (RT", X) is a isomorphism.

(ii) [Needs a little more familiarity with groups] Show that R\ {0} is an
Abelian group under multiplication. By considering the order of the element
—1 € R\ {0}, or otherwise show that the groups (R, +) and (R\ {0}, x)
are not isomorphic.

We can turn Plausible Statement 5.4.1 into a theorem
Theorem 5.4.12. The general solution of the equation
Y (@) = y(z), (%)
where y : R — R s a differentiable function is
y(x) = aexp(x)
with a € R.

Proof. 1t is clear that y(x) = aexp(z) is a solution of %. We must prove
there are no other solutions. To this end, observe that, if y satisfies %, then

9 (exp(~a)u()) = o/ (x) exp(~2) — y(x) exp(~) = 0

so, by the mean value theorem, exp(—xz)y(z) is a constant function. Thus
exp(—z)y(x) = a and y(z) = aexp(x) for some a € R. [

Exercise 5.4.13. State and prove the appropriate generalisation of Theo-
rem 5.4.12 to cover the equation

with b a real constant.
Here is another consequence of Lemma 5.4.8.

Exercise 5.4.14. (e is irrational.) Suppose, if possible, that e = exp1 is
rational. Then expl = m/n for some positive integers m and n. Explain,

why if N > n,
|
| _ -
N! (expl E j‘)

j=0 7"
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must be a non-zero integer and so

Use Lemma 5.4.8 to obtain a contradiction.

Show, similarly, that Y2, ((;j)jf)!l 18 1rrational.

Most mathematicians draw diagrams frequently both on paper and in
their heads®. However, these diagrams are merely sketches. To see this,
quickly sketch a graph of exp x.

Exercise 5.4.15. Choosing appropriate scales, draw an accurate graph of
exp on the interval [0,100]. Does it look like your quick sketch?

We conclude this section with a result which is a little off our main track
but whose proof provides an excellent example of the use of dominated con-
vergence (Theorem 5.3.3).

Exercise 5.4.16. We work in C. Show that if we write
(142) =S )2
n = !

then a;(n)z? — 27/j! as n — oo and |a;(n)z7| < |27|/4! for all n and all j.
Use dominated convergence to conclude that

<1 + 3>n — e(z)

n

as n — oo, for all z € C.

5.5 The trigonometric functions ©

In the previous section we considered the simple differential equation y'(z) =
y(x). What happens if we consider the differential equation y”(x)+y(z) = 07

6Little of this activity appears in books and papers, partly because, even today, adding
diagrams to printed work is non-trivial. It is also possible that it is the process of drawing
(or watching the process of drawing) which aids comprehension rather than the finished
product.
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Exercise 5.5.1. Proceeding along the lines of Plausible Statement 5.4.1,
show that it is reasonable to conjecture that the general solution of the equa-
tion

y"(z) +y(x) =0, (Fe k)
where y : R — R is a well behaved function, is
R Y e
o) =0 o P

with a, b € R.
A little experimentation reveals what is going on.
Exercise 5.5.2. We work in C. If we write

e(iz) + e(—iz) _e(iz) —e(—iz)
2  5(2) = 2

c(z) =
show carefully that

e 2]-‘1—1

Z 2 ’ — 2j+1

Jj=0 j J

We can use the fact that e(z + w) = e(z)e(w) to obtain a collection of
useful formula for s and c.

Exercise 5.5.3. Show that if z, w € C then
(i) s(z +w) = s(2)c(w) + c(2)s(w),
(i) c(z + w) = c(2)c(w) — s(z)s(w),
(111) s(2)? +c(z)? =1
(v) s(—z) = —s(z), c(—z) = c(2).

We now switch our attention to the restriction of s and ¢ to R.

Exercise 5.5.4. Considerc, s: R — R given by c(x) = 3272 (=1)2% /(25)!,
and s(x) = 3372 (=172 /(25 + 1)L,

(i) Using the remainder estimate in alternating series test (second para-
graph of Lemma 5.2.1), or otherwise, show that |c(h) — 1| < h?/2 and
|s(h) — h| < |h|3/6 for |h| < 1. Deduce that ¢ and s are differentiable at
0 with ¢(0) =0, s'(0) = 1.

(i1) Using the addition formula of Exercise 5.5.8 (ii) and (iii) to evaluate
c(x + h) and s(x + h), show that ¢ and s are everywhere differentiable with
d(z) = —s(x), s'(x) = c(x).
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Suppose that a group of mathematicians who did not know the trigono-
metric functions were to investigate our functions ¢ and s defined by power
series. Careful calculation and graphing would reveal that, incredible as it
seemed, ¢ and s appeared to be periodic!

Exercise 5.5.5. (i) By using the estimate for error in the alternating series
test, show that

c(x) >0 forall0 <x < 1.

By using a minor modification of these ideas, or otherwise, show that ¢(2) <
0. Explain carefully why this means that there must exist an a with 1 < a < 2
such that c(a) = 0.

(111) In this part and what follows we make use of the formulae obtained
in Exercise 5.5.3 which tell us that

sz +y) = s(x)e(y) + c(z)s(y), c(z+1y) = c(z)c(y) — s(x)s(y),
c(x)? +s(x)? =1, s(—x) = —s(z), c(—) = c(x)

for all z, y € R. Show that, if c(a’) = 0 and c(a”) = 0, then s(a’ —a”) = 0.
Use the fact that s(0) = 0 and s'(x) = c¢(x) > 0 for 0 < z <1 to show that
s(z) > 0 for 0 < x < 1. Conclude that, if ' and o” are distinct zeros of
¢, then |a’ — a”"| > 1. Deduce that c(x) = 0 has exactly one solution with
0 <z <2 We call this solution a.

(iv) By considering derivatives, show that s is strictly increasing on [0, a.
Conclude that s(a) > 0 and deduce that s(a) = 1. Show that

s(z+a)=c(z), c(x+a) =—s(z)

for all x and that ¢ and s are periodic with period 4a (that is s(x+4a) = s(x)
and c(z + 4a) = c(x) for all ).

(v) Show that s is strictly increasing on [—a,al, and strictly decreasing
on [a, 3al.

(vi) If u and v are real numbers with u® + v?> = 1, show that there there
18 exactly one solution to the pair of equations

c(x) =u, s(r)=wv
with 0 < x < 4a.

At this point we tear off the thin disguise of our characters and write
exp(z) = e(z), sinz = s(2), cos(z) = ¢(z) and a = /2.
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Exercise 5.5.6. We work in R. Show that, if |u| < 1, there is exactly one
6 with 0 < 8 < 7 such that cosf = u.

Using the Cauchy-Schwarz inequality (Lemma 4.1.2) show that, if x and
y are non-zero vectors in R™, then there is exactly one 6 with 0 < 0§ < =
such that

Xy
Iyl

cosf =

We call 6 the angle between x and 'y .

Exercise 5.5.7. We work in C and use the usual disquises except that we
write a = /2.
(i) Show that e has period 2mi in the sense that

e(z + 2mi) = e(z)
for all z and
e(z+w) =e(z)

for all z if and only w = 2nmi for some n € Z. State corresponding results
fors, ¢:C— C.
(ii) If x and y are real, show that

e(r +iy) = e(z)(c(y) +is(y)).

(#1) If w # 0, show that there are unique real numbers r and y with r > 0
and 0 <y < 27 such that

w = re(iy).
() If w € C, find all solutions of w = re(iy) with r and y real and r > 0.

The traditional statement of Exercise 5.5.7 (iii) says that z = re? where
r = |z| and 0 is real. However, we have not defined powers yet so, for the
moment, this must merely be considered as a useful mnemonic. (We will
discuss the matter further in Exercise 5.7.9.)

It may be objected that our definitions of sine and cosine ignore their
geometric origins. Later (see Exercises K.169 and K.170) I shall give more
‘geometric’ treatment but the following points are worth noting.

The trigonometric functions did not arise as part of classical axiomatic
Euclidean geometry, but as part of practical geometry (mainly astronomy).
An astronomer is happy to consider the sine of 20 degrees, but a classical
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geometer would simply note that it is impossible to construct an angle of
20 degrees using ruler and compass. Starting with our axioms for R we can
obtain a model of classical geometry, but the reverse is not true.

The natural ‘practical geometric’ treatment of angle does not use radians.
Our use of radians has nothing to do with geometric origins and everything
to do with the equation (written in radians)

d
—sincxr = ccoscx.

dx

Mathematicians measure angles in radians because, for them, sine is a func-
tion of analysis, everyone else measures angles in degrees because, for them,
sine is a function used in practical geometry.

In the natural ‘practical geometric’ treatment of angle it is usual to confine
oneself to positive angles less than two right angles (or indeed one right
angle). When was the last time you have heard a navigator shouting ‘turn
—20 degrees left” or ‘up 370 degrees’? The extension of sine from a function
on [0,7/2] to a function on R and the corresponding extension of the notion
of angle is a product of ‘analytic’ and not ‘geometric’ thinking.

Since much of this book is devoted to stressing the importance of a ‘geo-
metric approach’ to the calculus of several variables, I do not wish to down-
play the geometric meaning of sine. However, we should treat sine both as
a geometric object and a function of analysis. In this context it matters
little whether we start with a power series definition of sine and end up
with the parametric description of the unit circle as the path described by
the point (sinf,cosf) as 6 runs from 0 to 27 or (as we shall do in Exer-
cises K.169 and K.170) we start with the Cartesian description of the circle
as 22 4+ y? = 1 and end up with a power series for sine.

Exercise 5.5.8. Write down the main properties of cosh and sinh that you
know. Starting with a tentative solution of the differential equation y" =y,
write down appropriate definitions and prove the stated properties in the style
of this section. Distinguish between those properties which hold for cosh and
sinh as functions from C to C and those which hold for cosh and sinh as
functions from R to R.

5.6 The logarithm O

In this section we shall make use of the one dimensional chain rule.

Lemma 5.6.1. Suppose that f : R — R is differentiable at x with derivative
f'(x), that g : R — R is differentiable at y with derivative ¢'(y) and that
f(x) =y. Then go f is differentiable at x with derivative f'(z)g'(y).
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d
In traditional notation d—g(f(x)) = f'(x)¢'(f(x)). We divide the proof
T

into two parts.

Lemma 5.6.2. Suppose that the hypotheses of Lemma 5.6.1 hold and, in
addition, f'(x) # 0. Then the conclusion of Lemma 5.6.1 holds.

Proof. Since

flx+h) - f(x)

. — fi(x) #0

we can find a é > 0 such that

flz+h) - fz)
h

£0

for 0 < |h| < 0 and so, in particular, f(x + h) — f(z) # 0 for 0 < |h| < 9.
Thus if 0 < || < J. we may write

g(f(x+h) —g(f(=)) _ g(f(z+h) = g(f(x)) f(z+h) = f(x)
h f(z+h)— f(z) h '

()

Now f is differentiable and so continuous at z, so f(x + h) — f(x) — 0 as
h — 0. It follows, by using standard theorems on limits (which the reader
should identify explicitly), that

g(f(x+ h)})b —g(f(z)) — ¢(f(2)f(z)

as h — 0 and we are done. [ |

Unfortunately the proof of Lemma 5.6.2 does not work in general for
Lemma 5.6.1 since we then have no guarantee that f(z+h)— f(z) # 0, even
for small h, and so we cannot use equation %’. We need a separate proof
for this case.

Lemma 5.6.3. Suppose that the hypotheses of Lemma 5.6.1 hold and, in
addition, f'(x) = 0. Then the conclusion of Lemma 5.6.1 holds.

I outline a proof in the next exercise, leaving the details to the reader.

"Hardy’s Pure Mathematics says "The proof of [the chain rule] requires a little care’ and
carries the rueful footnote ‘The proofs in many text-books (and in the first three editions
of this book) are inaccurate’. This is the point that the text-books overlooked.
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Exercise 5.6.4. We prove Lemma 5.6.3 by reductio ad absurdum. To this
end, suppose that the hypotheses of the lemma hold but the conclusion is false.

(i) Ezplain why we can find an € > 0 and a sequence h, — 0 such that
hn, # 0 and

9(f(x + hn)) — g(f ()
hn

> €

for each n > 0.
(i1) Explain why f(x + hy,) # f(z) for each n > 0.
(111) Use the method of proof of Lemma 5.6.2 to derive a contradiction.

The rather ugly use of reductio ad absurdum in Exercise 5.6.4 can be
avoided by making explicit use of the ideas of Exercise K.23.

Note that, in this section, we only use the special case of the chain rule
given in Lemma 5.6.2. I believe that the correct way to look at the chain rule
is by adopting the ideas of Chapter 6 and attacking it directly as we shall do
in Lemma 6.2.10. We now move on to the main subject of this section.

Since e : R — R is a bijection (indeed by Exercise 5.4.11 a group
isomorphism) it is natural to look at its inverse. Let us write I(z) = e~!(x)
for z € (0,00) = RTT. Some of the properties of | are easy to obtain. (Here
and later we use the properties of the function e obtained in Exercise 5.4.10.)

Exercise 5.6.5. (i) Ezplain why [ : (0,00) — R is a bijection.
(ii) Show that l(xy) = l(z) + l(y) for all z, y > 0.

(111) Show that | is a strictly increasing function.

Exercise 5.6.6. No one who went to school after 1960 can really appreci-
ate the immense difference between the work involved in hand multiplication
without logarithms and hand multiplication if we are allowed to use loga-
rithms. The invention of logarithms was an tmportant contribution to the
scientific revolution. When Henry Briggs (who made a key simplification)
visited Baron Napier (who invented the idea) ‘almost one quarter of an hour
was spent, each beholding [the] other ... with admiration before one word
was spoke, at last Mr Briggs began.

‘My lord, I have undertaken this long Journey purposely to see your Per-
son, and to know by what Engine of Wit or Ingenuity you came first to think
of this most excellent Help unto Astronomy, viz., the Logarithms; but, my
Lord, being by you found out, I wonder nobody else found it out before, when
now known it is so easy.’(Quotation from 9.E.3 of [16].)

(i) As Briggs realised, calculations become a little easier if we use logy,

defined by
logyo z = I(x)/1(10)
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for x > 0. Show that log,y,zy = log,qx + log,qy for all xz, y > 0 and that
log,, 10"z = r + log,, .

(1) Multiply 1.3245 by 8.7893, correct to five significant figures, without
using a calculator.

(i3i) To multiply 1.3245 by 8.7893 using logarithms, one looked up log,, 1.3245
and log,, 8.7893 in a table of logarithms. This was quick and easy, giving

log,, 1.3245 ~ 0.1220520, log,,8.7893 ~ 0.9439543.
A hand addition, which the reader should do, gave

log,(1.3245 x 8.7893) = log,, 1.3245 + log;, 8.7893
~ 0.1220520 + 0.9439543 = 1.0660063.

A quick and easy search in a table of logarithms (or, still easier a table of
inverse logarithms, the so called antilogarithms) showed that

log, 1.164144 ~ .0660052, log;,1.164145 ~ .0660089
so that
log,,11.64144 ~ 1.0660052, log,,11.64145 ~ 1.0660089

and, correct to five significant figures, 1.3245 x 8.7893 = 11.6414.

(iv) Repeat the exercise with numbers of your own choosing. You may
use the log,,” (often just called log’) function on your calculator and the
‘“tnverse logy,” (often called 10%°) but you must do the multiplication and
addition by hand. Notice that you need one (or, if you are being careful, two)
more extra figures in your calculations than there are significant figures in
Your answers.

[There are some additional remarks in Exercises 5.7.7 and K.85.]

Other properties require a little more work.

Lemma 5.6.7. (i) The function | : (0,00) — R is continuous.
(ii) The function l is everywhere differentiable with

Proof. (i) We wish to show that [ is continuous at some point z € (0, 00).
To this end, let 6 > 0 be given. Since [ is increasing, we know that, if

e(l(z)+9) >y >e(l(x) —9),
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we have
Le(l(z) +0)) > U(y) > (e(l(z) —0))
and so
l(z)+6>1U(y) > l(x) — .
Now e is strictly increasing, so we can find 7(8) > 0 such that
e(l(x) +0) >z +n(d) >z =l(e(x)) >z —n(d) > e(l(x) —9).

Combining the results of the two previous sentences, we see that, if |z —y| <
n(6), then |I(x) — I(y)| < 0. Since § was arbitrary, [ is continuous at z.

(ii) We shall use the result that, if g is never zero and g(z + h) — a as
h — 0, then, if a # 0, 1/g(z + h) — 1/a as h — 0. Observe that, since [ is
continuous, we have

l(x+h)—1(z) =0

and so
l(x+h)—1(z) _ l(x+h)—1(z) _ 11 1
h e(lfx+h) —e(l(z) €((@) ellx) =
as h — 0. |

By using the ideas of parts (iv), (v) and (vi) of Exercise 5.4.10 together
with parts (i) and (iii) of Exercise 5.6.5 and both parts of Lemma 5.6.7, we
get the following general result.

Exercise 5.6.8. (One dimensional inverse function theorem.) Sup-
pose that f : [a,b] — [c,d] is continuous and f is differentiable on (a,b) with
f'(xz) >0 forallx € (a,b) and f(a) = ¢, f(b) = d. Show that f is a bijection,
that f=1 : [c,d] — [a,b] is continuous and that f~' is differentiable on (c,d)
with
1
—1y/
U= iy

We shall give a different proof of this result in a more general (and, I would
claim, more instructive) context in Theorem 13.1.13. Traditionally, the one
dimensional inverse function theorem is illustrated, as in Figure 5.1, by taking
the graph y = f(z) with tangent shown at (f~!(x¢), zo) and reflecting in the
angle bisector of the r and y axes to obtain the graph y = f~(z) with
tangent shown at (zo, f(xg)).

Although the picture is suggestive, this is one of those cases where (at
the level of proof we wish to use) a simple picture is inadequate.
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Figure 5.1: The one dimensional inverse function theorem

Exercise 5.6.9. Go through Exercise 5.6.8 and note where you used the
mean value theorem and the intermediate value theorem.

Exercise 5.6.10. (i) Write A={zx € Q : 2> x> 1} and B = {x €
Q:4>x>1}. Define f: A— B by f(x) =22 Show that f is strictly
increasing on A, that f(1) = 1 and f(2) = 4, that f is differentiable on A
with f'(x) > 2 for all z € A and that f : A — B is injective yet f is not
surjective.

(ii) Define f:Q — Q by

r+1 forz <0, 2% > 2,
flz)==x for z* < 2,
xr—1 for x>0, 2% > 2.

Show that f(x) — —o0 as © — —oo, that f(x) — oo as © — oo, that f
is everywhere differentiable with f'(x) = 1 for all x and that f : Q — Q is
surjective yet f is not injective®.

Initially we defined the exponential and trigonometric functions as maps
C — C although we did not make much use of this (they are very important

8These examples do not exhaust the ways in which Figure 5.1 is an inadequate guide
to what can happen without the fundamental axiom of analysis [32].
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in more advanced work) and switched rapidly to maps R — R. We did
nothing of this sort for the logarithm.

The most obvious attempt to define a complex logarithm fails at the first
hurdle. We showed that, working over R, the map exp : R — (0,00) is
bijective, so that we could define log as the inverse function. However, we
know (see Exercise 5.5.7) that, working over C, the map exp : C — C\ {0}
is surjective but not injective, so no inverse function exists.

Exercise 5.6.11. By using the fact that exp2mi = 1 = exp0, show that
there cannot exist a function L : C\ {0} — C with L(expz) = z for all
z e C.

However, a one-sided inverse can exist.

Exercise 5.6.12. (i) If we set Lo(r expif) = logr + 6 for r > 0 and 27 >
0 > 0, show that Ly : C\{0} — C is a well defined function with exp(Lo(z)) =
z for all z € C\ {0}.

(11) Let n be an integer. If we set L,(r expif) = Lo(r exp i6)+2min, show
that L,, : C\ {0} — C is a well defined function with exp(L,(z)) = z for all
z e C\ {0}.

(111) If we set M(rexpif) = logr + i forr > 0 and 37 > 0 > 7, show
that M : C\ {0} — C is a well defined function with exp(M(z)) = z for all
z € C\ {0}.

The functions L,, and M in the last exercise are not continuous everywhere
and it is natural to ask if there is a continuous function L : C\ {0} — C
with exp(L(z)) = z for all z € C\ {0}. The reader should convince herself,
by trying to define L(expif) and considering what happens as € runs from 0
to 27, that this is not possible. The next exercise crystallises the ideas.

Exercise 5.6.13. Suppose, if possible, that there exists a continuous L :
C\ {0} — C with exp(L(z)) = z for all z € C\ {0}.
(1) If 6 is real, show that L(exp(if)) = i(0 + 2wn(0)) for some n(#) € Z.
(i1) Define f: R — R by

£0) = % <L(expi9? —L(1) 9) |

i
Show that f is a well defined continuous function, that f(0) € Z for all 0 € R,
that f(0) =0 and that f(2m) = —1.

(11i) Show that the statements made in the last sentence of (ii) are in-
compatible with the intermediate value theorem and deduce that no function
can exist with the supposed properties of L.

(iv) Discuss informally what connection, if any, the discussion above has
with the existence of the international date line.
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Exercise 5.6.13 is not an end but a beginning of much important mathe-
matics. In due course it will be necessary for the reader to understand both
the formal proof that, and the informal reasons why, no continuous L can
exist.

5.7 Powers

How should we define a® for @ > 0 and b any real number? Most people
would say that we should first define a® for b rational and then extend ‘by
continuity’ to non-rational b. This can be done, even with the few tools at
our disposal, but it requires hard work to define a’ this way and still more
hard work to obtain its properties. When we have more powerful tools at
our disposal (uniform convergence and the associated theorems) we shall see
how to make this programme work in Exercises K.227 to K.229 but, even
then, it requires careful thought.

There are, I think, various reasons why the direct approach is hard.

(1) The first point is mainly psychological. We need to consider a® as a
function of two variables @ and b. When we define a”, we think of the integers
n as fixed and a as varying and the same is true when we define a® with b
rational. However, when we want to define a® ‘by continuity’, we think of a
as fixed and b as varying.

(2) The second point is mathematical. The fact that a function is con-
tinuous on the rationals does not mean that it has a continuous extension
to the reals?. Consider our standard example, the function f : Q — Q of

Example 1.1.3. We know that f is continuous but there is no continuous
function F' : R — R with F(z) = f(z) for z € Q.

Exercise 5.7.1. (i) Prove this statement by observing that, if F' is continu-
ous, F(z,) — F(27Y/2) whenever x,, — 272, or otherwise.

(i) Find a function g : Q — Q which is differentiable with continuous
derivative such that there is a continuous function G : R — R with G(x) =
g(x) for x € Q but any such function G is not everywhere differentiable.

However, the fact that I think something is hard does not prove that it
is hard. I suggest that the reader try it for herself. (She may well succeed,
all that is required is perseverance and a cool head. I simply claim that the
exercise is hard, not that it is impossible.)

91 can still remember being scolded by my research supervisor for making this partic-
ular mistake. (The result is true if we replace ‘continuity’ by ‘uniform continuity’. See
Exercise K.56.)
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Assuming that the reader agrees with me, can we find another approach?
We obtained the exponential and trigonometric functions as the solution of
differential equations. How does this approach work here? The natural choice
of differential equation, if we wish to obtain y(z) = z¢, is

y'(x) = ay(r) *
(Here « is real and y : (0,00) — (0,00).)

Tentative solution. We can rewrite ¥ as

Using the properties of logarithm and the chain rule, this gives

d
a(log y(z) —alogz) =0

so, by the mean value theorem,
logy(x) — alogx = C

where C' is constant. Applying the exponential function and taking A =
exp C', we obtain

y(x) = Aexp(alog )
where A is a constant. A

Exercise 5.7.2. Check, by using the chain rule, that y(z) = Aexp(alogx)
18 indeed a solution of Y.

This suggests very strongly indeed that we should define z* = exp(« log z).
In order to avoid confusion, we adopt our usual policy of light disguise
and investigate the properties of functions r, : (0,00) — (0,00) defined
by ro(z) = exp(alogx) [« real].

Exercise 5.7.3. (Index laws.) If a, § € R, show that
(1) rats(z) = ro(z)rg(z) for all z > 0.
(1) rag(x) = ro(rg(x)) for all x > 0.

Exercise 5.7.4. (Consistency.) Suppose that n, p and q are integers with
n >0 and ¢ > 0. Show that

(i) ri(z) =z for all z > 0.

(11) Tpi1(x) = zry(z) for all x > 0.



Please send corrections however trivial to twk@dpmms.cam.ac.uk 111

(iii)rn(x):%Xx;~~-x:5f0rallx>0.

1
) T_p(T) = —— ) 0.
() r_p(x) p_— for all x >

n

(v) rq(1psq(x)) = rp(x) for all x > 0.
Explain briefly why this means that writing r,,(x) = xP/ is consistent
with your previous school terminology.

Exercise 5.7.5. Suppose that o is real. Show that

(i) ra(2y) = ra(@)raly) for all z, y > 0.

(i1) ro(xz) =1 for all x > 0.

(iii) 1o is everywhere differentiable and xr! (z) = ary(z) and vl (x) =
arq—1(z) for all z > 0.

Exercise 5.7.6. (i) If x > 0 is fized, show that r,(z) is a differentiable
function of o with

—7ro(z) = ro(x) log z.

(i) If « > 0 and « is kept fived, show that r,(x) is an increasing function
of . What happens if « < 07

(i1i) If © > 1 and x is kept fized, show that r,(x) is an increasing function
of a. What happens if 0 < x < 17

() If we write e = exp 1 show that expx = r.(z) (or, in more familiar
terms, expx = €”).

Exercise 5.7.7. Take two rulers A and B marked in centimeters (or some
other convenient unit) and lay them marked edge to marked edge. If we slide
the point marked 0 on ruler B until it is opposite the point marked x on ruler
A, then the point marked y on ruler B will be opposite the point marked x4+ 1y
on ruler A. We have invented an adding machine.

Now produce a new ruler A" by renaming the point marked x as 10* (thus
the point marked O on A becomes the point marked 1 on A and the point
marked 3 on A" becomes the point marked 1000 on A’). Obtain B’ from B in
the same way. If we slide the point marked 1 on ruler B’ until it is opposite
the point marked 10° on ruler A’, then the point marked 10Y on ruler B" will
be opposite the point marked 10°TY on ruler A’. Explain why, if a, b > 0 and
we slide the point marked 1 on ruler B’ until it is opposite the point marked
a on ruler A’, then the point marked b on ruler B' will be opposite the point
marked ab on ruler A’. We have invented an multiplying machine.

(i) How would you divide a by b using this machine?

(ii) Does the number 10 play an essential role in the device?
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(111) Draw a line segment C'D of some convenient length to represent the
ruler A'. If C' corresponds to 1 and D to 10, draw, as accurately as you can,
the points corresponding to 2, 3, ..., 9.

The device we have described was invented by QOughtred some years after
Napier’s discovery of the logarithm and forms the basis for the ‘slide rule’.
From 1860 to 1960 the slide rule was the emblem of the mathematically com-
petent engineer. It allowed fast and reasonably accurate ‘back of an envelope’
calculations.

Exercise 5.7.8. By imitating the argument of Ezercise 5.6.13 show that
there is mo continuous function S : C — C with S(2)? = z for all z € C.
(In other words, we can not define a well behaved square root function on the
complex plane.)

Exercise 5.7.9. Fxercise 5.7.8 shows, I think, that we can not hope to ex-
tend our definition of ro(x) with x real and strictly positive and o« real to
some well behaved r,(z) with o and z both complex. We can, however, ex-
tend our definition to the case when x is still real and strictly positive but we
allow « to be complex. Our definition remains the same

ro(z) = exp(alog x)

but only some of our previous statements carry over.

(1) If o, B € C, show that royp(x) = ro(x)r(x) for all x > 0. Thus
part (i) of Exercise 5.7.3 carries over.

(11) Ezplain carefully why the statement in part (ii) of Exercise 5.7.3

2

rap(®) = ra(rs(z))

makes no sense (within the context of this question) if we allow o and [ to
range freely over C. Does it make sense and is it true if 3 € R and a € C?
Does it make sense and is it true if « € R and g € C?

(111) Find which parts of Exercises 5.7.5 and 5.7.6 continue to make sense
in the more general context of this question and prove them.

(iv) Show that, if u and v are real and e = exp(1l), then exp(u + iv) =
Tusiv(€). We have thus converted the mnemonic

exp(z) = €*

mto a genuine equality.
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Exercise 5.7.10. According to a well known story'®, the Harvard mathe-
matician Benjamin Pierce chalked the formula

€T +1=0
on the board and addressed his students as follows.

Gentleman, that is surely true, it is absolutely paradoxical; we
cannot understand it, and we do not know what it means, but we
have proved it, and therefore we know it must be the truth.

(i) In the context of this chapter, what information is conveyed by the
formula

exp(im) +1 =07

(What does exp mean, what does ™ mean and what does exp(im) mean?)
(i) In the context of this chapter, what information is conveyed by the
formula

™+ 1 =07

There is a superb discussion of the problem of defining z¢ in Klein’s
Elementary Mathematics from an Advanced Standpoint [28].

5.8 The fundamental theorem of algebra O

It is in the nature of a book like this that much of our time is occupied in
proving results which the ‘physicist in the street’” would consider obvious. In
this section we prove a result which is less obvious.

Theorem 5.8.1. (The fundamental theorem of algebra.) Suppose that
n>1,a9,ay, ..., a, € C and a, # 0. Then the equation

2" 4 12" P+ ap =0
has at least one root in C.

In other words, every polynomial has a root in C.

If the reader believes that this is obvious, then she should stop reading
at this point and write down the ‘obvious argument’. In fact, Leibniz and
other mathematicians doubted the truth of the result. Although d’Alembert,

0Repeated in Martin Gardner’s Mathematical Diversions. See also Exercise K.89.
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Euler and Lagrange offered proofs of the result, they were unsatisfactory and
the first satisfactory discussion is due to Gauss'!.

The first point to realise is that the ‘fundamental theorem of algebra’ is
in fact a theorem of analysis!

Exercise 5.8.2. Suppose z = u+iv withu, v € R. If 22 —2 =0, show that

u?—1?2=2

uv =0

and deduce that v =0, u? = 2.
If we write

Q+iQ={z+iy : =, y € Q},
show that the equation
2 —2=0
has no solution with z € Q + 1Q.

Since Q + i1Q and C = R + iR share the same algebraic structure, Exer-
cise 5.8.2 shows that the truth of Theorem 5.8.1 must depend in some way of
the fundamental axiom of analysis. We shall use Theorem 4.3.4, which states
that any continuous function on a closed bounded set in R™ has a minimum,
to establish the following key step of our proof.

Lemma 5.8.3. If P is a polynomaial, then there exists a zy € C such that
|P(2)] > | P(20)|
for all z € C.

We then complete the proof by establishing the following lemma.

Lemma 5.8.4. If P is a non-constant polynomial and |P| attains a mini-
mum at zo, then P(zy) = 0.

Clearly, Lemmas 5.8.3 and 5.8.4 together imply Theorem 5.8.1. Our
proofs of the two lemmas make use of simple results given in the next exercise.

HSee [29], Chapter 19, section 4 and Chapter 25 sections 1 and 2.
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Exercise 5.8.5. (i) Let P(z) = Y7 ja;2/ withn > 1 and a, # 0. Show
that, if we set Ry = 2nla,| ' (1 + maxo<;<y |a;|), then, whenever |z| > Ry,

ol Jul _ o]
| z | n=J Ro 2n

for all 0 < 7 <n—1. Hence, or otherwise, show that

an+zzn -7

|an|

and so

for all |z] > Ry.

(i) By using the result of (i), show that, given any real number K > 0,
we can find an R(K) > 0 such that |P(2)| > K whenever |z| > R(K).

(iii) Let Q(2) = 37 027 withn >k > 1 and by, # 0. Show that there
exists a nyg > 0 such that

_ b=

i ijj

j=k+1

for all |z| < ny.

Proof of Lemma 5.8.3. We wish to show that, if P is any polynomial, then
|P| has a minimum. If P is a constant polynomial there is nothing to prove,
so we may suppose that P(z) = Z;L:o a;z) with n > 1 and a, # 0. By
Exercise 5.8.5 (ii), we can find an R > 0 such that |P(z)] > |P(0)| + 1
whenever |z| > R.

Identifying C with R? in the usual way, we observe that

Dr={2€C: |z| <R}

is a closed bounded set and that the function |P| : C — R is continuous.
Thus we may use Theorem 4.3.4 which states that a continuous function on
a closed bounded set attains its minimum to show the existence of a zy € Dy
with |P(29)| < |P(z)]| for all z € Dg.

We note, in particular, that |P(zo)| < |P(0)|. Thus, if |z| > R, then

[P(2)] = [P(0)| + 1> [P(0)] = |P(20)]-
It follows that |P(zg)| < |P(z)| for all z € C as required. |
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Exercise 5.8.6. Define f: C — R by f(z) = —|z|®. Show that f attains a
minimum on every set

Dr={2€C: |z]| <R}

but has no minimum on C. Ezplain briefly why the proof above works for |P)|
but not for f.

We must now show that, if z gives the minimum value of the modulus |P)|
of a non-constant polynomial P, then P(zy) = 0. We start with a collection
of remarks intended to simplify the algebra.

Exercise 5.8.7. (i) Let P be a non-constant polynomial whose modulus |P|
has a minimum at zy. Show that if Q(z) = P(z + 2p), then Q is a non-
constant polynomial whose modulus |Q| has a minimum at 0. Show further
that, if Q(0) = 0, then P(zy) = 0.

(11) Let Q be a non-constant polynomial whose modulus |Q| has a mini-
mum at 0. Show that, for an appropriate ¢ € R, to be defined, the function
R(z) = €Q(z) has R(0) real and positive'>. Show that R is a non-constant
polynomial whose modulus |R| has a minimum at 0 and that, if R(0) = 0,
then Q(0) = 0.

(ii1) Let R be a non-constant polynomial whose modulus |R| has a mini-
mum at 0 and such that R(0) is real and positive. Explain why we have

R(z) = ap + Z ;2!
=k

where ag is real and positive, k > 1 and aj, # 0. Set S(z) = R(e"z). Show
that, for an appropriate 1 € R, to be defined,

S(z) =bo+ » b2’
j=k

where by is real and positive, k > 1 and by, is real and strictly negative (that
s by, < 0)

Most mathematicians would consider the results of Exercise 5.8.7 to be
trivial and use a phrase like ‘Without loss of generality we may suppose that
20 =0and P(z) = ag + Z;L:k a;z7 where qq is real and positive, k > 1 and
ay, is real and strictly negative’ or (better) ‘By considering e P(e™ (2 — z))
we may suppose that 2y = 0 and P(2) = ag+)_7_, a;2’ where a is real and
positive, kK > 1 and ay, is real and strictly negative’.

12That is to say, non-negative.
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Proof of Lemma 5.8.4. We want to show that if P is a non-constant poly-
nomial and zp gives a minimum of |P|, then P(zy) = 0. Without loss of
generality we may suppose that zo = 0 and P(2) = ag + >_"_; a;27 where ag
is real and positive, k£ > 1 and ay is real and strictly negative. If ag = 0 then
P(0) = 0 and we are done. We suppose that ag is strictly positive and seek
a contradiction.

By Exercise 5.8.5, we can find an 79 > 0 such that

n

E >
a;z

j=k+1

[

<
- 2

for all |z| < 1. Now choose 7y, a real number with 0 < 7, < 7y and
ap > |ag|nk/2 (n = min(noy, 1, —ao/(2ax)) will do). Remembering that aq is
real and strictly positive and ay is real and strictly negative, we see that,
whenever 7 is real and 0 < 7 < 11, we have

ag + Z ajnj

Jj=k

n

> apy

Jj=k+1
<lao + arn®| + |agn®| /2 = ao + apn® — axn*/2 = ap + axn®/2 < P(0),

[P (n)| = < lao + axn"| +

contradicting the statement that 0 is a minimum for P. The result follows
by reductio ad absurdum. [ |

The proof of Theorem 5.8.1 may look a little complicated but really it
only amounts to a fleshing out of the following sketch argument.

Outline proof of Theorem 5.8.1. Let P be a non constant polynomial. Since
|P(2)| — o0 as |z| — oo, P must attain a minimum. By translation, we may
suppose that the minimum occurs at 0. If P(0) # 0, then

P(z) =ao+ Y _a;%
=k

with k£ > 1 and ag, a; # 0. Close to zero,
P(2) ~ ag + a2~

Choosing an appropriate ¢, we have |ag + ai(e®n)*| < |ag| whenever 7 is
small and strictly positive, contradicting the statement that |P| attains a
minimum, at 0. The result follows by reductio ad absurdum. A

Exercise 5.8.8. Give an explicit value for ¢ in the outline proof just sketched.
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Exercise 5.8.9. We say that 2y is a local minimum of a function G : C — R
if we can find a 0 > 0 such that G(z) > G(zg) for all z with |z — z| < 9.
Show that if P is a non-constant polynomial and zy is a local minimum of
|P|, then P(z) = 0.

We have already used the strategy of looking for a minimum (or maxi-
mum) and then considering the behaviour of the function near that ‘extreme’
point in our proof of Rolle’s theorem (Theorem 4.4.4). Another example oc-
curs in Exercise K.30 if the reader wishes to try it and other examples will
crop up in this book. The method is very powerful but we must be careful to
establish that an extreme point actually exists (see, as a warning example,
the discussion beginning on page 199 of a counterexample due, essentially,
to Weierstrass). Notice that our proof required the ability to ‘look in all
directions’. The minimum had to be in the open set

Dr={2€C: |z| <R}
and not merely in the set
Dr={z¢€C : |z| <R}

Exercise 5.8.10. This exercise recalls material that is probably familiar from
algebra. We work in C.

(i) Show, by induction on the degree of P, or otherwise, that if P is a
non-constant polynomial and A € C, then there exists a polynomial Q) and
an r € C such that

P(z) = (z = N)Q(2) + .

(11) If P is a non-constant polynomial and A € C is such that P(\) = 0,
then there is a polynomial () such that

P(z) = (z = NQ().

(111) Use the fundamental theorem of algebra and induction on the degree
of n to show that any polynomial P of degree n can be written in the form

(iv) Show that a polynomial of degree n can have at most n distinct roots.
What is the minimum number of distinct roots it can have?
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(v) If P has real coefficients show' that P(z)* = P(z*) and deduce that,
if A is a root of P, so is \*.

(vi) Use part (v) and induction to show that, if P is a polynomial with
real coefficients, then P can be written in the form

P =a][ @)

where a € R and, for each j, either Q;(z) = z + a; with a; € R, or Q; =
2* + ajz + by with aj, b; € R.

In the days before mathematicians acquired our present confidence with
complex numbers, the fundamental theorem of algebra was given the less gen-
eral statement that any polynomial with real coefficients could be written as
the product of linear and quadratic terms with real coefficients.

It is natural to ask if this restricted result which does not mention complex
numbers can be proved without using complex numbers. Gauss’s first proof of
the restricted result used complex numbers but he later gave a second proof
without using complex numbers which depends only on the fact that a real
polynomial of odd degree must have a root (Ezercise 1.6.4) and so uses the
fundamental aziom in the form of the intermediate value theorem. As might
be expected, his proof and its modern sucessors are rather subtle. The reader
15 advised to wait until she has studied the rudiments of Galois theory before
pursuing these ideas further.

Exercise 5.8.11. Let P(2) = Y 7_a;2’ be a non-constant polynomial with
a root at zy.

(i) Explain why we can find an ny > 0 such that P(z) # 0 for all z with
0 < |z — 20| < no.

(i) If 0 < n < mo, use the fact that a continuous function on a closed
bounded set is bounded and attains its bounds to show that there is a 6(n) > 0
such that |P(2)| > 0(n) > 0 for all z with |z — zo| = 7.

(111) Continuing with the notations and assumptions of (ii), show that if
Q(2) is a polynomial with |P(z) — Q(z)| < d(n)/2 for all z with |z — zo| <,
then |Q| has a local minimum (and so Q) has a root) z, with |z; — zo| < 0.

(iv) Show that given any § > 0, we can find an € > 0 (depending on §, n,
ag, a1, ... , ay) such that, if la; — b;| <€, for 0 < j <n then Z?:o b;z0 has
at least one root z; with |zg — z1| < 4.

[Note that this result is not true if we work over R. The equation z* =0
has a real root at 0 but 2% + € = 0 has no real roots if € > 0 however small ¢
may be.]

13We write 2* for the complex conjugate of z. Thus, if z and y are real (z+iy)* = z —iy.
Some authors use Z.
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Exercise 5.8.12. (This exercise requires countability and a certain willing-
ness to think like an algebraist.)

It 1s sometimes said that we have to introduce R in order to provide
equations like x> — 2 = 0 with a root. A little thought shows that this is too
simple a view of the matter. Recall that a system (F, 4+, X) satisfying all the
azioms set out in Azxioms A except azioms P1 to P4 (the axioms of order) is
called a field. If (F, 4+, X) is a field and and G C F is such that

(a) 0,1, -1 € G,

(b)if v,y € G, then x +y, zy € G,

(c)ifr €G and x # 0, then z7' € G,
then we say that G is a subfield of F. It easy to see that a subfield is itself
a field. In this exercise we show that there is a countable subfield I. of C
containing Q and such that, if ag, ay, ... , a, € L, with a, # 0, then we can
find a, A\, ..., N\, € L such that

iajzj = aﬁ(z —\j)
=0 k=1

for all z € L. In other words, every polynomial with coefficients in 1L has all
its roots in IL. Here are the steps in the proof.

(i) If K is a countable subfield of C, show that the set of polynomials
with degree n with coefficients in K s countable. Deduce that the set of
polynomials P(K) with coefficients in K is countable. Show also that the set
Z(K) of roots in C of polynomials in P(K) is countable.

(11) If K is a subfield of C and w € C, we write K(w) for the set of
numbers P(w)/Q(w) with P, @ € P(K) and Q(w) # 0. Show that K(w) is a
subfield of C containing K and w. If K is countable, show that K(w) is.

(111) Let K be a subfield of C and w = (w1, wa, ...) where w; € C. Set
Ky = K and define K,, = K,,_1(wy) for alln > 1. If we set K(w) = U,y Kn,
show that K(w) is a subfield of C containing K and w; for each j > 1. IfK
is countable, show that K(w) is.

(iv) Let K be a countable subfield of C (we could take K = Q). Set
Ko = K. Show by induction, using part (iii), that we may define inductively
a sequence K,, of countable subfields of C such that K,, contains Z(K,_1) for
eachn > 1. If we set L = J,_, K, show that L is a countable subfield of C
such that every polynomial with coefficients in 1L has all its roots in L.

[We say that fields like I are ‘algebraically closed’. The work we have
had to do to obtain an ‘algebraically closed’ 1. from K shows the fundamental
theorem of algebra in a remarkable light. Although R is not algebraically
closed, adjoining a single Toot i of a single equation z> +1 = 0 to form
R(i) = C produces an algebraically closed field!]



Chapter 6

Differentiation

6.1 Preliminaries

This section is as much propaganda as technical mathematics and, as with
much propaganda, most points are made more than once.

We have already looked briefly at differentiation of functions f : R — R.
Unfortunately, nature is not one dimensional and we must consider the more
general case of a function f : R™ — RP. The definition of the derivative in
terms of the limit of some ratio is not available since we cannot divide by
vectors.

The first solution that mathematicians found to this problem is via ‘di-
rectional derivatives’ or, essentially equivalently, via ‘partial derivatives’. We
shall give formal definitions later but the idea is to reduce a many dimen-
sional problem to a collection of one dimensional problems by only examining
changes in one direction at at time. Suppose, for example, that f : R™ — R
is well behaved. If we wish to examine how f behaves near x we choose a unit
vector u and look at fu(t) = f(x+tu) with ¢t € R. The function f, : R — R
is ‘one dimensional’ and we may look at its derivative

0 — ti 10 )

u h—0 h

By choosing m unit vectors u; at right angles and looking at the associated
‘directional derivatives’ f} (x) we can obtain a picture of the way in which
f changes.

But to echo Maxwell

... the doctrine of Vectors ... is a method of thinking and not,
at least for the present generation, a method of saving thought.

121
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It does not, like some more popular mathematical methods, en-
courage the hope that mathematicians may give their minds a
holiday, by transferring all their work to their pens. It calls on us
at every step to form a mental image of the geometrical features
represented by the symbols, so that in studying geometry by this
method we have our minds engaged with geometrical ideas, and
are not permitted to call ourselves geometers when we are only
arithmeticians. (Page 951, [38])

Is there a less ‘coordinate bound’ and more ‘geometric’ way of looking at
differentiation in many dimensions? If we are prepared to spend a little time
and effort acquiring new habits of thought, the answer is yes.

The original discoverers of the calculus thought of differentiation as the
process of finding a tangent. If f : R — R is well behaved then the tangent
at x is the line y = b+ a(t — x) which touches the curve y = f(t) at (x, f(z))
that is the ‘line which most resembles f close to z’. In other words

f(t) =b+ a(t — x) + small error

close to z. If we think a little harder about the nature of the ‘smallest error’
possible we see that it ‘ought to decrease faster than linear’ that is

ft)=b+a(t—z)+ E(t)|t — x|
with E(t) - 0 ast — x.

Exercise 6.1.1. Suppose that f : R — R. Show that the following two
statements are equivalent.

t—x
(ir) f(t) = f(z)+a(t —z) + E(t)|t — x| with E(t) — 0 ast — x.

—aast — x.

Rewriting our equations slightly, we see that f is differentiable at x if
ft) = f(z) = a(t —x) + EQ@)|t — x|
with E(t) — 0 as t — 0. A final rewrite now gives f is differentiable at x if
f(x+h) = f(x) = ah + e(h)|h]. *

where €(h) — 0 as h — x. The derivative f'(z) = a is the slope of the
tangent at .

The obvious extension to well behaved functions f : R™ — R is to con-
sider the tangent plane at (x, f(x)). Just as the equation of a non-vertical
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line through the origin in R x R is y = bt, so the equation of an appropriate
plane (or ‘hyperplane’ if the reader prefers) in R™ x R is y = «a(x) where
a :R™ — R is linear. This suggests that we say that f is differentiable at x
if

f(x+h) = f(x) = a(h) + e(h)h],

where €(h) — 0 as h — 0. It is natural to call a the derivative of f at x.

Finally, if we consider f : R™ — RP, the natural flow of our argument
suggests that we say that f is differentiable at x if we can find a linear map
a : R™ — RP such that

f(x +h) =f(x) + a(h) + €(h)| /h||

where ||e(h)|| — 0 as h — 0. It is natural to call « the derivative of f at x.
Important note: It is indeed natural to call o the derivative of f at x.
Unfortunately, it is not consistent with our old definition in the case m =
p=1. 1If f: R — R, then, with our new definition, the derivative is the map
t — f'(x)t but, with our old, the derivative is the number f'(x).

From the point of view we have adopted, the key observation of the one
dimensional differential calculus is that well behaved curves, however com-
plicated they may be globally, behave locally like straight lines i.e. like the
simplest curves we know. The key observation of multidimensional calculus
is that well behaved functions, however complicated they may be globally,
behave locally like linear maps i.e. like the simplest functions we know. It
is this observation, above all, which justifies the immense amount of time
spent studying linear algebra, that is to say, studying the behaviour of linear
maps.

I shall assume that the reader has done a course on linear algebra and
is familiar with with the definition and lemma that follow. (Indeed, I have
already assumed familiarity with the notion of a linear map.)

Definition 6.1.2. We say that a function (or map) o : R™ — RP is linear
of
a(Ax + py) = Aa(x) + pa(y)
forallx, y € R™ and X\, p € R.
We shall often write ax = a(x).

Lemma 6.1.3. Fach linear map « : R™ — RP 4s associated with a unique
p X m real matriv A = (a;;) such that if ax =y then

yi =Y i (1)

=1
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Conversely each pxm real matric A = (a;;) is associated with a unique linear
map o : R™ — RP by the equation (t).

We shall call A the matrix of o with respect to the standard bases. The
point to notice is that, if we take different coordinate axes, we get different
matrices associated with the same linear map.

From time to time, particularly in some of the exercises, we shall use other
facts about linear maps. The reader should not worry too much if some of
these facts are unfamiliar but she should worry if all of them are.

We now repeat the discussion of differentiation with marginally more
generality and precision.

A function is continuous if it is locally approximately constant. A function
is differentiable if it is locally approximately linear. More precisely, a function
is continuous at a point x if it is locally approximately constant, with an error
which decreases to zero, as we approach x. A function is differentiable at a
point x if it is locally approximately linear, with an error which decreases to
zero faster than linearly, as we approach x.

Definition 6.1.4. Suppose that E is a subset of R™ and x a point such that
there exists a 6 > 0 with the ball B(x,d) C E. We say that f : E — RP, is
differentiable at x if we can find a linear map o : R™ — RP such that, when

]} <9,
f(x +h) = £(x) + ah + e(x, h)|h], *

where ||e(x,h)|| — 0 as |h|| — 0. We write a = Df(x) or a = f'(x).
If E is open and f is differentiable at each point of E, we say that f is
differentiable on E.

Needless to say, the centre of the definition is the formula % and the
reader should concentrate on understanding the role of each term in that
formula. The rest of the definition is just supporting waffle. Formula ¥ is
sometimes written in the form

f(x+h)—f(x) —ah
i

— 0

as ||h|| — 0.
Of course, we need to complete Definition 6.1.4 by showing that « is
unique.

Lemma 6.1.5. (i) Let v : R™ — RP be a linear map and € : R™ — RP q
function with ||e(h)|| — 0 as ||h|| — 0. If

7h = e(h)[/h]]
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then v = 0 the zero map.
(ii) There is at most one « satisfying the conditions of Definition 6.1.4.

Proof. (i) There are many different ways of setting out this simple proof.
Here is one. Let x € R™. If n > 0, we have

vx =n"y(nx) = n~e(nx)||nx| = e(nx)|x||

and so

x| = [le(mx)[[[x[| — 0

as 1 — 0 through values n > 0. Thus ||yx|| = 0 and yx = 0 for all x € R™.
In other words, v = 0.
(ii) Suppose that we can find linear maps «; : R™ — R? such that, when

b} <4,
f(x +h) = f(x) + a;h + €;(x, h)|[h], *

where [l€;(x,h)|| — 0 as [|h] — 0 [j =1, 2].
Subtracting, we see that

(an —az)h = €(x, h)
where
€(x,h) = e2(x,h) — €;(x,h)
for ||h|| < d. Since
le(x, )| < [lex(x, h)[| + [lez(x, h)[| — 0
as ||h|| — 0, we can apply part (i) to obtain a; = as. |

The coordinate free approach can be taken only so far, and to calculate
we need to know the the matrix A of & = Df(x) with respect to the standard
bases. To find A we have recourse to directional derivatives.

Definition 6.1.6. Suppose that E is a subset of R™ and that we have a
function g : E — R. Suppose further that x € E and u is a unit vector such
that there ezists a 6 > 0 with x+ hu € E for all |h| < 6. We can now define
a function G from the open interval (—9,9) to R by setting G(t) = g(x+tu).
If G is differentiable at 0, we say that g has a directional derivative at X in
the direction u of value G'(0).
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Exercise 6.1.7. Suppose that E is a subset of of R™ and that we have a
function g : E— R. Suppose further that x € E and u is a unit vector such
that there exists a 0 > 0 with x + hu € E for all |h| < . Show that g has a
directional derivative at x in the direction u of value a if and only if

g(x +tu) — g(x)
t

— a

ast — 0.

We are interested in the directional derivatives along the unit vectors e; in
the directions of the coordinate axes. The reader is almost certainly familiar
with these under the name of ‘partial derivatives’.

Definition 6.1.8. Suppose that E is a subset of of R™ and that we have a
function g : E — R. If we give R™ the standard basis ey, ey, ... , €, (where
e; is the vector with jth entry 1 and all other entries 0), then the directional
derivative of g at x in the direction e; is called a partial derivative and written

95(%).

The recipe for computing g j(x) is thus, ‘differentiate g(z1, z2, ..., 2;,. .., 2y)
with respect to z; treating all the x; with 7 # j as constants’.

The reader would probably prefer me to say that ¢ ;(x) is the partial
derivative of g with respect to x; and write

95(%) = §—jj<x>.

I shall use this notation from time to time, but, as I point out in Appendix E,
there are cultural differences between the way that applied mathematicians
and pure mathematicians think of partial derivatives, so I prefer to use a
different notation.

The reader should also know a third notation for partial derivatives.

Djg =g,
This ‘D’ notation is more common than the ‘comma’ notation and is to be
preferred if you only use partial derivatives occasionally or if you only deal
with functions f : R® — R. The ‘comma’ notation is used in Tensor Analysis
and is convenient in the kind of formulae which appear in Section 7.2.

If E' is a subset of of R™ and we have a function g : £ — RP then we can
write

91(t)

a(t) = 92.(13)

gpkt)
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and obtain functions g; : E' — R with partial derivatives (if they exist) g; ;(x)
(or, in more standard notation a—gz(x)) The proof of the next lemma just
I .

consists of dismantling the notation so laboriously constructed in the last
few paragraphs.

Lemma 6.1.9. Let f be as in Definition 6.1.4. If we use standard coordi-
nates, then, if £ is differentiable at x, its partial derivatives f; ;(x) exist and
the matriz of the derivative D f(x) is the Jacobian matriz (f; j(x)) of partial
derivatives.

Proof. Left as a strongly recommended but simple exercise for the reader. W

Notice that, if f: R — R, the matrix of D f(x) is the 1 x 1 Jacobian matrix
(f'(z)). Notice also that Exercise 6.1.9 provides an alternative proof of the
uniqueness of the derivative (Lemma 6.1.5 (ii)).

It is customary to point out that the existence of the partial deriva-
tives does not imply the differentiability of the function (see Example 7.3.14
below) but the main objections to over-reliance on partial derivatives are
that it makes formulae cumbersome and stifles geometric intuition. Let your
motto be ‘coordinates and matrices for calculation, vectors and lin-
ear maps for understanding’.

6.2 The operator norm and the chain rule

We shall need some method of measuring the ‘size’ of a linear map. The
reader is unlikely to have come across this in a standard ‘abstract algebra’
course, since algebraists dislike using ‘metric notions’ which do not generalise
from R to more general fields.

Our first idea might be to use some sort of measure like

|o||” = max |aj;|

where (a;;) is the matrix of o with respect to the standard bases. However
|lr||” has no geometric meaning.

Exercise 6.2.1. Show by example that ||c||" may depend on the coordinate
azes chosen.

Even if we insist that our method of measuring the size of a linear map
shall have a geometric meaning, this does not give a unique method. The
following chain of ideas gives one method which is natural and standard.
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Lemma 6.2.2. If a: R™ — RP is linear, there exists a constant K(«a) such
that

lox| < K(a)[[x|
for allx € R™.

Proof. Since our object is merely to show that some K («) exists and not to
find a ‘good’ value, we can use the crudest inequalities.
If we write y = ax, we have

p
laxll = Iyl < > 1wl
i=1

P m
<N ag ]

i=1 j=1
P m
< Z Z |ai; | [|x[-
i=1 j=1
The required result follows on putting K(a) = 37, > 7% [aj]. |

Exercise 6.2.3. Use Lemma 6.2.2 to estimate ||ax — ayy|| and hence deduce
that every linear map o : R™ — RP is continuous. (This exercise takes longer
to pose than to do.)

Lemma 6.2.2 tells us that {[jax| : ||x|| < 1} is a non-empty subset of R
bounded above by K(«) and so has a supremum.

Definition 6.2.4. If o : R™ — RP? is a linear map, then

lall = sup [lax].
Ixl<1

Exercise 6.2.5. If « is as in Definition 6.2.4, show that the three quantities

[|ax||
sup [lax|[, sup [lax]|, and sup ——=
Ix[<1 x| =1 <20 |[X]|

are well defined and equal.

The ‘operator norm’ just defined in Definition 6.2.4 has many pleasant
properties.
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Lemma 6.2.6. Let o, §: R™ — RP be linear maps.
(1) If x € R™ then [[ox|| <[] [Ix]-
(i) [lef| = 0,
(i) If ||a|| = 0 then a =0,
() If X € R then ||Aal| = |A|]|a]]-
(v) (The triangle inequality) ||a + B < ||l + ||Bl-
(vi) If v : RP — RY is linear, then ||[ya| < ||v] |||

Proof. 1 will prove parts (i) and (vi) leaving the equally easy remaining parts
as an essential exercise for the reader.
(i) If x = 0, we observe that @0 = 0 and so

[a0]] = [|0] = 0 <0 = [laf|0 = [lafl |[O]]

as required.
If x # 0, we set u = ||x||7'x. Since

[l = flx[I~Hlx| = 1
we have ||au|| < ||«|| and so
lox|| = [la(l[x[[w)] = [[(Ix[lcw)] = [Ix[loul] <l x|

as required.
(vi) If ||x|| <1 then, using part (i) twice,

Iyl = lIv(aGDIF < lIvilflaGl < lviHlafl il < vl

It follows that

hall = sup JlyaG)l < v fled

lIx[I<
|

Exercise 6.2.7. (i) Write down a linear map o : R* — R? such that a # 0
but o* = 0.

(i) Show that we cannot replace the inequality (vi) in Lemma 6.2.6 by an
equality.

(iii) Show that we cannot replace the inequality (v) in Lemma 6.2.6 by an
equality.
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Exercise 6.2.8. (i) Suppose that o : R — R is a linear map and that its
matriz with respect to the standard bases is (a). Show that

o] = lal.

(11) Suppose that o : R™ — R is a linear map and that its matriz with re-
spect to the standard bases is (ay ag ... an). By using the Cauchy-Schwarz
inequality (Lemma 4.1.2) and the associated conditions for equality (Exer-

cise 4.1.5 (i)) show that
. 1/2
lafl = (Z %2) :

j=1

Although the operator norm is, in principle, calculable (see Exercises K.98
to K.101) the reader is warned that, except in special cases, there is no simple
formula for the operator norm and it is mainly used as a theoretical tool.
Should we need to have some idea of its size, extremely rough estimates will
often suffice.

Exercise 6.2.9. Suppose that o : R™ — RP s a linear map and that its
matriz with respect to the standard bases is A = (a;;). Show that

max |a;;| < [|af] < pmmaxfag;].
1,7 3
By using the Cauchy-Schwarz inequality, show that
b m 1/2
i< ($535)
i=1 j=1

Show that this inequality implies the corresponding inequality in the previous
paragraph.

We now return to differentiation. Suppose that f : R™ — RP and g :
R? — R? are differentiable. What can we say about their composition g o f?
To simplify the algebra let us suppose that £(0) = 0, g(0) =0 (so gof(0) =
0) and ask about the differentiability of gof at 0. Suppose that the derivative
of f at 0 is a and the derivative of g at 0 is 5. Then

f(h) ~ ah
when h is small (h € R™) and

g(k) =~ gk
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when k is small (k € RP). It ought, therefore, to to be true that
g(f(h)) = G(ah)

i.e. that
gof(h) ~ (Ba)h

when h is small (h € R™). In other words g o f is differentiable at 0.
We have been lead to formulate the chain rule.

Lemma 6.2.10. (The chain rule.) Let U be a neighbourhood of x in R™,
and V' a neighbourhood of y in RP. Suppose that £ : U — V' s differentiable
at x with derivative o, that g : V — R? s differentiable at y with derivative
B and that f(x) =y. Then gof is differentiable at x with derivative Bo.

In more condensed notation
D(gof)(x) = Dg(f(x))Df(x),

or, equivalently,

D(gof)(x) = (Dg) o f(x) Df (x). *k
Proof. We know that

f(x +h) = f(x) + ah + € (h)| h|
and

g(f(x) + k) = g(f(x)) + Ok + e (k)][k||

where ||€;(h)|| — 0 as ||h|| — 0 and ||ez(k)|| — 0 as ||k|| — 0. It follows that

gof(x+h)=g(f(x+h))
= g(f(x) + ah + € (h)|h])

so, taking k = ah + €;(h)||h||, we have

gof(x+h) = g(f(x)) + fah + ei(h)|[h]]) + ex(ah + €1 (h)|[h]])[lah + e (h)[[h]]
g o f(x) + foh + n(h)||hl]

with

n(h) = n,(h) +n,(h)
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where

m(h)[[h]] = Ge (h)|[h]

and
ny(h)|h|| = e2(ah + €1 (h)[[h[))[[ah + & (h)[[h]].

All we have to do is to show that ||, (h)| and ||n,(h)||, and so ||n(h)| =
|m;(h) + my(h)|| tend to zero as ||h|| — 0. We observe first that

[, (W) [[B][ ]} < [|8][[[€x () [[b][} = [13][]]€x (h)[[][ ]
so ||[m;(h)]| < ||5]|]l€1(h)]] — 0 as ||h|| — 0. Next we observe that
Iny(h)|[h[l]| = [e2(ah + € (h)|[h]|)]|[eh + €, (h)|[ b |

< [le2(ah + e (h)[[b[)) [|([loh]] + [e: (h)[[h][]])
< llez(ah + e (h)[[h|)[[(loef| + [l€x (h)[[)[[h]l,

so that
[m>(h)]| < [lex(cah + e () [[[)[([|xl] + [l€x(h)[) — O
as ||h|| — 0 and we are done. |

Students sometimes say that the proof of the chain rule is difficult but
they really mean that it is tedious. It is simply a matter of showing that
the error terms n,(h)||h|| and n,(h)|/h|| which ought to be small, actually
are. Students also forget the artificiality of the standard proofs of the one
dimensional chain rule (see the discussion of Lemma 5.6.2 — any argument
which Hardy got wrong cannot be natural). The multidimensional argument
forces us to address the real nature of the chain rule.

The next result is very simple but I would like to give two different proofs.

Lemma 6.2.11. Let U be a neighbourhood of x in R™. Suppose that £, g :
U — R™ are differentiable at x. Then f + g 1is differentiable at x with
D(f + g)(x) = Df(x) + Dg(x).

Direct proof. By definition
f(x +h) =f(x) + Df(x)h + €;(h)|/h||
and

g(x +h) = g(x) + Dg(x)h + ex(h)| b
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where ||€;(h)|| — 0 and ||ex(h)|| — 0 as ||h|| — 0. Thus

(f +g)(x+h) = f(x +h) + g(x +h)
= f(x) + Df(x)h + €, (h)||h[| + g(x) + Dg(x)h + €z(h)||h||
= (f +g)(x) + (Df(x) + Dg(x))h + €3(h)||h]|

with
e;(h) = €,(h) + e2(h).
Since
les() || < [lex(h)][ + [lez(h)[| — 0+ 0 =0,
as ||h|| — 0, we are done. [

Our second proof depends on a series of observations.

Lemma 6.2.12. A linear map o : R" — R™ s everywhere differentiable
with derivative «.

Proof. Observe that
a(x +h) = ax + ah + €(h)||h],
where €(h) = 0, and apply the definition. |

As the reader can see, the result and proof are trivial, but they take some
getting used to. In one dimension the result says that the map given by
x +— az has derivative x — ax (or that the tangent to the line y = ax is the
line y = ax itself, or that the derivative of the linear map with 1 x 1 matrix
(a) is the linear map with matrix (a)).

Exercise 6.2.13. Show that the constant map f. : R* — R™, given by
f.(x) = ¢ for all x, is everywhere differentiable with derivative the zero linear
map.

Lemma 6.2.14. Let U be a neighbourhood of x in R™ and V' a neighbourhood
of y in R™. Suppose that £ : U — RP is differentiable at x and g : V — R?
is differentiable aty. Then U X V is a neighbourhood of (x,y) in R"™™™ and
the function (f,g) : U x V. — R gjven by

(f,g)(u,v) = (f(u), g(v))
is differentiable at (x,y) with derivative (Df(x), Dg(x)) where we write
(DE(x), De(x))(h, k) = (DE(x)h, De(x)k).
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Proof. We leave some details (such as verifying that U x V' is a neighbourhood
of (x,¥)) to the reader. The key to the proof is the remark that ||(h, k)| >
|h|l, |Ik||. Observe that, if we write

f(x+h) =f(x) + Df(x)h + €;(h)||h||
and

g(y +k) = g(y) + Dg(y)k + ex(K)||K],
we have
(f,8)((x,y) + (h, k) = (f, g)(x,y) + (Df(x), Dg(x))(h, k) + €(h, k)[|(h, k)]|
where

e(h, k)[|(h, K)[| = €1(h)|[h][ + e (k)[K]].
Using the last equation, we obtain

le(h, X) [} (b, )| = [l (e (b, X)[[ (h, k) )] = [ (€1 () [ b + €2 (k) |[ k||
< [[tex(m) [ + [[(e2 () [[kIDI| < [lex ()| (b, k)| + [lea (k)] [[| (h, k).

Thus
le(h, K)|| < [[ex(h)]| + [[e2(k)|| = 0+0=0
as ||(h,k)|| — 0. [
Exercise 6.2.15. Ifh € R" and k € R™, show that
(b, X)[* = [Ih* + [[k]*
and
[l + [l = | (b, K)[| = [Ihf], |k

Exercise 6.2.16. Consider the situation described in Lemma 6.2.14. Write
down the Jacobian matriz of partial derivatives for (f,g) in terms of the
Jacobian matrices for f and g.

We can now give a second proof of Lemma 6.2.11 using the chain rule.
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Second proof of Lemma 6.2.11. Let a : R® — R?" be the map given by
a(x) = (x,x)
and 3 : R?™ — R™ be the map given by

B(x,y) =x+Yy.

Then, using the notation of Lemma 6.2.14,

f—|-g:ﬁo(f,g)oa.

But a and 3 are linear, so using the chain rule (Lemma 6.2.10), we see that
f + g is differentiable at x and

D(f +g)(x) = fo D(f,g)(x,x) o = Df(x) + Dg(x).
|

If we only used this idea to prove Lemma 6.2.11 it would hardly be worth
it but it is frequently easiest to show that a complicated function is differen-
tiable by expressing it as the composition of simpler differentiable functions.
(How else would one prove that x — sin(exp(1 + x?)) is differentiable?)

Exercise 6.2.17. (i) Show that the function J : R™ x R"™ — R given by the
scalar product

J(u,v)=u-v
is everywhere differentiable with
DJ(x,y)(h,k)=x-k+y-h.

(ii) Let U be a neighbourhood of x in R™. Suppose that f, g : U — R™
are differentiable at x. Show, using the chain rule, that f - g is differentiable
at x with

D(f - g)(x)h = f(x) - (D(g)(x)h) + (D(f)(x)h) - g(x).

(11i) Let U be a neighbourhood of x in R™. Suppose that £ : U — R™
and A : U — R are differentiable at x. State and prove an appropriate result
about the function \f given by

(AMf)(u) = AM(u)f(u).
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(iv) If you have met the vector product' u A v of two vectors u, v € R3,
state and prove an appropriate theorem about the vector product of differen-
tiable functions.

(v) Let U be a neighbourhood of x in R™. Suppose that f : U — R is
non-zero on U and differentiable at x. Show that 1/f is differentiable at x
and find D(1/f)x.

6.3 The mean value inequality in higher di-
mensions

So far our study of differentiation in higher dimensions has remained on
the level of mere algebra. (The definition of the operator norm used the
supremum and so lay deeper but we could have avoided this at the cost of
using a less natural norm.) The next result is a true theorem of analysis.

Theorem 6.3.1. (The mean value inequality.) Suppose that U is an
open set in R™ and that £ : U — RP s differentiable. Consider the straight
line segment

L={(1-ta+tb:0<t<1}

joining a and b. If L C U (i.e. L lies entirely within U) and || Df(x)|| < K
for all x € L, then

[f(a) — £(b)|| < Klla —b]|.

Proof. Before starting the proof, it is helpful to note that, since U is open,
we can find a n > 0 such that the extended straight line segment

{l-tha+th: —n<t<1+n}CU.

We shall prove our many dimensional mean value inequality from the
one dimensional version (Theorem 1.7.1, or if the reader prefers, the slightly
sharper Theorem 4.4.1). To this end, observe that, if f(b) — f(a) = 0, there
is nothing to prove. We may thus assume that f(b) — f(a) # 0 and consider

_ f(b)—f(a)
J£(b) — f(a)]

L Question What do you get if you cross a mountaineer with a mosquito? Answer You
can’t. One is a scaler and the other is a vector.
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the unit vector in the direction f(b)—f(a). If we now define g : (—n,14+n) —
R by

g(t) = u- (E((1 — D)a + tb) — £(a)),

we see, by using the chain rule or direct calculation, that g is continuous and
differentiable on (—n, 1+ n) with

g t)=u-(Df((1 —t)a+tb)(b—a)).

Using the Cauchy-Schwarz inequality (Lemma 4.1.2) and the definition of
the operator norm (Definition 6.2.4), we have

9" < [[ull[ DE((1 - t)a + tb)(b — a)|
= ||Df((1 — t)a+tb)(b — a)]|
< [ DE((1 = t)a + tb)|[[[b —a
< Kla—bl.

for all t € (0,1). Thus, by the one dimensional mean value inequality,
[f(a) — £(b)|| = [g(1) — ¢(0)| < Kla — b
as required. |

Exercise 6.3.2. (i) Prove the statement of the first sentence in the proof
just given.

(i) If g is the function defined in the proof just given, show, giving all
the details, that g is continuous and differentiable on (—n,1+n) with

g (t)=u- (DEf((1 —t)a+tb)(b— a)).

You should give two wversions of the proof, the first using the chain rule
(Lemma 6.2.10) and the second using direct calculation.

If we have already gone to the trouble of proving the one-dimensional
mean value inequality it seems sensible to make use of it in proving the mul-
tidimensional version. However, we could have proved the multidimensional
theorem directly without making a one-dimensional detour.

Exercise 6.3.3. (i) Reread the proof of Theorem 1.7.1.
(i) We now start the direct proof of Theorem 6.3.1. As before observe
that we can find a n > 0 such that

{1—-tha+tb: —n<t<1+n}CU,
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but now consider F : (—n,1+n) — RP by
F(t) =f((1 —t)a+tb) — f(a).

Explain why the theorem will follow if we can show that, given any e > 0, we
have

IF(1) = F(0)[| < Klla—b|| +e.
(11) Suppose, if possible, that there exists an € > 0 such that
|F(1) = F(0)[| > Klla—b|| +e.

Show by a lion hunting argument that there exist a ¢ € [0,1] and u,, v, €
0, 1] with u, < v, such that u,,v, — ¢ and

[F(vn) — F(un)|| = (Klla = bl + €)(vn — un).

(111) Show from the definition of differentiability that there exists a § > 0
such that

IF () = F(o)|| < (Klla = bl[ +¢/2)[t — |

whenever |t —c| <6 and t € [0,1].
(iv) Prove Theorem 6.5.1 by reductio ad absurdum.

One of the principal uses we made of the one dimensional mean value
theorem was to show that a function on an open interval with zero derivative
was necessarily constant. The reader should do both parts of the following
easy exercise and reflect on them.

Exercise 6.3.4. (i) Let U be an open set in R™ such that given any a, b € U
we can find a finite sequence of points a = ag, ay, ..., a_1, a5 = b such
that each line segment

{(1—t)aj_1—i—taj : OStSI}QU

[1 <j <k]. Show that, if £ : U — RP is everywhere differentiable on U with
Df(x) =0, it follows that f is constant.

(ii) We work in R?. Let U, be the open disc of radius 1 centre (—2,0)
and Uy be the open disc of radius 1 centre (2,0). Set U = Uy U Uy. Define
f:U—=Rby f(x)=—1 forx e U, f(x) =1 for x € Uy. Show that f is
everywhere differentiable on U with D(f)(x) =0 but f is not constant.
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The reader may ask if we can obtain an improvement to our mean value
inequality by some sort of equality along the lines of Theorem 4.4.1. The
answer is a clear no.

Exercise 6.3.5. Let f : R — R? be given by f(t) = (cost,sint)”. Compute
the Jacobian matriz of partial derivatives for f and show that £(0) = f(2n)
but DE(t) # 0 for all t.

(Although Exercise K.102 is not a counter example it points out another
problem which occurs when we work in many dimensions.)

It is fairly obvious that we cannot replace the line segment L in Theo-
rem 6.3.1 by other curves without changing the conclusion.

Exercise 6.3.6. Let
U={xeR*: |x||>1}\{(z,0)" : 2 <0}
If we take 0(x) to be the unique solution of

x ) Yy
COS(Q(X)) = W, 31n(¢9(x)) = W, - < 9(X) <Tm
for x = (z,y)T € U, show that 0 : U — R is everywhere differentiable
with | DO(x)|| < 1. (The amount of work involved in proving this depends

quite strongly on how clever you are in exploiting radial symmetry.) Show,
however, that if a = (—1,107HT b = (=1, -107")T, then

6(a) = 0(b)[ > [la —b]|.

It is clear (though we shall not prove it, and, indeed, cannot yet state it
without using concepts which we have not formally defined) that the correct
generalisation when L is not a straight line will run as follows. ‘If L is a well
behaved path lying entirely within U and ||Df(x)|| < K for all x € L then
|£(a) — f(b)]| < K x length L'






Chapter 7

Local Taylor theorems

7.1 Some one dimensional Taylor theorems

By definition, a function f : R — R which is continuous at 0 looks like a
constant function near 0, in the sense that

f(t) = f(0) +€(t)

where €(t) — 0 as t — 0. By definition, again, a function f : R — R which
is differentiable at 0 looks like a linear function near 0, in the sense that

F(t) = f(0) + f/(0)t + €(t)]¢]

where €(t) — 0 as t — 0. The next exercise establishes the non-trivial
theorem that a function f : R — R, which is n times differentiable in a
neighbourhood of 0 and has f™ continuous at 0, looks like a polynomial of
degree n near 0, in the sense that
/l(o)

(n)
J(t) = JO) + [0+ 5528 + -+ / n!<0)

"+ ()|t

where €(t) — 0 as t — 0.
This exercise introduces several ideas which we use repeatedly in this
chapter so the reader should do it carefully.

Exercise 7.1.1. In this exercise we consider functions f,g : (—a,a) — R
where a > 0.

(i) If f and g are differentiable with f'(t) < ¢'(t) for all 0 <t < a and
f(0) = g(0), explain why f(t) < g(t) for all 0 <t < a.

(i) If | f' ()| < |t]" for all t € (—a,a) and f(0) = 0, show that |f(t)] <
[t|" T/ (r + 1) for all |t] < a.

141
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(iii) If g is n times differentiable with |g"™ (t)] < M for all t € (—a,a)

and g(0) = ¢'(0) = --- = g»=1(0) = 0, show that
Mt|"
gl < —
for all t| < a.

(iv) If g is n times differentiable in (—a,a) and g(0) = ¢'(0) = -+ =
g™ (0) = 0, show, using (i), that, if g™ is continuous at 0, then

n(®)[t"
n!

lg(t)] <

where n(t) — 0 as t — 0.
(v) If f is n times differentiable with |f™(t)] < M for all t € (—a,a),
show that

Mt
<

@(0) .
Ft) — Z f ﬂ(O)tJ

1
=0

e
n!

<

for all t]| < a.
(vi) If f is n times differentiable in (—a,a), show that, if f™ is contin-
wous at 0, then

n!

|f(t) -2

where n(t) — 0 ast — 0.

f<ﬂ‘><o>tj‘ YOI
I

Restating parts (v) and (vi) of Exercise 7.1.1 we get two similar looking
but distinct theorems.

Theorem 7.1.2. (A global Taylor’s theorem.) If f : (—a,a) — R isn
times differentiable with |f™ (t)| < M for all t € (—a,a), then

nzl () , n
oS, e
= I !

Theorem 7.1.3. (The local Taylor’s theorem). If f: (—a,a) - R isn
times differentiable and f is continuous at 0, then

LLEE) A
1) = > 2 e

where €(t) — 0 ast — 0.
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We shall obtain other and more precise global Taylor theorems in the
course of the book (see Exercise K.49 and Theorem 8.3.20) but Theorem 7.1.2
is strong enough for the following typical applications.

Exercise 7.1.4. (i) Consider a differentiable function e : R — R which
obeys the differential equation €'(t) = e(t) with the initial condition e(0) = 1.
Quote a general theorem which tells you that, if a > 0, there exists an M
with |e(t)| < M for |t| < a. Show that

| M|t
= 4! n!
for all |t| < a. Deduce that
n—1 ,,;
tJ
=0 7"
as n — 00, and so
e(t) =) i
5=0

for all t.

(i) Consider differentiable functions s, ¢ : R — R which obey the differ-
ential equations s'(t) = c(t), ¢ (t) = —s(t) with the initial conditions s(0) = 0,
c(0) = 1. Show that

]t2]+1

]Z (27 + 1)!

for all t and obtain a similar result for c.

However, in this chapter we are interested in the local behaviour of func-
tions and therefoe in the local Taylor theorem. The distinction between local
and global Taylor expansion is made in the following very important example
of Cauchy.

Example 7.1.5. Consider the function F' : R — R defined by

F(0) =0
F(z) = exp(—1/2?) otherwise.
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(1) Prove by induction, using the standard rules of differentiation, that F
1s infinitely differentiable at all points x # 0 and that, at these points,

F™(x) = Po(1/x) exp(~1/2%)

where P, is a polynomial which need not be found explicitly.

(ii) Explain why x='P,(1/x)exp(—1/2*) — 0 as x — 0.

(111) Show by induction, using the definition of differentiation, that F' is
infinitely differentiable at 0 with F™(0) = 0 for all n. [Be careful to get this
part of the argument right.]

(iv) Show that

> F@) ,
j=0
if and only if v = 0. (The reader may prefer to say that ‘The Taylor expansion
of F' is only valid at 0°.)
(v) Why does part (iv) not contradict the local Taylor theorem (Theo-
rem 7.1.3)7
[We give a different counterexample making use of uniform convergence in
Ezercise K.226.]

Example 7.1.6. Show that, if we define E: R — R by

0 if x <0
E(z) = exp(—1/27) otherwise,

then E is an infinitely differentiable function with E(z) = 0 for x < 0 and
E(z) >0 forxz >0

Cauchy gave his example to show that we cannot develop the calculus
algebraically but must use €, § techniques. In later courses the reader will
see that his example encapsulates a key difference between real and complex
analysis. If the reader perseveres further with mathematics she will also find
the function E playing a useful role in distribution theory and differential
geometry.

A simple example of the use of the local Taylor theorem is given by the
proof of (a version of) L’Hopital’s rule in the next exercise.

Exercise 7.1.7. If f, g: (—a,a) — R are n times differentiable and

FO)=f0)=-=f"10) = g(0) =g'(0) = --- = g"(0) =0
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but g™ (0) # 0 then, if f™ and g™ are continuous at 0, it follows that

ast — 0.

It should be pointed out that the local Taylor theorems of this chapter
(and the global ones proved elsewhere) are deep results which depend on
the fundamental axiom. The fact that we use mean value theorems to prove
them is thus not surprising — we must use the fundamental axiom or results
derived from it in the proof.

(Most of my readers will be prepared to accept my word for the statements
made in the previous paragraph. Those who are not will need to work through
the next exercise. The others may skip it.)

Exercise 7.1.8. FExplain why we can find a sequence of irrational numbers
a, such that 4"t < a, < 4. We write [y = {x € Q : > ap} and

IL={z€eQ:a, <z <ap,.}

n=1, 2, 3, ...]. Check that, if v € I,,, then 4™ 1 <x <4 [n >1].
We define f:Q — Q by f(0) =0 and f(x) =8"if |x| € I, [n > 0]. In
what follows we work in Q.
(i) Show that

f(h) = f(0)
h

as h — 0. Conclude that f is differentiable at 0 with f'(0) = 0.

(i1) Explain why f is everywhere differentiable with f'(x) = 0 for all x.
Conclude that f is infinitely differentiable with f0 =0 for all v > 0.

(#i) Show that

— 0

f(h) — (0)
h2

— 00

as h — 0. Conclude that, if we write

/"(0)
2!

f(h) = f(0) + f'(0)h + h* +e(h)h?,

then e(h) - 0 as h — 0. Thus the local Taylor theorem (Theorem 7.1.3) is
false for Q.
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7.2 Some many dimensional local Taylor the-
orems

In the previous section we used mean value inequalities to investigate the
local behaviour of well behaved functions f : R — R. We now use the same
ideas to investigate the local behaviour of well behaved functions f : R" — R.
It turns out that, once we understand what happens when n = 2, it is easy
to extend the results to general n and this will be left to the reader.

Here is our first example.

Lemma 7.2.1. We work in R? and write 0 = (0,0).
(1) Suppose 6 > 0, and that f : B(0,5) — R has partial derivatives f

and fo with [f1(z,y)], |f2(z,y)| < M for all (z,y) € B(0,0). If f(0,0) =0,
then

(2, y)| < 2M (2 + y?)?

for all (z,y) € B(0,0).

(11) Suppose 6 > 0, and that g : B(0,0) — R has partial derivatives
g1 and g2 in B(0,0). Suppose that g1 and go are continuous at (0,0) and
9(0,0) = ¢1(0,0) = ¢g2(0,0) = 0. Then writing

g((h, k) = e(h, k)(h* + k)2
we have e(h, k) — 0 as (h? + k*)'/2 — 0.

Proof. (i) Observe that the one dimensional mean value inequality applied
to the function ¢ — f(xz,t) gives

‘f(xmy) - f(x70)‘ < M’y‘

whenever (z,y) € B(0,0) and the same inequality applied to the function
s +— f(s,0) gives

[/ (z,0) = f(0,0)] < M]z]

whenever (z,0) € B(0,0). We now apply a taxicab argument (the idea
behind the name is that a New York taxicab which wishes to get from (0, 0)
to (x,y) will be forced by the grid pattern of streets to go from (0,0) to (x,0)
and thence to (z,y)) to obtain

|f(z, )] = |f(z,y) — £(0,0)| = |
< I[f(z,y) — f(2,0)] + |
< 2M (2 + )2

(f(z,y) = f(2,0)) + (f(x,0) = f(0,0))]
f(,0) = f(0,0)] < My| + Mlz|
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for all (z,y) € B(0,0).
(i) Let € > 0 be given. By the definition of continuity, we can find a d;(¢)
such that § > d;(€) > 0 and

9.1(x,y)], |g2(z,y)| < €/2

for all (z,y) € B(0,01(¢)). By part (i), this means that
9z, y)| < e(a® +y*)'
for all (z,y) € B(0,d1(¢)) and this gives the desired result. |

Theorem 7.2.2. (Continuity of partial derivatives implies differen-
tiability.) Suppose § > 0, x = (v,y) € R?, B(x,0) C E C R? and that
f+ E — R. If the partial derivatives f1 and fo exist in B(x,6) and are
continuous at X, then, writing

fla+hy+k)=flz,y)+ fi(z,y)h+ fa(2,y)k + e(h, k) (h* + k)72,

we have e(h, k) — 0 as (h? + k?)Y/2 — 0. (In other words, f is differentiable
at x.)

Proof. By translation, we may suppose that x = 0. Now set

g(xay) = f(:v,y) - f(0,0) - f,l(()»O)x - f72(070)y~

We see that g satisfies the hypotheses of part (ii) of Lemma 7.2.1. Thus ¢
satisfies the conclusions of part (ii) of Lemma 7.2.1 and our theorem follows.
[

Although this is not one of the great theorems of all time, it occasionally
provides a useful short cut for proving functions differentiable!. The following
easy extensions are left to the reader.

Theorem 7.2.3. (i) Suppose 6 > 0, x € R™, B(x,§) C E C R™ and that
f: E — R. If the partial derivatives f1, fo, ... fm existin B(x,d) and are
continuous at x, then f is differentiable at x.

(ii) Suppose 6 > 0, x € R™, B(x,0) C E CR™ and that f : E — RP. If
the partial derivatives f; ; exist in B(x,d) and are continuous at x [1 < i <
p, 1 <j <mj, then f is differentiable at x.

'T emphasise the word occasionally. Usually, results like the fact that the differentiable
function of a differentiable function is differentiable give a faster and more satisfactory
proof.
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Similar ideas to those used in the proof of Theorem 7.2.2 give our next
result which we shall therefore prove more expeditiously. We write

fai(x) = (f5).4(x),
or, in more familiar notation,

_ o

fij

Theorem 7.2.4. (Second order Taylor series.) Suppose 6 > 0, x =
(r,y) € R?, B(x,0) C E C R? and that f : E — R. If the partial derivatives
fa, fo, fa1, fa2, fo2 exist in B(x,0) and f11, fi2, fo2 are continuous at x,
then writing

f((l' + hay =+ k)) :f(xay) + f,l('x’y)h + f,Q(xay)k
+ (far(z, y)h® + 2f 12(z, y)hk + foo(m,y)k*) /2 + €(h, k) (h* + K?),

we have e(h, k) — 0 as (h? + k)2 — 0.
Proof. By translation, we may suppose that x = 0. By considering
f(hyk) = £(0,0) = f1(0,0)h = £2(0,0)k — (£.11(0,0)h* 4 2f 15(0,0)hk + f125(0,0)k%)/2,
we may suppose that
f(0,0) = f1(0,0) = £2(0,0) = f11(0,0) = f12(0,0) = f22(0,0).
If we do this, our task reduces to showing that

f(hk)
h? + k2

as (h? + k*)Y? - 0.

To this end, observe that, if ¢ > 0, the continuity of the given partial
derivatives at (0,0) tells us that we can find a d;(€) such that 6 > d1(¢) > 0
and

|fau(h K|, | faa(hy k)], | fa(h, k)| < e

for all (h,k) € B(0,6;(€)). Using the mean value inequality in the manner
of Lemma 7.2.1, we have

|f,1(h7 k) - f,l(h70)| < €|k|
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and

|f,1(h70) - f,1<070)‘ < 6|h|
and a taxicab argument gives
|f,1<h7 k>| - |f,1(h7k) - f,1<070)| = |(f,1(h7 k) - f,l(h7 0)) + (f,l(h70> - f,1(070>>|
< | falhs k) = f1(h, 0)| + [£1(h, 0) = £1(0,0)] < e([k[ 4 |h])

for all (h, k) € B(0,d,(€)). (Or we could have just applied Lemma 7.2.1 with
f replaced by f;.) The mean value inequality also gives

|£2(0, k)| = |£2(0, k) — f2(0,0)] < e[k].

Now, applying the taxicab argument again, using the mean value inequal-
ity and the estimates of the first paragraph, we get

|f(h, k)l = |f(h k) = f(0,0)] = [(f(h, k) = f(0,k)) + (f(0, k) = f(0,0))]
< |f(h, k) = f(0,K)[ + | f(0,k) — f(0,0)]
sup | fa(sh, k)||R] + Sup | f2(0,tk)|[ |

VAN

< e(|k] + [R])I] + e|k]*
< 3e(h® + k?).

Since € was arbitrary, the result follows. |

Exercise 7.2.5. Set out the proof of Theorem 7.2.4 in the style of the proof
of Theorem 7.2.2.

We have the following important corollary.

Theorem 7.2.6. (Symmetry of the second partial derivatives.) Sup-
pose & > 0, x = (z,y) € R?, B(x,6) C E C R? and that f : E — R.
If the partial derivatives f1, fo, fi1, fa2, fo1 foo exist in B(x,0) and are
continuous at x, then f12(x) = fo1(x).

Proof. By Theorem 7.2.4, we have
f(llf + h7y + k) :f<x7y) + f,l(x7y)h‘ + f,Q(xJ y>k
+ (f,ll(xa y)h2 + 2f,12($a y)hk + f,22(x7 y)kz)/2 + El(ha k)(h? + k,?)

with €;(h, k) — 0 as (h? + k?)/2 — 0. But, interchanging the role of first
and second variable, Theorem 7.2.4 also tells us that

f(.% + hvy + k) :f(x,y) + f71($,y)h + f,Z(xa y)k
+ (fuu(z,y)h® + 2f 01 (2, y)hk + foo(z,9)k%)/2 + €a(h, k) (h* + k?)



150 A COMPANION TO ANALYSIS

with ey(h, k) — 0 as (h2 + k)12 — 0.
Comparing the two Taylor expansions for f(x + h,y + k), we see that

f’lg(aﬁ, y)hk’ — f721 (.Z', y)hk = (Gl(h, k) — EQ(h, k))(hQ + kz) = 63(h, k) (h2 + k2)

with e3(h, k) — 0 as (h? 4+ k?)'/2 — 0. Taking h = k and dividing by h? we
have

fr2(z,y) — far(z,y) = 2e3(h, h) — 0
as h — 0, 50 fi2(x,y) — fai1(z,y) = 0 as required. |

It is possible to produce plausible arguments for the symmetry of second
partial derivatives. Here are a couple.

(1) If f is a multinomial, i.e. f(z,y) = 25:0 ZqQ:O apqrPy?, then f19 =
f21. But smooth functions are very close to being polynomial, so we would
expect the result to be true in general.

(2) Although we cannot interchange limits in general, it is plausible, that
if f is well behaved, then

f,12(x7y) = flllil(l)llglir(l] h_lk_l(f(‘r + hvy + k) - f(ZL' + hay> - f(xay + k) + f(a:,y))
= lim lm bk (f (@ + hoy + k) = f(z + hy) = f(o,y + k) + f(2,y)
= far(x,y).

However, these are merely plausible arguments. They do not make clear the
role of the continuity of the second derivative (in Example 7.3.18 we shall see
that the result may fail for discontinuous second partial derivatives). More
fundamentally, they are algebraic arguments and, as the use of the mean value
theorem indicates, the result is one of analysis. The same kind of argument
which shows that the local Taylor theorem fails over Q (see Example 7.1.8)
shows that it fails over Q2 and that the symmetry of partial derivatives fails
with it (see [33]).

If we use the D notation, Theorem 7.2.6 states that (under appropriate
conditions)

DDy f = DyDa f.
If we write D;; = D;D;, as is often done, we get
Diof = Do f.

What happens if a function has higher partial derivatives? It is not hard
to guess and prove the appropriate theorem.
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Exercise 7.2.7. Suppose § > 0, x € R™ B(x,d) € E C R™ and that
f+ E — R. Show that, if all the partial derivatives f;, fjk, fijk, --. up to
the nth order ezist in B(x,0) and are continuous at x, then, writing

fx+h)=fx)+ Z x)h; + |Zz,fjk hhk-ir%ZZngkz )bl

j=1 T =1 k=1 T =1 k=1 1=1
+ -+ + sum up to nth powers+ e(h)|/h|",

we have e(h) — 0 as ||h|| — 0.

Notice that you do not have to prove results like

Fir(x) = fuir(x) = fry(x) = fue(x) = f0(x) = fru(x)

since they follow directly from Theorem 7.2.6.
Applying Exercise 7.2.7 to the components f; of a function f, we obtain
our full many dimensional Taylor theorem.

Theorem 7.2.8 (The local Taylor’s theorem). Suppose § > 0, x € R™,
B(x,0) C E C R™ and that £ : E — RP. If all the partial derivatives f; ;,

fiiks fijkis --. ezist in B(x,6) and are continuous at x, then, writing
m 1 m m
filx+h)=fix)+ > fis h]+522f”k x)hjhy,
j=1 j=1 k=1
1 m m m
3 RIS
j=1 k=1 I=1

+ -+ sum up to nth powers+ ¢;(h)|/h|",
we have ||€e(h)|| — 0 as ||h|| — 0.

The reader will remark that Theorem 7.2.8 bristles with subscripts, con-
trary to our announced intention of seeking a geometric, coordinate free view.
However, it is very easy to restate the main formula of Theorem 7.2.8 in a
coordinate free way as

f(x+h)=1f(x) +ai(h)+ az(h,h)+--- 4+ a,(h,h,... . h) + e(h)|h]",

where a : R™ x R™-.. x R™ — RP is linear in each variable (i.e. a k-
linear function) and symmetric (i.e. interchanging any two variables leaves
the value of aj unchanged).

Anyone who feels that the higher derivatives are best studied using co-
ordinates should reflect that, if £ : R?® — R? is well behaved, then the
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‘third derivative behaviour’ of f at a single point is apparently given by
the 3 x 3 x 3 x 3 =81 numbers f; ju(x). By symmetry (see Theorem 7.2.6)
only 30 of the numbers are distinct but these 30 numbers are independent
(consider polynomials in three variables for which the total degree of each
term is 3). How can we understand the information carried by an array of
30 real numbers?

Exercise 7.2.9. (i) Verify the statements in the last paragraph. How large
an array is required to give the ‘third derivative behaviour’ of a well behaved
function £ : R* — R* at a point? How large an array is required to give the
‘fourth derivative behaviour’ of a well behaved function £ : R® — R3 at a
point?

(11) (Ignore this if the notation is not familiar.) Consider a well behaved
function f : R? — R3. How large an array is required to give curlf = v x f
and divf = v - £¢2 How large an array is required to give Df?

In many circumstances curl f and div £ give the physically interesting part
of Df but physicists also use

3 3 3
(a-V)f = (Z ajfl,j,Zajfg,j,Zajfg,j> -
=1 j=1 j=1

How large an array is required to give (a - V)f for alla € R3?

In subjects like elasticity the description of nature requires the full Jaco-
bian matriz (f; ;) and the treatment of differentiation used is closer to that
of the pure mathematician.

Most readers will be happy to finish this section here?. However, some of
them? will observe that in our coordinate free statement of the local Taylor’s
theorem the ‘second derivative behaviour’ is given by a bilinear map «y :
R™ x R™ — RP and we defined derivatives in terms of linear maps.

Let us be more precise. We suppose f is a well behaved function on an
open set U C RP taking values in R™. If we write L(F, F) for the space
of linear maps from a finite dimensional vector space E to a vector space F
then, for each fixed x € U, we have Df(x) € L(R™,RP). Thus, allowing x to
vary freely, we see that we have a function

Df .U — L(R™ RP).

2The rest of this section is marked with a ©.

3Boas notes that ‘There is a test for identifying some of the future professional math-
ematicians at an early age. These are students who instantly comprehend a sentence
beginning “Let X be an ordered quintuple (a, T, 7, o, B) where ... 7. They are even more
promising if they add, “I never really understood it before.” ’ ([8] page 231.)
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We now observe that L(R™,RP) is a finite dimensional vector space over R
of dimension mp, in other words, L(R™, RP) can be identified with R™?. We
know how to define the derivative of a well behaved function g : U — R
at x as a function

Dg(x) € L(R™ R™)
so we know how to define the derivative of Df at x as a function
D(Df)(x) € L(R™, L(R™,RP)).

We have thus shown how to define the second derivative D*f(x) = D(Df)(x).
But D?f(x) lies in L(R™, L(R™,RP)) and «y lies in the space £(R™, R™; RP)
of bilinear maps from R™ x R™ to RP. How, the reader may ask, can we
identify L(R™, L(R™,RP)) with £(R™, R™;RP)? Fortunately this question
answers itself with hardly any outside intervention.

Exercise 7.2.10. Let E, F' and G be finite dimensional vector spaces over
R. We write E(E, F;G) for the space of bilinear maps « : E x F' — G.
Define

(O(@)(w))(v) = a(u,v)

foralla € E(E,F;G),ue E andv € F.
(1) Show that ©(a)(u) € L(F, Q).
(ii) Show that, if v is fized,

(@(a)()\lul + )\2112)) (V) = ()\1@(06)(111) —+ )\2@(&) (UQ)) (V)
and deduce that
@(Oz)()\llll + /\2112) = )\1@(0()(111) + )\2@(&)(112)

for all Ay, Ay € R and uy, uy € E. Conclude that ©(«) € L(E, L(F,G)).

(111) By arguments similar in spirit to those of (ii), show that © : E(E, F;G) —
L(E,L(F,GQ)) is linear.

(iv) Show that if (O(a)(u))(v) =0 for allu € E, v € F, then a = 0.
Deduce that © 1is injective.

(v) By computing the dimensions of E(E, F;G) and L(E, L(F,G)), show

that © s an isomorphism.

Since our definition of © does not depend on a choice of basis, we say that
© gives a natural isomorphism of E(E, F;G) and L(E, L(F,G)). If we use
this isomorphism to identify £(F, F;G) and L(E, L(F,G)) then D*f(x) €
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E(R™ R™;RP). If we treat the higher derivatives in the same manner, the
central formula of the local Taylor theorem takes the satisfying form

f(x + h) = f(x) + Df(x)(h) + %DQf(x)(h, h) 4 -+ %D”f(x)(h, h,...,h) + e(h)||h|

For more details, consult sections 11 and 13 of chapter VIII of Dieudonné’s
Foundations of Modern Analysis [13] where the higher derivatives are dealt
with in a coordinate free way. Like Hardy’s book [23], Dieudonné’s is a
masterpiece but in very different tradition®.

7.3 Critical points

In this section we mix informal and formal argument, deliberately using
words like ‘well behaved’ without defining them. Our object is to use the
local Taylor formula to produce results about maxima, minima and related
objects.

Let U be an open subset of R™ containing 0. We are interested in the
behaviour of a well behaved function f : U — R near 0.

Since f is well behaved, the first order local Taylor theorem (which re-
duces to the definition of differentiation) gives

f(h) = f(0) + ah + €(h)||hl]

where e(h) — 0 as ||h|| — 0 and « = Df(0) is a linear map from R™ to R.
By a very simple result of linear algebra, we can choose a set of orthogonal
coordinates so that a(xy,zs, ..., z,) = ax; with a > 0.

Exercise 7.3.1. If a : R™ — R s linear show that, with respect to any
particular chosen orthogonal coordinates,

Oé(ﬂ?l,Ig, ce ,Im) = a1 + asxg + - + ap Ty,

for some a; € R. Deduce that there is a vector a such that ax = a-x for all
x € R™. Conclude that we can choose a set of orthogonal coordinates so that
a1, T, ..., xTy) = axy with a > 0.

In applied mathematics we write a = Vf. A longer, but very instructive
proof, of the result of this exercise is given in Fxercise K.31.

In the coordinate system just chosen

f(haha, ... he) = f(0) + ahy + e(h)||h]]
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Figure 7.1: Contour lines when the derivative is not zero.

where €(h) — 0 as ||h|| — 0. Thus, speaking informally, if @ # 0 the ‘contour
lines” f(h) = ¢ close to 0 will look like parallel ‘hyperplanes’ perpendicular to
the z; axis. Figure 7.1 illustrates the case m = 2. In particular, our contour
lines look like those describing a side of a hill but not its peak.

Using our informal insight we can prove a formal lemma.

Lemma 7.3.2. Let U be an open subset of R™ containing x. Suppose that
f U — R is differentiable at x. If f(x) > f(y) for all'y € U then
Df(x) =0 (more precisely, Df(x)h =0 for all h € R™).

Proof. There is no loss in generality in supposing x = 0. Suppose that
Df(0) # 0. Then we can find an orthogonal coordinate system and a strictly
positive real number a such that Df(0)(hy, ho,...,h,) = ahy. Thus, from
the definition of the derivative,

f(h1,ha, ... hy) = f(0) + ahy + e(h)||/h|

where |le(h)|| — 0 as ||h|| — 0.

Choose 1 > 0 such that, whenever ||h|| < n, we have h € U and ||e(h)|| <
a/2. Now choose any real h with 0 < h < n. If we set h = (h,0,0,...,0), we
have

f(h) = f(0) +ah + e(h)h > f(0) +ah —ah/2 = f(0) + ah/2 > f(0).
|

The distinctions made in the following definition are probably familiar to
the reader.

Definition 7.3.3. Let E be a subset of R™ containing x and let f be a
function from E to R.

4See the quotation from Boas in the previous footnote.
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(1) We say that f has a global mazimum at x if f(x) > f(y) for all
yeE.

(11) We say that [ has a strict global maximum at x if f(x) > f(y) for
ally € E withx #y.

(11i) We say that f has a local mazimum (respectively a strict local mazxi-
mum) at X if there exists ann > 0 such that the restriction of f to ENB(x,n)
has a global mazimum (respectively a strict global mazimum) at x.

(i) If we can find ann > 0 such that E D B(x,n) and f is differentiable
at x with D f(x) = 0, we say that x is a critical or stationary point® of f.

It is usual to refer to the point x where f takes a (global or local) maxi-
mum as a (global or local) maximum and this convention rarely causes con-
fusion. When mathematicians omit the words local or global in referring to
maximum they usually mean the local version (but this convention, which I
shall follow, is not universal).

Here are some easy exercises involving these ideas.

Exercise 7.3.4. (i) Let U be an open subset of R™ containing x. Suppose
that f : U — R is differentiable on U and that Df is continuous at x. Show
that, if f has a local maximum at x, then Df(x) =0 .

(i1) Suppose that f : R™ — R is differentiable everywhere and E is a
closed subset of R™ containing x. Show that, even if x is a global maximum
of the restriction of f to E, it need not be true that Df(x) = 0. [Hint: We
have already met this fact when we thought about Rolle’s theorem.] Explain
informally why the proof of Lemma 7.3.2 fails in this case.

(i1i) State the definitions corresponding to Definition 7.5.3 that we need
to deal with minima.

(iv) Let E be any subset of R™ containing'y and let f be a function from
E toR. Ify is both a global maximum and a global minimum for f show that
f is constant. What can you say if we replace the word ‘global’ by ‘local’?

We saw above how f behaved locally near 0 if Df(0) # 0. What can we
say if Df(0) = 07 In this case, the second order Taylor expansion gives

f(h) = £(0) + B(h, h) + ¢(h)||h[
where

B(h,h) = % D> Fi(0)hhy

i=1 j=1

5In other words a stationary point is one where the ground is flat. Since flat ground
drains badly, the stationary points we meet in hill walking tend to be boggy. Thus we
encounter boggy ground at the top of hills and when crossing passes as well as at lowest
points (at least in the UK, other countries may be drier or have better draining soils).
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Figure 7.2: Contour lines when the derivative is zero but the second derivative
is non-singular

and e(h) — 0 as |h| — 0. We write 3 = 1D?f and call the matrix
K = (f;;(0)) the Hessian matrix. As we noted in the previous section,
the symmetry of the second partial derivatives (Theorem 7.2.6) tells us that
the Hessian matrix is a symmetric matrix and the associated bilinear map
D?f is symmetric. It follows from a well known result in linear algebra (see
e.g. Exercise K.30) that R™ has an orthonormal basis of eigenvectors of K.
Choosing coordinate axes along those vectors, we obtain

D’f(h,h) =) " \h?
i=1

where the \; are the eigenvalues associated with the eigenvectors.
In the coordinate system just chosen

1 m
f(hi,he, .. hy) = f(0) + B ;)\ih? + e(h)[[h|?

where e(h) — 0 as ||h|| — 0. Thus, speaking informally, if all the \; are
non-zero, the ‘contour lines’ f(h) = ¢ close to 0 will look like ‘quadratic hy-
persurfaces’ (that is m dimensional versions of conics). Figure 7.2 illustrates
the two possible contour patterns when m = 2. The first type of pattern is
that of a summit (if the contour lines are for increasing heights as we ap-
proach 0) or a bottom (lowest point)® (if the contour lines are for decreasing
heights as we approach 0). The second is that of a pass (often called a sad-
dle). Notice that, for merchants, wishing to get from one valley to another,
the pass is the highest point in their journey but, for mountaineers, wishing
to get from one mountain to another, the pass is the lowest point.

5The English language is rich in synonyms for highest points (summits, peaks, crowns,
... ) but has few for lowest points. This may be because the English climate ensures that
most lowest points are under water.
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When looking at Figure 7.2 it is important to realise that the difference
in heights of successive contour lines is not constant. In effect we have drawn
contour lines at heights f(0), f(0)+n, f(0)+2%n, f(0)+3%y, ..., f(0)+n?y.

Exercise 7.3.5. (i) Redraw Figure 7.2 with contour lines at heights f(0),
f(0) +mn, f(0) +2n, f(0)+3n, ..., f(0)+nn.

(11) What (roughly speaking) can you say about the difference in heights
of successive contour lines in Figure 7.17

Using our informal insight we can prove a formal lemma.

Lemma 7.3.6. Let U be an open subset of R™ containing x. Suppose that f :
U — R has second order partial derivatives on U and these partial derivatives
are continuous at x. If Df(x) =0 and D?*f(x) is non-singular then

(i) f has a minimum at x if and only if D*f(x) is positive definite.

(ii) f has a mazimum at x if and only if D*f(x) is negative definite.

The conditions of the second sentence of the hypothesis ensure that we
have a local second order Taylor expansion. In most applications f will be
much better behaved than this. We say that D?f(x) is positive definite if all
the associated eigenvalues (that is all the eigenvalues of the Hessian matrix)
are strictly positive and that D?f(x) is negative definite if all the associated
eigenvalues are strictly negative.

Exercise 7.3.7. Prove Lemma 7.3.6 following the style of the proof of Lemma 7.3.2.

It is a non-trivial task to tell whether a given Hessian is positive or neg-
ative definite.

Exercise 7.3.8. Let f(x,y) = 22 + 6xy + y*. Show that Df(0,0) = 0, that
all the entries in the Hessian matriz K at (0,0) are positive and that K
is non-singular but that D*f(0,0) is neither positive definite nor negative

definite. (So (0,0) is a saddle point.)

Exercise K.105 gives one method of resolving the problem.

Because it is non-trivial to use the Hessian to determine whether a sin-
gular point, that is a point x where D f(x) = 0 is a maximum, a minimum
or neither, mathematicians frequently seek short cuts.

Exercise 7.3.9. Suppose that f : R™ — R is continuous, that f(x) — 0 as
|x|| = oo and that f(x) > 0 for all x € R™.

(i) Explain why there exists an R > 0 such that f(x) < f(0) for all
[ > R.
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(i) Explain why there exists an xo with ||xo|| < R and f(x0) > f(x) for
all ||x]| < R.

(11i) Explain why f(xo) > f(x) for all x € R™.

() If f is everywhere differentiable and has exactly one singular point
yo show that f attains a global maximum at yq.

(v) In statistics we frequently wish to maximise functions of the form

f(a,b) = exp (‘ Z(yz —at; — 5)2) ;

1=1

with Zle t; = 0. Use the results above to find the values of a and b which
maximise f. (Of course, this result can be obtained without calculus but most
people do it this way.)

Mathematicians with a good understanding of the topic they are investi-
gating can use insight as a substitute for rigorous verification, but intuition
may lead us astray.

Exercise 7.3.10. Four towns lie on the vertices of a square of side a. What
is the shortest total length of a system of roads joining all four towns? (The
answer is given in Ezercise K.107, but try to find the answer first before
looking it up.)

The following are standard traps for the novice and occasional traps for
the experienced.

(1) Critical points need not be maxima or minima.

(2) Local maxima and minima need not be global maxima or minima.

(3) Maxima and minima may occur on the boundary and may then not
be critical points. [We may restate this more exactly as follows. Suppose
f+E — R. Unless F is open, f may take a maximum value at a point e € £
such that we cannot find any 6 > 0 with B(e,d) C E. However well f is
behaved, the argument of Lemma 7.3.2 will fail. For a specific instance see
Exercise 7.3.4.]

(4) A function need not have a maximum or minimum. [Consider f :
U — R given by f(z,y) = x where U = B(0,1) or U = R?%]

Exercise 7.3.11. Find the mazima and minima of the function f : R? — R
given by

flz,y)=y*—2° —ax

in the region {(x,y) : 2? +y? < 1}.
Your answer will depend on the constant a.
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Figure 7.3: Light paths in an ellipse

Matters are further complicated by the fact that different kinds of prob-
lems call for different kinds of solutions. The engineer seeks a global minimum
to the cost of a process. On the other hand if we drop a handful of ball bear-
ings on the ground they will end up at local minima (lowest points) and most
people suspect that evolutionary, economic and social changes all involve lo-
cal maxima and minima. Finally, although we like to think of many physical
processes as minimising some function, it is often the case they are really
stationarising (finding critical points for) that function. We like to say that
light takes a shortest path, but, if you consider a bulb A at the centre of an
ellipse, light is reflected back to A from B and B’, the two closest points on
the ellipse, and from C' and C’, the two furthest points (see Figure 7.3).

We have said that, if f : R> — R has a Taylor expansion in the neighbour-
hood of a point, then (ignoring the possibility that the Hessian is singular)
the contour map will look like that in Figures 7.1 or 7.2. But it is very
easy to imagine other contour maps and the reader may ask what happens
if the local contour map does not look like that in Figures 7.1 or 7.2. The
answer is that the appropriate Taylor expansion has failed and therefore the
hypotheses which ensure the appropriate Taylor expansion must themselves
have failed.

Exercise 7.3.12. Suppose that f : R? — R is given by £(0,0) =0 and
f(rcosf,rsind) = rg(0)

when r > 0, where g : R — R is periodic with period 2. [Informally, we
define f using polar coordinates.] Show that, if g(—0) = —g(0) for all 0, then
f has directional derivatives (see Definition 6.1.6) in all directions at (0,0).

If we choose g(0) = sin#, we obtain a contour map like Figure 7.1, but,
if g(0) = sin 30, we obtain something very different.

Exercise 7.3.13. We continue with the notation of Fxercise 7.3.12.
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(i) If g(0) = sinf, find f(x,y) and sketch the contour lines f(x,y) =
h, 2h, 3h, ... with h small.
(i1) If g(8) = sin 36, show that

y(32® —y?)
x? + y?
for (z,y) # 0. Sketch the contour lines f(x,y) = h, 2h, 3h, ... with h

small.

fr,y) =

Example 7.3.14. If

y(3z® — y?)

flz.y) == vy

f(0,0) =0,

then f is differentiable except at (0,0), is continuous everywhere, has direc-
tional derivatives in all directions at (0,0) but is not differentiable at (0,0).

for (z,y) # (0,0),

Proof. By standard results on differentiation (the chain rule, product rule
and so on), f is differentiable (and so continuous) except, perhaps, at (0,0).
If u? + v? = 1 we have

f(uh,vh) — f(0,0) _
h

v(3u? — v?)
as h — 0, so f has directional derivatives in all directions at (0,0). Since

4(max(|z], [y[))*
max(|z, |y[))*

|f(z,y) — f(0,0)] < = 4max(|z/, [y[) — 0

as (22 +y*)/? — 0, f is continuous at (0,0).
Suppose f were differentiable at (0,0). Then
f(h, k) = £(0,0) + Ah + Bk + e(h, k)(h* + k*)*/?

with e(h, k) — 0 as (h? + k%)Y2 — 0, and A = £,(0,0), B = f(0,0). The
calculations of the previous paragraph with v = 0 show that f;(0,0) = 0
and the same calculations with u = 0 show that f2(0,0) = —1. Thus

F(h k) + k = e(h,k)(h* + k*)'/2

and

f(hk)+k .
(h2 + k2)1/2
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as (h% 4 k*)Y/2 — 0. Setting k = h, we get

o1/2 _ h+h _ | S h)+h 0
(h2 + h2)1/2 (h? + h2)1/2
as h — 0, which is absurd. Thus f is not differentiable at (0, 0). [

(We give a stronger result in Exercise C.8 and a weaker but slightly easier
result in Exercise 7.3.16.)

Exercise 7.3.15. Write down the details behind the first sentence of our
proof of Example 7.3.14. You will probably wish to quote Lemma 6.2.11 and
Ezercise 6.2.17.

Exercise 7.3.16. If

Ty
f(z,y) = @+ )i for (z,y) # (0,0),
£(0,0) =0,
show that f is differentiable except at (0,0), is continuous at (0,0) and has
partial derivatives f1(0,0) and f2(0,0) at (0,0) but has directional deriva-

tives in no other directions at (0,0). Discuss your results briefly using the
1deas of Fxercise 7.3.12.

A further exercise on the ideas just used is given as Exercise K.108.
Emboldened by our success, we could well guess immediately a suitable
function to look for in the context of Theorem 7.2.6.

Exercise 7.3.17. Suppose that f : R? — R is given by £(0,0) =0 and
f(rcosf,rsinf) = r?sin 46,

forr > 0. Show that

_ Azy(a® — )
f(x,y) - 1'2 + y2
for (z,y) # 0. Sketch the contour lines f(x,y) = h, 2*h, 3*h, ... and

compare the result with Figure 7.2.

Exercise 7.3.18. Suppose that

fla) =5 por ) # 0.0),

£(0,0) = 0.
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(i) Compute f1(0,y), for y # 0, by using standard results of the calculus.

(i) Compute f1(0,0) directly from the definition of the derivative.

(i1i) Find fo(x,0) for all x.

() Compute f12(0,0) and f2(0,0).

(v) Show that f has first and second partial derivatives everywhere but
[12(0,0) # £21(0,0).

It is profoundly unfortunate that Example 7.3.14 and Exercise 7.3.18 seem
to act on some examiners like catnip on a cat. Multi-dimensional calculus
leads towards differential geometry and infinite dimensional calculus (func-
tional analysis). Both subjects depend on understanding objects which we
know to be well behaved but which our limited geometric intuition makes it
hard for us to comprehend. Counterexamples, such as the ones just produced,
which depend on functions having some precise degree of differentiability are
simply irrelevant.

At the beginning of this section we used a first order local Taylor expan-
sion and results on linear maps to establish the behaviour of a well behaved
function f near a point x where D f(x) # 0. We then used a second order lo-
cal Taylor expansion and results on bilinear maps to establish the behaviour
of a well behaved function f near a point x where Df(x) = 0 on condition
that D? f(x) was non-singular. Why should we stop here?

It is not the case that we can restrict ourselves to functions f for which
D?f(x) is non-singular at all points.

Exercise 7.3.19. (i) Let A(t) be a 3 X 3 real symmetric matriz with A(t) =
(a;;(t)). Suppose that the entries a;; : R — R are continuous. Explain why
det A : R — R s continuous. By using an expression for det A in terms
of the eigenvalues of A, show that, if A(0) is positive definite and A(1) is
negative definite, then there must exist a ¢ € (0,1) with A(c) singular.

(ii) Let m be an odd positive integer, U an open subset of R™ and v :
[0,1] — U a continuous map. Suppose that f : U — R has continuous
second order partial derivatives on U, that f attains a local minimum at (0)
and a local maximum at v(1). Show that there ezists a ¢ € [0,1] such that
D2f(~(t)) is singular.

There is nothing special about the choice of m odd in Exercise 7.3.19.
We do the case m = 2 in Exercise K.106 and ambitious readers may wish to
attack the general case themselves (however, it is probably only instructive if
you make the argument watertight). Exercise K.43 gives a slightly stronger
result when m = 1.

However, it is only when D f(x) vanishes and D?f(x) is singular at the
same point x that we have problems and we can readily convince ourselves
(note this is not the same as proving) that this is rather unusual.
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Exercise 7.3.20. Let f : R — R be given by f(z) = ax® + bx* + cx + d
with a, b, ¢, d real. Show that there is a y with f'(y) = f"(y) = 0 if and
only if one of the following two conditions hold:- a # 0 and b*> = 3ac, or
a=b=c=0,

Faced with this kind of situation mathematicians tend to use the word
generic and say ‘in the generic case, the Hessian is non-singular at the critical
points’. This is a useful way of thinking but we must remember that:-

(1) If we leave the word generic undefined, any sentence containing the
word generic is, strictly speaking, meaningless.

(2) In any case, if we look at any particular function, it ceases to be
generic. (A generic function is one without any particular properties. Any
particular function that we look at has the particular property that we are
interested in it.)

(3) The generic case may be a lot worse than we expect. Most mathemati-
cians would agree that the generic function f : R — R is unbounded on every
interval (a,b) with a < b, that the generic bounded function f : R — R is dis-
continuous at every point and that the generic continuous function f : R — R
is nowhere differentiable. We should have said something more precise like
‘the generic 3 times differentiable function f : R" — R has a non-singular
Hessian at its critical points’.

So far in this section we have looked at stationary points of f by studying
the local behaviour of the function. In this we have remained true to our
17th and 18th century predecessors. In a paper entitled On Hills and Dales,
Maxwell” raises our eyes from the local and shows us the prospect of a global
theory.

Plausible statement 7.3.21. (Hill and dale theorem.) Suppose the
surface of the moon has a finite number S of summits, B of bottoms and
P of passes (all heights being measured from the moon’s centre). Then

S+B—-P=2.

Plausible Proof. By digging out pits and piling up soil we may ensure that
all the bottoms are at the same height, that all the passes are at different
heights, but all higher than the bottoms, and that all the summits are at the
same height which is greater than the height of any pass. Now suppose that
it begins to rain and that the water level rises steadily (and that the level is
the same for each body of water). We write L(h) for the number of lakes (a
lake is the largest body of water that a swimmer can cover without going on

"Maxwell notes that he was anticipated by Cayley.
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Figure 7.4: A pass vanishes under water

to dry land), I(h) for the number of islands (an island is the largest body of
dry land that a walker can cover without going into the water) and P(h) for
the number of passes visible when the height of the water is h.

When the rain has just begun and the height hg, say, of the water is
higher than the bottoms, but lower than the lowest pass, we have

L(hy) = B, I(ho) =1, P(ho) = P. (1)

(Observe that there is a single body of dry land that a walker can get to
without going into the water so I(hg) = 1 even if the man in the street would
object to calling the surface of the moon with a few puddles an island.) Every
time the water rises just high enough to drown a pass, then either

(a) two arms of a lake join so an island appears, a pass vanishes and the
number of lakes remains the same, or

(b) two lakes come together so the number of lakes diminishes by one, a
pass vanishes and the number of islands remains the same.
We illustrate this in Figure 7.4. In either case, we see that

I(h) — L(h) + P(h) remains constant
and so, by equation (1),
I(h) — L(h) + P(h) = I(ho) — L(ho) + P(hg) =1— B+ P. (2)

When the water is at a height hq, higher than the highest pass but lower
than the summits, we have

L(h) =1, I(hy) = S, P(hy) = 0. (3)

(Though the man in the street would now object to us calling something a
lake when it is obviously an ocean with S isolated islands.) Using equations
(2) and (3), we now have

andso B+S8 — P =2. A
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Figure 7.5: One- and two-holed doughnuts

Exercise 7.3.22. State and provide plausible arguments for plausible results
corresponding to Plausible Statement 7.3.21 when the moon is in the shape
of a one-holed doughnut, two-holed doughnut and an n-holed doughnut (see
Figure 7.5).

Notice that local information about the nature of a function at special
points provides global ‘topological’ information about the number of holes in
a doughnut.

If you know Euler’s theorem (memory jogger ‘V-E+F=2’), can you con-
nect it with this discussion?

Exercise 7.3.23. The function f : R* — R is well behaved (say 3 times
differentiable). We have f(x,y) = 0 for 2*> + y*> = 1 and f(x,y) > 0 for
2?2 +y? < 1. State and provide a plausible argument for a plausible result
concerning the number of mazima, minima and saddle points (x,y) for f
with 22 +y* < 1.

I find the plausible argument just used very convincing but it is not clear
how we would go about converting it into an argument from first principles
(in effect, from the fundamental axiom of analysis). Here are some of the
problems we must face.

(1) Do contour lines actually exist (that is do the points (z,y) with
f(x,y) = h actually lie on nice curves)®? We shall answer this question
locally by the implicit function theorem (Theorem 13.2.4) and our discussion
of the solution of differential equations in Section 12.3 will shed some light
on the global problem.

(2) ‘The largest body of water that a swimmer can cover without going
on to dry land’ is a vivid but not a mathematical expression. In later work

8The reader will note that though we have used contour lines as a heuristic tool we have
not used them in proofs. Note that, in specific cases, we do not need a general theorem to
tell us that contour lines exist. For example, the contour lines of f(x,y) = a =222 + b~ 2y?
are given parametrically by (z,y) = (ah'/? cos @, bh!/?sin 6) for h > 0.
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this problem is resolved by giving a formal definition of a connected set.

(3) Implicit in our argument is the idea that a loop divides a sphere
into two parts. A result called the Jordan curve theorem gives the formal
statement of this idea but the proof turns out to be unexpectedly hard,

Another, less important, problem is to show that the hypothesis that
there are only a ‘finite number S of summits, B of bottoms and P of passes’
applies to an interesting variety of cases. It is certainly not the case that a
function f : R — R will always have only a finite number of maxima in a
closed bounded interval. In the same way, it is not true that a moon need
have only a finite number of summits.

Exercise 7.3.24. Reread Example 7.1.5. Define f : R — R by

f(z) = (cos(1/x) — 1)exp(—1/z*)  ifx #0,
f(0)=0

Show that f s infinitely differentiable everywhere and that f has an infinite
number of distinct strict local mazima in the interval [—1,1].
(Ezercise K.42 belongs to the same circle of ideas.)

The answer, once again, is to develop a suitable notion of genericity but
we shall not do so here.

Some say will say that there is no need to answer these questions since
the plausible argument which establishes Plausible Statement 7.3.21 is in
some sense ‘obviously correct’. I would reply that the reason for attacking
these questions is their intrinsic interest. Plausible Statement 7.3.21 and the
accompanying discussion are the occasion for us to ask these questions, not
the reason for trying to answer them. I would add that we cannot claim to
understand Maxwell’s result fully unless we can see either how it generalises
to higher dimensions or why it does not.

Students often feel that multidimensional calculus is just a question of
generalising results from one dimension to many. Maxwell’s result shows that
the change from one to many dimensions introduces genuinely new phenom-
ena, whose existence cannot be guessed from a one dimensional perspective.






Chapter 8

The Riemann integral

8.1 Where is the problem 7

Everybody knows what area is, but then everybody knows what honey tastes
like. But does honey taste the same to you as it does to me? Perhaps the
question is unanswerable but, for many practical purposes, it is sufficient
that we agree on what we call honey. In the same way, it is important that,
when two mathematicians talk about area, they should agree on the answers
to the following questions:-

(1) Which sets E actually have area?

(2) When a set E has area, what is that area?
One of the discoveries of 20th century mathematics is that decisions on (1)
and (2) are linked in rather subtle ways to the question:-

(3) What properties should area have?

As an indication of the ideas involved, consider the following desirable
properties for area.

(a) Every bounded set E in R? has an area |E| with |E| > 0.

(b) Suppose that F is a bounded set in R2. If E is congruent to F (that
is £ can be obtained from F' by translation and rotation), then |E| = |F].

(c) Any square E of side a has area |E| = a®.

(d) If Ey, Es, ... aredisjoint bounded sets in R? whose union F' = ;- E;
is also bounded, then |F| = Y7, |E;| (so ‘the whole is equal to the sum of
its parts’).

Exercise 8.1.1. Suppose that conditions (a) to (d) all hold.
(i) Let A be a bounded set in R* and B C A. By writing A= BU(A\ B)
and using condition (d) together with other conditions, show that |A| > |B|.
(#1) By using (i) and condition (c), show that, if A is a non-empty bounded
open set, in R? then |A| > 0.

169
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We now show that assuming all of conditions (a) to (d) leads to a con-
tradiction. We start with an easy remark.

Exercise 8.1.2. If 0 < x, y < 1, write x ~ y whenever x —y € Q. Show
that if z, y, z € [0,1) we have

(i) x ~w,

(11) © ~ y implies y ~ z,

(111) © ~y and y ~ z together imply x ~ z.
(In other words, ~ is an equivalence relation.)

Write

(2] ={y €[0,1) : y ~ z}.

(In other words, write [x] for the equivalence class of x.) By quoting the
appropriate theorem or direct proof, show that

(i) |J [21=10,1),
z€[0,1)
(v) if z, y € [0,1), then either [z] = [y] or [z] N [y] = 0.

We now consider a set A which contains exactly one element from each
equivalence class.

Exercise 8.1.3. (This is easy.) Show that if t € [0,1) then the equation
t=a+q mod1l

has exactly one solution with a € A, q rational and q € [0,1).
[Here t =x+q mod 1 meanst —x —q € Z.]

We are now in a position to produce our example. It will be easiest to
work in C identified with R? in the usual way and to define

E={rexp2mia : 1 >r >0, a € A}.

Since Q is countable, it follows that its subset QN [0, 1) is countable and we
can write

QNnI0,1)={g; : 7> 1}
with g1, ¢o, ... all distinct. Set

E; ={rexp2mi(a+g¢q;) : 1 >r>0, a € A}.
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Exercise 8.1.4. Suppose that conditions (a) to (d) all hold.
(1) Describe the geometric relation of E and E;. Deduce that |E| = |E;|.
(ii) Use Ezercise 8.1.3 to show that E; N Ey =0 if j # k.
(iii) Use Ezercise 8.1.3 to show that

j=1

where U ={z : 0 < |z| < 1}.
(iv) Deduce that

S 1B = (Ul
j=1

Show from Ezercise 8.1.1 (ii) that 0 < |U]|.

(v) Show that (i) and (iv) lead to a contradiction if |E| = 0 and if |E| > 0.
Thus (i) and (iv) lead to a contradiction whatever we assume. It follows that
conditions (a) to (d) cannot all hold simultaneously.

Exercise 8.1.5. Define E and E, as subsets of R* without using complex
numbers.

The example just given is due to Vitali. It might be hoped that the
problem raised by Vitali’s example are due to the fact that condition (d)
involves infinite sums. This hope is dashed by the following theorem of
Banach and Tarski.

Theorem 8.1.6. The unit ball in R3 can be decomposed into a finite number
of pieces which may be reassembled, using only translation and rotation, to
form 2 disjoint copies of the unit ball.

Exercise 8.1.7. Use Theorem 8.1.6 to show that the following four condi-
tions are not mutually consistent.

(a) Every bounded set E in R® has an volume |E| with |E| > 0.

(b) Suppose that E is a bounded set in R3. If E is congruent to F (that
is E can be obtained from F by translation and rotation), then |E| = |F|.

(c) Any cube E of side a has volume |E| = a®.

(d) If Ey and Ey are disjoint bounded sets in R?, then |Ey U Ey| = |Ey| +
| Ea|.

The proof of Theorem 8.1.6, which is a lineal descendant of Vitali’s ex-
ample, is too long to be given here. It is beautifully and simply explained in
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a book [46] devoted entirely to ideas generated by the result of Banach and
Tarski'.

The examples of Vitali and Banach and Tarski show that if we want a
well behaved notion of area we will have to say that only certain sets have
area. Since the notion of an integral is closely linked to that of area, (‘the
integral is the area under the curve’) this means that we must accept that
only certain functions have integrals. It also means that that we must make
sure that our definition does not allow paradoxes of the type discussed here.

8.2 Riemann integration

In this section we introduce a notion of the integral due to Riemann. For
the moment we only attempt to define our integral for bounded functions on
bounded intervals.

Let f : [a,b] — R be a function such that there exists a K with |f(z)| < K
for all z € [a,b]. [To see the connection with ‘the area under the curve’ it is
helpful to suppose initially that 0 < f(z) < K. However, all the definitions
and proofs work more generally for —K < f(z) < K. The point is discussed
in Exercise K.114.] A dissection (also called a partition) D of [a, b] is a finite
subset of [a, b] containing the end points a and b. By convention, we write

D ={xp,x1,...,2p} witha=2p<ax; <ay<--- <z, =0

We define the upper sum and lower sum associated with D by

n

S(f,D) =) (w;—x;1) sup  f(@).
j=1 TE|Tj—1,Tj

n

s(f,D)=) (rj—z;1) inf f(x)

o z€lzj1,2;]
[Observe that, if the integral ff f(t)dt ezists, then the upper sum ought to
provide an upper bound and the lower sum a lower bound for that integral.]

Exercise 8.2.1. (i) Suppose that a < ¢ < b. If D = {a,b} and D' =
{a,c, b}, show that

S(f,D) =z S(f,D') = s(f,D') = s(f, D).

'Tn more advanced work it is observed that our discussion depends on a principle
called the ‘axiom of choice’. It is legitimate to doubt this principle. However, anyone who
doubts the axiom of choice but believes that every set has volume resembles someone who
disbelieves in Father Christmas but believes in flying reindeer.
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(ii) Let ¢ # a, b. Show by examples that, in (i), we can have either
S(f.D) =5(f.D') or S(f,D) > S(f, D).

(iii) Suppose that a < ¢ < b and D is a dissection. Show that, if D' =
D U{c}, then

S(f,D) 2 8(f,D") = s(f, D) = s(f, D).

(iv) Suppose that D and D' are dissections with D' O D. Show, using
(i), or otherwise, that

S(f.,D) =2 8(f, D) = s(f, D) = s(f, D).

The result of Exercise 8.2.1 (iv) is so easy that it hardly requires proof.
None the less it is so important that we restate it as a lemma.

Lemma 8.2.2. If D and D’ are dissections with D' O D then
S(f,D) > S(f,D') = s(f.D') = s(f.D).

The next lemma is again hardly more than an observation but it is the
key to the proper treatment of the integral.

Lemma 8.2.3 (Key integration property). If f : [a,b] — R is bounded
and Dy and Dy are two dissections, then

S(f.D1) > S(f, D1 UDy) > s(f, D1 UDy) > s(f,Ds). *

The inequalities % tell us that, whatever dissection you pick and whatever
dissection I pick, your lower sum cannot exceed my upper sum. There is no
way we can put a quart into a pint pot? and the Banach-Tarski phenomenon
is avoided.

Since S(f,D) > —(b— a)K for all dissections D we can define the upper
integral as I*(f) = infp S(f, D). We define the lower integral similarly as
L.(f) = supp s(f, D). The inequalities % tell us that these concepts behave
well.

Lemma 8.2.4. If f : [a,b] — R is bounded, then I*(f) > L.(f).

[Observe that, if the integral fab f(t)dt exists, then the upper integral
ought to provide an upper bound and the lower integral a lower bound for
that integral.]

20r a litre into a half litre bottle. Any reader tempted to interpret such pictures
literally is directed to part (iv) of Exercise K.171.
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If I*(f) = L.(f), we say that f is Riemann integrable and we write

b
[ #ariz =1

We write R[a, b] or sometimes just R for the set of Riemann integrable func-
tions on [a, b].

Exercise 8.2.5. If k € R show that the constant function given by f(t) =k
for all t is Riemann integrable and

/abkdx:k(b—a).

The following lemma provides a convenient criterion for Riemann inte-
grability.

Lemma 8.2.6. (i) A bounded function f : [a,b] — R is Riemann integrable
if and only if, given any € > 0, we can find a dissection D with

S(f,D) —s(f,D) <e.

(11) A bounded function f : [a,b] — R is Riemann integrable with integral
I if and only if, given any € > 0, we can find a dissection D with

S(f,D)—s(f,D) <eand |S(f,D) —I| <e.
Proof. (i) We need to prove necessity and sufficiency. To prove necessity,
suppose that f is Riemann integrable with Riemann integral I (so that [ =

I(f) = L(f)). If € > 0 then, by the definition of I*(f), we can find a
dissection D; such that

I+¢€¢/2>8(f,Dy) > 1I.
Similarly, by the definition of I,(f), we can find a dissection Dy such that
I>s(f,Dy) >1—¢/2.
Setting D = D; U Dy and using Lemmas 8.2.2 and 8.2.3, we have
I+¢/2> S(£,Dy) = S(f,D) > 5(£,D) = 5(£,Ds) > [ — ¢/2,

so S(f, D) — s(f,D) < € as required.
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To prove sufficiency suppose that, given any € > 0, we can find a dissection
D with

S(f,D) —s(f,D) <e.

Using the definition of the upper and lower integrals I*(f) and I.(f) together
with the fact that I*(f) > L.(f) (a consequence of our key Lemma 8.2.3), we
already know that

S(f.D) = I"(f) = L.(f) = s(f, D),

so we may conclude that e > I*(f) — L.(f) > 0. Since € is arbitrary, we have

I“(f) — L(f) = 0 so I*(f) = L.(f) as required.
(ii) Left to the reader. [

Exercise 8.2.7. Prove part (ii) of Lemma 8.2.6.

Many students are tempted to use Lemma 8.2.6 (ii) as the definition of
the Riemann integral. The reader should reflect that, without the inequality
%, it is not even clear that such a definition gives a unique value for I. (This
is only the first of a series of nasty problems that arise if we attempt to
develop the theory without first proving %, so I strongly advise the reader
not to take this path.) We give another equivalent definition of the Riemann
integral in Exercise K.113.

It is reasonably easy to show that the Riemann integral has the properties
which are normally assumed in elementary calculus.

Lemma 8.2.8. If f,g : [a,b] — R are Riemann integrable, then so is f + g
and

/abf(x) 4 g(x) do = /abf(x) d:}c—l—/abg(x) da.

Proof. Let us write I(f) = fab f(z)dz and I(g) = fabg(:v) dx. Suppose € > 0
is given. By the definition of the Riemann integral, we can find dissections
D; and D; of [a, b] such that

I(f)+¢/4>S(f,D1) > I(f) > s(f,D1) — €/4 and
I(g) + €¢/4>5(g9,D2) > I(g) > s(g,Da) — €/4.

If we set D = D; UDs, then our key inequality % and the definition of 1*(f)
tell us that

I(f) +€/4>5(f,D1) = S(f.D) = I(f).
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Using this and corresponding results, we obtain

I(f)+¢€/4 >S(f,D) > I(f) > s(f,D) — ¢/4 and
I(g) +¢/4>5(g9,D) > I(g) > s(g,D) — ¢/4.
Now
S(f+9.D)= ) (xj—xj1) sup (f(z)+g(x))

T€[wj—1,75]

IN

M- 714:

(; —xj_1)( sup  f(z)+ sup g(z))

T€lzj_1,7;] z€lzj_1,24]

J

S(f, D)+ 5(g,D)

and similarly s(f+g,D) > s(f,D)+s(g, D). Thus, using the final inequalities
of the last paragraph,

I(f)+1(g) +€¢/2>5(f, D)+ 5(9,D) = S(f + 9, D)
> 5(f+9,D) = s(f, D) +s(9,D) > I(f) + 1(g) — €/2.

Thus S(f+¢9,D)—s(f+9,D) <eand |[S(f+9,D)— (I(f)+1(g9)) <e N

Exercise 8.2.9. How would you explain (NB explain, not prove) to someone
who had not done calculus but had a good grasp of geometry why the result

[ 1o+ owa= [ s [ o

is true for well behaved functions. (I hope that you will agree with me that,
obvious as this result now seems to us, the first mathematicians to grasp this
fact had genuine insight.)

Exercise 8.2.10. (i) If f : [a,b] — R is bounded and D is a dissection of
[a,b], show that S(—f, D)= —s(f,D).
(i) If f : |a,b] — R is Riemann integrable, show that —f is Riemann

integrable and
b b
[ r@nde== [ syas

(1) If A\ € R, A >0, f:]a,b] — R is bounded and D is a dissection of
[a,b], show that S(A\f, D) = AS(f,D).
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(i) If A€ R, A\ >0 and f : [a,b] — R is Riemann integrable, show that
Af is Riemann integrable and

/ab)\f(x)da:—/\/abf(x)dx.

(v) If \ € R and f : [a,b] — R is Riemann integrable, show that \f is
Riemann integrable and

/ab)\f(x)da: - A/abf(x)dx.

Combining Lemma 8.2.8 with Exercise 8.2.10, we get the following result.

Lemma 8.2.11. If \,u € R and f,g : [a,b] — R are Riemann integrable,
then \f + pg is Riemann integrable and

/abAf(x) + pg(z) de = )\/abf(a:) d:c+u/abg(;c) de.

In the language of linear algebra, R[a, b] (the set of Riemann integrable
functions on [a,b]) is a vector space and the integral is a linear functional
(i.e. a linear map from RJa,b] to R).

Exercise 8.2.12. (i) If E is a subset of [a,b], we define the indicator func-
tion Ig : [a,b] — R by Ip(z) = 1 if x € E, Ig(x) = 0 otherwise. Show
directly from the definition that, if a < ¢ < d <'b, then I q is Riemann
integrable and

b
/ Iieq(x)de =d—c.

(i) If a < ¢ < d < b, we say that the intervals (¢,d), (¢,d], [¢,d), [c,d] all
have length d —c. If 1(j) is a subinterval of [a,b] of length |1(j)| and A\; € R
show that the step function Z;L:1 ALy s Riemann integrable and

b n n
[ 3o At de = oA G
@ j=1 j=1

Exercise 8.2.13. (i) If f,g : [a,b] — R are bounded functions with f(t) >
g(t) for all t € [a,b] and D is a dissection of [a,b], show that S(f,D) >
S(9.D).
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(11) If f,g : |a,b] — R are Riemann integrable functions with f(t) > g(t)
for all t € [a,b], show that

/abf(x) dx > /abg(x) dx.

(111) Suppose that f : [a,b] — R is a Riemann integrable function, K € R
and f(t) > K for all t € [a,b]. Show that

/ F@)dz > K(b—a).

State and prove a similar result involving upper bounds.
(iv) Suppose that f : [a,b] — R is a Riemann integrable function, K € R,
K >0 and |f(t)] < K for allt € [a,b]. Show that

/abf(:v)d:z:

Although part (iv) is weaker than part (iii), it generalises more easily and
we shall use it frequently in the form

< K(b—a).

lintegral| < length X sup.

Exercise 8.2.14. (i) Let M be a positive real number and f : [a,b] — R
a function with |f(t)] < M for all t € [a,b]. Show that |f(s)* — f(t)?| <
2M|f(s) — f(t)| and deduce that

sup f(z)” — xggb]f@f < 2M( sup f(x)— inf}f(fv))

z€la,b] xz€|a,b] z€la,b

(i) Let f : [a,b] — R be a bounded function. Show that, if D is a
dissection of |a, b],

S(f27D) _8(f2D> < 2M(S(f7D) - S(f7D))

Deduce that, if f is Riemann integrable, so is f>.

(iti) By using the formula fg = 3((f + 9)* — (f — g)?), or otherwise,
deduce that that if f,g : [a,b] — R are Riemann integrable, so is fg (the
product of f and g). (Compare Ezercise 1.2.6.)

Exercise 8.2.15. (i) Consider a function f : [a,b] — R. We define fy, f- :
[a,b] — R by

0
0.

fr(@) = (), f-(£) =0 if f(t)
fe@) =0, @) =—f(t) i ft)

IN IV
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Check that f(t) = [+(t) — f(t) and |(1)] = £+(5) + (1)
(i) If f : [a,b] — R is bounded and D is a dissection of [a,b], show that

S(f7D)_S(f7D) ZS(f+,D)—S(f+,D) > 0.

(i5i) If f : [a,b] — R is Riemann integrable, show that f, and f_ are
Riemann integrable.
(i) If f : [a,b] — R is Riemann integrable, show that |f| is Riemann

integrable and
b
NCIE

Exercise 8.2.16. In each of Ezercises 8.2.10, 8.2.14 and 8.2.15 we used
a roundabout route to our result. For example, in Ezxercise 8.2.10 we first
proved that if f? is Riemann integrable whenever f is and then used this
result to prove that fg is Riemann integrable whenever f and g are. It is
natural to ask whether we can give a direct proof in each case. The reader
should try to do so. (In my opinion, the direct proofs are not much harder,
though they do require more care in writing out.)

x)dx|.

Exercise 8.2.17. (i) Suppose that a < ¢ < b and that f : [a,b] — R is a
bounded function. Consider a dissection Dy of [a,c| given by

Dy ={xo, 1, ..., T} witha=z9g< a1 <29< - <, =
and a dissection Dy of [c,b] given by
Dy = {Tms1, Tmao, -y Tp} With ¢ =Ty < Tpao < Tppas < - <z = b
If D is the dissection of |a,b] given by
D ={xg, 1, ..., Tp},
show that S(f,D) = S(flae:D1) + S(flicp), D2). (Here flja means the

restriction of f to [a,c|.)
(ii) Show that f € Rla,b] if and only if f|j.q € Rla,c| and f|iy € Rlc,b].
Show also that, if f € Rla,b], then

/f M—/ﬂm m+/ﬂm

In a very slightly less precise and very much more usual notation we write

/abf(x)dx:/acf(x)da:+/cbf(x)dx
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There is a standard convention that we shall follow which says that, if
b > a and f is Riemann integrable on [a, b], we define

/baf(x)dx——/abf(x)d:c

Exercise 8.2.18. Suppose 3 > « and f is Riemann integrable on |o, (3].
Show that if a, b, ¢ € [, 5] then

/abf(x)dx:/acf(x)da:Jr/cbf(x)dx

[Note that a, b and ¢ may occur in any of six orders.|
However, this convention must be used with caution.

Exercise 8.2.19. Suppose that b > a, \,;u € R, and f and g are Riemann
integrable. Which of the following statements are always true and which are
not? Give a proof or counterexample. If the statement is not always true,
find an appropriate correction and prove it.

()/Af()+ug( )dz =\ /f d:z:+,u/bag()d:n.
(ii) If f(x) > g(z) for all x € [a,b], then /a f(x)dx > /bag(:v) dx.

b

Riemann was unable to show that all continuous functions were integrable
(we have a key concept that Riemann did not and we shall be able to fill
this gap in the next section). He did, however, have the result of the next
exercise. (Note that an increasing function need not be continuous. Consider
the Heaviside function H : R — R given by H(z) =0 for x < 0, H(z) =1
for x > 0.)

Exercise 8.2.20. Suppose f : [a,b] — R is increasing. Let N be a strictly
positive integer and consider the dissection

D = {zo, ©1, ..., xn} withz; =a+ j(b—a)/N.
Show that
N
(£, D)= flz;)b—a)/N
j=1

find s(f,D) and deduce that
S(f, D) —s(f.D) = (f(b) — f(a))(b—a)/N.

Conclude that [ is Riemann integrable.
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Using Lemma 8.2.11 this gives the following result.

Lemma 8.2.21. If f : [a,b] — R can be written as f = f1 — fo with f1, f5:
[a,b] — R increasing, then f is Riemann integrable.

At first sight, Lemma 8.2.21 looks rather uninteresting but, in fact, it
covers most of the functions we normally meet.

Exercise 8.2.22. (i) If

At) =0, folt)=—-t*  ift<0
fit) =12 fo(t) =0 ift >0,
show that f1 and fy are increasing functions with t* = fi(t) — fa(t).
(i) Show that, if f : [a,b] — R has only a finite number of local mazxima

and minima, then it can be written in the form f = fi — fo with fi, fo :
[a,b] — R increasing.

Functions which are the difference of two increasing functions are dis-
cussed in Exercise K.158, Exercises K.162 to K.166 and more generally in
the next chapter as ‘functions of bounded variation’. We conclude this sec-
tion with an important example of Dirichlet.

Exercise 8.2.23. If f : [0,1] — R is given by
flz) =1
flz)=0 when x is irrational,

show that, whenever D is a dissection of [0,1], we have S(f,D) = 1 and
s(f,D) =0. Conclude that f is not Riemann integrable.

Exercise 8.2.24. (i) If f is as in Ezercise 8.2.23, show that

when x 1s rational,

e 1 o
NZf(r/N)zlandsoNZf(r/N)HlasN—>oo.
r=1 r=1

(i1) Let g : [0,1] — R be given by

g(r/2") =1 when 1 <r <2"—1,n>1, and r and n are integers,
g(s/3") = —1 when 1 <s<3"—1,n>1, and s and n are integers,
g(x)=0 otherwise.

Discuss the behaviour of

5 > alr/

as N — oo in as much detail as you consider desirable.
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8.3 Integrals of continuous functions

The key to showing that continuous functions are integrable, which we have
and Riemann did not, is the notion of uniform continuity and the theo-
rem (Theorem 4.5.5) which tells us that a continuous function on a closed
bounded subset of R", and so, in particular, on a closed interval, is uniformly
continuous?.

Theorem 8.3.1. Any continuous function f : [a,b] — R is Riemann inte-
grable.

Proof. If b = a the result is obvious, so suppose b > a. We shall show that f
is Riemann integrable by using the standard criterion given in Lemma 8.2.6.
To this end, suppose that € > 0 is given. Since a continuous function on a
closed bounded interval is uniformly continuous, we can find a 6 > 0 such
that

|f(z) — fly)| < ﬁ whenever z,y € [a,b] and |z —y| < 0.

Choose an integer N > (b —a)/é and consider the dissection
D = {xg, x1, ..., xn} with z; =a+ j(b—a)/N.

If 2,y € [xj,xj41], then |z —y| < and so

€

7@) = )] < .

It follows that

€

sup  f(x)— _inf f(2) <

w€[zs,mii1] z€[z;,m541] b—a

forall0 <7 < N —1 and so

N-1
S(£,D)=s(f;D) =) (zj1—;)( swp fla)— inf f(z))
Jay x€[z; w41 z€[z),mj41]
p_a e
< =€,
o< N b—a
7=0
as required. [ ]

3This is a natural way to proceed but Exercise K.118 shows that it is not the only one.
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Slight extensions of this result are given in Exercise [.11. In Exercise K.122
we consider a rather different way of looking at integrals of continuous func-
tions.

Although there are many functions which are integrable besides the con-
tinuous functions, there are various theorems on integration which demand
that the functions involved be continuous or even better behaved. Most of
the results of this section have this character.

Lemma 8.3.2. If [ : [a,b] — R is continuous, f(t) > 0 for allt € [a,b] and

[ rwai=o

it follows that f(t) =0 for all t € [a,b].

Proof. 1f f is a positive continuous function which is not identically zero, then
we can find an z € [a,b] with f(z) > 0. Setting € = f(x)/2, the continuity
of f tells us that there exists a § > 0 such that |f(x) — f(y)| < € whenever
|z —y| < 0 and y € [a,b]. We observe that

fy) = fl@) = 1f(z) = fy)] > f(x) —e= f(x)/2

whenever |z —y| < 0 and y € [a,b]. If we define h : [a,b] — R by h(y) =
f(z)/2 whenever |z —y| < 0 and y € [a,b] and h(y) = 0 otherwise, then
f(t) > h(t) for all ¢t € [a,b] and so

l%@ﬁzl%@ﬁ>0

Exercise 8.3.3. (i) Leta < ¢ < b. Give an example of a Riemann integrable
function f:[a,b] — R such that f(t) >0 for all t € [a,b] and

b
[ rwai=o,
but f(c) # 0.

(i) If f : [a,b] — R is Riemann integrable, f(t) > 0 for allt € |a,b] and

[ rwa=o

show that f(t) =0 at every point t € [a,b] where f is continuous.
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(1) We say that f : |a,b] — R is right continuous at t € [a,b] if f(s) —
f(t) as s — t through values of s with b > s > t. Suppose f is Riemann
integrable and is right continuous at every point t € [a,b]. Show that if

f(t) >0 for allt € [a,b] and
b
[ rwai=o,

it follows that f(t) =0 for all t € [a,b] with at most one exception. Give an
example to show that this exception may occur.

The reader should have little difficulty in proving the following useful
related results.

Exercise 8.3.4. (i) If f : [a,b] — R is continuous and

b
/fwwmhﬂ,

whenever g : [a,b] — R is continuous, show that f(t) =0 for all t € [a,b].
(11) If f : [a,b] — R is continuous and

/f@WMhﬂ,

whenever g : [a,b] — R is continuous and g(a) = g(b) = 0, show that f(t) =0
for allt € [a,b]. (We prove a slightly stronger result in Lemma 8.4.7.)

We now prove the fundamental theorem of the calculus which links the
processes of integration and differentiation. Since the result is an important
one it is worth listing the properties of the integral that we use in the proof.

Lemma 8.3.5. Suppose \, p € R, f,g: [, 3] — R are Riemann integrable
and a, b, c € |, 5]. The following results hold.

(i)/bldt:b—a.

- ab b b
(zz)/ab/\f(t)+ug(t3 dt:)\/a fc(t) dt+,u/a o(t) dt.
(m‘)/a f(t)dt+/b f(t)dt:/a f(t)dt.

b
(iv) / ﬂwﬁ'§w—a|prﬂa+9@—aDL

0<6<1
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The reader should run through these results in her mind and make sure

that she can prove them (note that a, b and ¢ can be in any order).

Theorem 8.3.6. (The fundamental theorem of the calculus.) Sup-

pose that f : (a,b) — R is a continuous function and that u € (a,b). If we
set

t

F(t)= [ fz)ds,
then F' is differentiable on (a,b) and F'(t) = f(t) for allt € (a,b).
Proof. Observe that, if t + h € (a,b) and h # 0 then

F(t+h})L—F(t) _f(t)‘ _ ‘% </ut+hf(x)d;p—/:f(x)dx—hf(ﬂ)’

‘% </tt+hf(:c) iz — /tth(t) d:c)
1

- | @ -
< sup |f(t+6h)— f(t)]—0

0<6<1

as h — 0 since f is continuous at ¢. (Notice that f(¢) remains constant as «
varies.) m

Exercise 8.3.7. (i) Using the idea of the integral as the area under a curve,
draw diagrams illustrating the proof of Theorem 8.3.6.

(ii) Point out, explicitly, each use of Lemma 8.3.5 in our proof of Theo-
rem 8.5.6.

(iii) Let H be the Heaviside function H : R — R given by H(z) = 0 for
x <0, Hz)=1 forx > 0. Calculate F(t) = fot H(x)dx and show that F' is
not differentiable at 0. Where does our proof of Theorem 8.5.6 break down?

(iv) Let f(0) =1, f(t) = 0 otherwise. Calculate F(t) = fg f(z)dx and
show that F' is differentiable at 0 but F'(0) # f(0). Where does our proof of
Theorem 8.3.6 break down?

Exercise 8.3.8. Suppose that f : (a,b) — R is a function such that f is
Riemann integrable on every interval [c,d] C (a,b). Let u € (a,b) If we set

F(t) = / t (o) de

show that F' is continuous on (a,b) and that, if f is continuous at some point
t € (a,b), then F is differentiable at t and F'(t) = f(t).
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Sometimes we think of the fundamental theorem in a slightly different way.

Theorem 8.3.9. Suppose that f : (a,b) — R is continuous, that u € (a,b)
and ¢ € R. Then there is a unique solution to the differential equation
g (t) = f(t) [t € (a,b)] such that g(u) = c.

Exercise 8.3.10. Prove Theorem 8.3.9. Make clear how you use Theo-
rem 8.3.6 and the mean value theorem. Reread section 1.1.

We call the solutions of ¢'(t) = f(t) indefinite integrals (or, simply, inte-
grals) of f.

Yet another version of the fundamental theorem is given by the next
theorem.

Theorem 8.3.11. Suppose that g : (o, 3) — R has continuous derivative
and [a,b] C (o, 3). Then

b
/ J(t)dt = g(b) — g(a).

Proof. Define U : («, 8) — R by

U(t) = / J(x) dz — g(t) + g(a).

By the fundamental theorem of the calculus and earlier results on differenti-
ation, U is everywhere differentiable with

so, by the mean value theorem, U is constant. But U(a) = 0, so U(t) = 0
for all ¢ and, in particular, U(b) = 0 as required. [ |

[Remark: In one dimension, Theorems 8.3.6, 8.3.9 and 8.3.11 are so closely
linked that mathematicians tend to refer to them all as ‘“The fundamental
theorem of the calculus’. However they generalise in different ways.

(1) Theorem 8.3.6 shows that, under suitable circumstances, we can re-
cover a function from its ‘local average’ (see Exercise K.130).

(2) Theorem 8.3.9 says that we can solve a certain kind of differential
equation. We shall obtain substantial generalisations of this result in Sec-
tion 12.2.

(3) Theorem 8.3.11 links the value of the derivative f’ on the whole of
[a, b] with the value of f on the boundary (that is to say, the set {a,b}). If
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you have done a mathematical methods course you will already have seen a
similar idea expressed by the divergence theorem

/V-udV:/ u- ds.
1% av

This result and similar ones like Stokes” theorem turn out to be special cases
of a master theorem? which links the behaviour of the derivative of a certain
mathematical object over the whole of some body with the behaviour of the
object on the boundary of that body.]

Theorems 8.3.6 and 8.3.11 show that (under appropriate circumstances)
integration and differentiation are inverse operations and the the theories
of differentiation and integration are subsumed in the greater theory of the
calculus. Under appropriate circumstances, if the graph of F' has tangent
with slope f(z) at x

area under the graph of slope of tangent of F
= area under the graph of f

_ /abf(x) dr = /ab F'(«)de = F(b) — F(a).

Exercise 8.3.12. Most books give a slightly stronger version of Theorem 8.5.11
in the following form.
If f:[a,b] — R has continuous derivative, then

b
/fwwﬁzﬂm—ﬂ@.

Ezplain what this means (you will need to talk about ‘left’ and ‘right’ deriva-
tives) and prove it.

Recalling the chain rule (Lemma 6.2.10) which tells us that (® o g)'(¢) =
g (t)®'(g(t)), the same form of proof gives us a very important theorem.

Theorem 8.3.13. (Change of variables for integrals.) Suppose that f :
(e, B) — R is continuous and g : (,0) — R is differentiable with continuous
derivative. Suppose further that g((fy, 5)) C (e, ). Then, ifc, d € (,9), we
have

g(d

) d
fs)ds = [ flg(o)'(z) da.

g(c)

4Arnol’d calls it the Newton-Leibniz-Gauss-Green-Ostrogradskii-Stokes-Poincaré the-
orem but most mathematicians call it the generalised Stokes’ theorem or just Stokes’
theorem.
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Exercise 8.3.14. (i) Prove Theorem 8.3.13 by considering

g(t) t
U(t) = / O / f(9(2))g () da.

(11) Derive Theorem 8.3.11 from Theorem 8.3.13 by choosing [ appropri-
ately.

(111) Strengthen Theorem 8.3.13 along the lines of Exercise 8.5.12.

(iv) (An alternative proof.) If f is as in Theorem 8.5.13 explain why we
can find an F : (a, B) — R with F' = f. Obtain Theorem 8.3.13 by applying

the chain rule to F'(g(x))g'(x) = f(g9(z))g (x).

Because the proof of Theorem 8.3.13 is so simple and because the main use
of the result in elementary calculus is to evaluate integrals, there is tendency
to underestimate the importance of this result. However, it is important for
later developments that the reader has an intuitive grasp of this result.

Exercise 8.3.15. (i) Suppose that f : R — R is the constant function f(t) =
K and that g : R — R is the linear function g(t) = At + p. Show by direct
calculation that

g(d) d
s)ds = x))g (x) dx,
/g@ fs)ds = [ flat@)a @

and describe the geometric content of this result in words.

(11) Suppose now that f : R — R and g : R — R are well behaved
functions. By splitting [c, d] into small intervals on which f is ‘almost con-
stant’ and g is ‘almost linear’, give a heuristic argument for the truth of
Theorem 8.3.13. To see how this heuristic argument can be converted into a
rigorous one, consult Exercise K.118.

Exercise 8.3.16. There is one peculiarity in our statement of Theorem 8.5.13
which is worth noting. We do not demand that g be bijective. Suppose that

f R — R is continuous and g(t) = sint. Show that, by choosing different

intervals (c,d), we obtain

Smaf(s) ds = /Oa f(sinz) cos x dx

0

a2 T—o
:/ f(sinz)cosx dex = / f(sinz) cos x dx.
0 0

Ezplain what is going on.
The extra flexibility given by allowing g not be bijective is one we are
usually happy to sacrifice in the interests of generalising Theorem 8.3.13.
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Exercise 8.3.17. The following exercise is traditional.
(i) Show that integration by substitution, using x = 1/t, gives

/b dx /Va dt
o L+ Sy 1412
when b > a > 0.

(i) If we set a = —1, b =1 in the formula of (i), we obtain

/1 dr - /1 dt
R - A

Ezxplain this apparent failure of the method of integration by substitution.
(iii) Write the result of (i) in terms of tan™! and prove it using standard
trigonometric identities.

In sections 5.4 and 5.6 we gave a treatment of the exponential and loga-
rithmic functions based on differentiation. The reader may wish to look at
Exercise K.126 in which we use integration instead.

Another result which can be proved in much the same manner as Theo-
rems 8.3.11 and Theorem 8.3.13 is the lemma which justifies integration by
parts. (Recall the notation [i(x)])” = h(b) — h(a).)

Lemma 8.3.18. Suppose that [ : (a, ) — R has continuous derivative and
g: (a,0) — R is continuous. Let G : (o, ) — R be an indefinite integral of
g. Then, if [a,b] C («, 3), we have

[ @@ = pwe - [ rwee

Exercise 8.3.19. (i) Obtain Lemma 8.5.18 by differentiating an appropriate
U in the style of the proofs of Theorems 8.3.11 and Theorem 8.3.13. Quote
carefully the results that you use.

(ii) Obtain Lemma 8.3.18 by integrating both sides of the equality (uv)’ =
u'v + uv' and choosing appropriate u and v. Quote carefully the results that
you use.

(iii) Strengthen Lemma 8.3.18 along the lines of Exercise 8.5.12.

Integration by parts gives a global Taylor theorem with a form that is
easily remembered and proved for examination.

Theorem 8.3.20. (A global Taylor’s theorem with integral remain-
der.) If f: (u,v) — R is n times continuously differentiable and 0 € (u,v),
then

ft) = ‘ 7 t+ R, (f,1)
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where

! )!j£<t-ag"1f0ﬂ(x>dx.

Ry (f,t) = 1)

Exercise 8.3.21. By integration by parts, show that

F9(0) =1

ot Bl

Rn(f7 t) =

Use repeated integration by parts to obtain Theorem §8.3.20.

Exercise 8.3.22. Reread Example 7.1.5. If F' is as in that example, identify
R,_1(Ft).

Exercise 8.3.23. If f : (—a,a) — R is n times continuously differentiable
with |f™ ()| < M for all t € (—a,a), show that

ey | Ml
‘f(t)—zfj,( Jp| < M
=0 7 ‘

Ezxplain why this result is slightly weaker than that of Exercise 7.1.1 (v).

There are several variants of Theorem 8.3.20 with different expressions for
R, (f,t) (see, for example, Exercise K.49 (vi)). However, although the theory
of the Taylor expansion is very important (see, for example, Exercise K.125
and Exercise K.266), these global theorems are not much used in relation to
specific functions outside the examination hall. We discuss two of the reasons
why at the end of Section 11.5. In Exercises 11.5.20 and 11.5.22 I suggest
that it is usually easier to obtain Taylor series by power series solutions rather
than by using theorems like Theorem 8.3.20. In Exercise 11.5.23 I suggest
that power series are often not very suitable for numerical computation.

8.4 First steps in the calculus of variations ¢

The most famous early problem in the calculus of variations is that of the
brachistochrone. It asks for the equation y = f(x) of the wire down which a
frictionless particle with initial velocity v will slide from one point (a, a) to
another (b, 3) (so f(a) = a, f(b) = 3, a # b and a > [3) in the shortest time.
It turns out that that time taken by the particle is

1) = g / (%)/ o

where k = v%/(2g) + a and g is the acceleration due to gravity.
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Exercise 8.4.1. If you know sufficient mechanics, verify this. (Your arqu-
ment will presumably involve arc length which has not yet been mentioned in
this book.)

This is a problem of minimising which is very different from those dealt
with in elementary calculus. Those problems ask us to choose a point zy from
a one-dimensional space which minimises some function g(x). In section 7.3
we considered problems in which we sought to choose a point xq from a
n-dimensional space which minimises some function g(x). Here we seek to
choose a function fy from an infinite dimensional space to minimise a function

J(f) of functions f.

Exercise 8.4.2. In the previous sentence we used the words ‘infinite dimen-
stonal’ somewhat loosely. However we can make precise statements along the
same lines.

(i) Show that the collection P of polynomials P with P(0) = P(1) =0
forms a wvector space over R with the obvious operations. Show that P is
infinite dimensional (in other words, has no finite spanning set).

(ii) Show that the collection £ of infinitely differentiable functions f :
[0,1] — R with f(0) = f(1) forms a vector space over R with the obvious
operations. Show that £ is infinite dimensional.

John Bernoulli published the brachistochrone problem as a challenge in
1696. Newton, Leibniz, L’Hopital, John Bernoulli and James Bernoulli all
found solutions within a year®. However, it is one thing to solve a particular
problem and quite another to find a method of attack for the general class
of problems to which it belongs. Such a method was developed by Euler
and Lagrange. We shall see that it does not resolve all difficulties but it
represents a marvelous leap of imagination.

We begin by proving that, under certain circumstances, we can inter-
change the order of integration and differentiation. (We will extend the
result in Theorem 11.4.21.)

Theorem 8.4.3. (Differentiation under the integral.) Let (a’,b') x
(c,d) 2 la,b] x [c,d]. Suppose that g : (a’,V') x (¢,d") — R is continuous
and that the partial derivative go exists and is continuous. Then writing

G(y) = ffg(x,y) dx we have G differentiable on (c,d) with

G'(y) = / g2(x,y)dz.

>They were giants in those days. Newton had retired from mathematics and submitted
his solution anonymously. ‘But’ John Bernoulli said ‘one recognises the lion by his paw.’
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This result is more frequently written as

d [° %)
d—y/ g(ﬂc,y)dr—/ a—z(fv,y)dﬂm

and interpreted as ‘the d clambers through the integral and curls up’. If we
use the D notation we get

G'(y) = / Dyg(x,y) dz.

It may, in the end, be more helpful to note that ff g(x,y) dz is a function of
the single variable y, but g(z,y) is a function of the two variables x and y.

Proof. We use a proof technique which is often useful in this kind of situation
(we have already used a simple version in Theorem 8.3.6, when we proved
the fundamental theorem of the calculus).

We first put everything under one integral sign. Suppose y,y+ h € (¢, d)
and h # 0. Then

B b
G@”Z Gly) _ / ga(t,y) da

b
— ﬁ ‘G(y +h)—G(y) - / hgs(z,y) dx

_ 1
1]

/ (9(z,y+h) — g(z,y) — hga(x,y)) dz

In order to estimate the last integral we use the simple result (Exercise 8.2.13 (iv))
lintegral| < length x sup
which gives us

1
Id

/ (9(z,y +h) — g(z,y) — hga(z,y)) dz

b—a
< sup |g(z,y + h) — g(z,y) — hga(x,y)|.
|h| z€[a,b]

We expect |g(z, y+h)—g(z,y) —hg2(z,y)| to be small when h is small be-
cause the definition of the partial derivative tells us that g(x, y+h)—g(z,y) ~
hgs(z,y). In such circumstances, the mean value theorem is frequently use-
ful. In this case, setting f(t) = g(x,y +1t) — g(x,y), the mean value theorem
tells us that

£ = 1£(h) = FO < [B] sup [7'(6h)
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and so
’g(xay + h) - g(xay) - hg,2<xay>’ < |h’ OS<1;I<)1 ‘9,2(1',3/ + eh) - g,2<xay)|'

There is one further point to notice. Since we are taking a supremum
over all x € [a,b], we shall need to know, not merely that we can make
lg2(x,y + 6h) — go(x,y)| small at a particular = by taking h sufficiently
small, but that we can make |ga(z,y + 6h) — g2(x,y)| uniformly small for
all . However, we know that g, is continuous on [a,b] x [c,d] and that a
function which is continuous on a closed bounded set is uniformly continuous
and this will enable us to complete the proof.

Let € > 0. By Theorem 4.5.5, g5 is uniformly continuous on [a, b] X [c, d]
and so we can find a d(e) > 0 such that

‘9,2(‘1'7 y) - g,Z(ua U)l < 6/(b o CL)
whenever (x—u)?+ (y—v)? < d(e) and (z,y), (u,v) € [a,b] x [c,d]. Tt follows
that, if y,y + h € (¢,d) and |h| < 6(¢), then

sup [g2(z,y 4+ 0h) — ga(z,y)| < €/(b—a)
0<6<1

for all z € [a,b]. Putting all our results together, we have shown that

B b
G(ng Gly) _ / ga(,y) da

whenever y,y + h € (¢,d) and 0 < |h| < §(€) and the result follows. |

<e€

Exercise 8.4.4. Because I have tried to show where the proof comes from,
the proof above is not written in a very economical way. Rewrite it more
economically.

A favourite examiner’s variation on the theme of Theorem 8.4.3 is given in
Exercise K.132.

Exercise 8.4.5. In what follows we will use a slightly different version of
Theorem 8.4.3.
Suppose g : [a,b] X [c,d] is continuous and that the partial derivative g o

exists and is continuous. Then, writing G(y) = ffg(x,y) dx, we have G
differentiable on [c,d] with

b
G'(y) = / g2(z,y) de.

Ezplain what this means in terms of left and right derivatives and prove
it.
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The method of Euler and Lagrange applies to the following class of prob-
lems. Suppose that ' : R® — R has continuous second partial derivatives.
We consider the set A of functions f : [a,b] — R which are differentiable
with continuous derivative and are such that f(a) = o and f(b) = . We
write

b
P = [P s, )
and seek to minimise J, that is to find an fy € A such that

J(fo) < J(f)

whenever f € A.

In section 7.3, when we asked if a particular point xq from an n-dimensional
space minimised ¢ : R™ — R, we examined the behaviour of g close to xq. In
other words, we looked at g(xo 4+ nu) when u was an arbitrary vector and 7
was small. The idea of Euler and Lagrange is to look at

Gn(n) = J(fo +nh)

where h : [a,b] — R is differentiable with continuous derivative and is such
that h(a) = 0 and h(b) = 0 (we shall call the set of such functions £). We
observe that (G}, is a function from R and that G} has a minimum at 0 if J
is minimised by fy. This observation, combined with some very clever, but
elementary, calculus gives the celebrated Euler-Lagrange equation.

Theorem 8.4.6. Suppose that F : R® — R has continuous second partial
derivatives. Consider the set A of functions f : [a,b] — R which are differ-
entiable with continuous derivative and are such that f(a) = a and f(b) = 3.
We write

b
J(f) = / F(t, £(t), /(1)) dt.
If f € A such that
J(f) < J(g)

whenever g € A then

Falt, £(2). 7(0) = S Falt, £(0), 7).
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Proof. We use the notation of the paragraph preceding the statement of
the theorem. If h € £ (that is to say h : [a,b] — R is differentiable with
continuous derivative and is such that h(a) = 0 and h(b) = 0) then the chain
rule tells us that the function g : R> — R given by

gn(n,t) = F(t, f(t) +nh(t), f'(t) + nh'(t))
has continuous partial derivative
gna(n,t) = h()Fa(t, f(t) +nh(t), f'(t) +nh' () + K () Fa(t, f(t) +nh(t), f'(t) +nh'(1)).

Thus by Theorem 8.4.3, we may differentiate under the integral to show that
G, is differentiable everywhere with

G(n) =
/ h(t)Ea(t, f(t) +nh(t), f/(t) +nh'(t) + B (t)F3(t, f(t) +nh(t), f'(t) +nh'(t)) dt.

If f minimises J, then 0 minimises G}, and so G},(0) = 0. We deduce that
b
0= [ H(OFa(t, 7). 4/ + HOFalt, £0),£'0) d
b b
= [ WPt @, @) dt+ [ HOFae s, 110) b

Using integration by parts and the fact that h(a) = h(b) = 0 we obtain

b b
[ HOFs(e 50, F©)dt = O Fa(t, S0, O, = [ b G Fale, £0).5/0) d

bood
:—/h@%&mﬂmfwMt

Combining the results of the last two sentences, we see that

b
0= [ 10 (Falt £0).£10) = GFate. £0.£1) ) e

Since this result must hold for all h € A, we see that

d

Falt, J(t), /(1) = S Falt, S0). £/) = 0

for all ¢ € [a,b] (for details see Lemma 8.4.7 below) and this is the result we
set out to prove. |
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In order to tie up loose ends, we need the following lemma.

Lemma 8.4.7. Suppose f : [a,b] — R is continuous and

fﬂ%@ﬁza

whenever h : [a,b] — R is an infinitely differentiable function with h(a) =
h(b) = 0. Then f(t) =0 for all t € [a,b].

Proof. By continuity, we need only prove that f(¢t) = 0 for all t € (a,b).
Suppose that, in fact, f(x) # 0 for some x € (a,b). Without loss of generality
we may suppose that f(z) > 0 (otherwise, consider — f). Since (a,b) is open
and f is continuous we can find a 0 > 0 such that [x — ¢,z + ] C (a,b) and
|lf(t) — f(z)] < f(z)/2 for t € [x — 6, x + d]. This last condition tells us that
f(t)> f(x)/2for t € [x — 6,2+ J].

In Example 7.1.6 we constructed an infinitely differentiable function F :
R — R with E(t) = 0 for t < 0 and E(t) > 0 for ¢ > 0. Setting h(t) =
E(t — x4+ 0)E(—t + x + J) when ¢ € [a,b], we see that h is an infinitely
differentiable function with h(t) > 0 for ¢t € (z — d,z + 0) and h(t) = 0
otherwise (so that, in particular h(a) = h(b) = 0). By standard results on
the integral,

b 46 z+6
[ ronwde= [ rwpeyaez [ (sa2me a
= @/jjh(t) dt > 0,
so we are done. |

Exercise 8.4.8. State explicitly the ‘standard results on the integral’ used in
the last sentence of the previous proof and show how they are applied.

Theorem 8.4.6 is often stated in the following form. If the function y :
[a,b] — R minimises J then

or d OF
oy  dx oy’
This is concise but can be confusing to the novice®.
The Euler-Lagrange equation can only be solved explicitly in a small
number of special cases. The next exercise (which should be treated as an

6Tt certainly confused me when I met it for the first time.
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exercise in calculus rather than analysis) shows how, with the exercise of
some ingenuity, we can solve the brachistochrone problem with which we
started. Recall that this asked us to minimise

1 b 1 !/ 2 1/2
J(f) = / T+ f)™\ "
(29)'2 Jo \ k= f(z)
Exercise 8.4.9. We use the notation and assumptions of Theorem 8.4.6.

(i) Suppose that F(u,v,w) = G(v,w) (often stated as t does not appear
explicitly in F=F(t,y,vy')’). Show that the Euler-Lagrange equation becomes

d

Ga(f(0), /(1) = ZGa(f(), F'(1))

and may be rewritten

%Wf (1), /(1)) = F(OGa(f (1), 1'(1))) = 0.

Deduce that

G(f (), (1) = ['(OG 2(f (1), f'(8) = ¢
OF

where ¢ is a constant. (This last result is often stated as F — y/? =c.)
Y

(i) (This is not used in the rest of the question.) Suppose that F(u,v, w) =
G(u,w). Show that

Ga(t, f'(t) =c

where ¢ is a constant.
(iii) By applying (i), show that solutions of the Euler-Lagrange equation
associated with the brachistochrone are solutions of

1
(k= f@) (1 + f'(2)2)1/?

where ¢ is a constant. Show that this equation can be rewritten as

(iv) We are now faced with finding the curve

dy _ (B+y\"
dr  \A—vy '

=C
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If we are sufficiently ingenious (or we know the answer), we may be led to
try and express this curve in parametric form by setting

_A—B A+ B 0
Yy = 5 5 cosf.
Show that
dr A+ B
@— 5 (]."‘COSH),

and conclude that our curve is (in parametric form)
r=a+ k(0 —sind), y=>b— kcosb

for appropriate constants a, b and k. Thus any curve which minimises the
time of descent must be a cycloid.

It is important to observe that we have shown that any minimising func-
tion satisfies the Euler-Lagrange equation and not that any function sat-
isfying the Euler-Lagrange equation is a minimising function. Exactly the
same argument (or replacing J by —J), shows that any maximising function
satisfies the Euler-Lagrange equation. Further, if we reflect on the simpler
problem discussed in section 7.3, we see that the Euler-Lagrange equation
will be satisfied by functions f such that

Gn(n) = J(f +nh)

has a minimum at 7 = 0 for some h € £ and a maximum at 1 = 0 for others.

Exercise 8.4.10. With the notation of this section show that, if [ satisfies
the Euler-Lagrange equations, then G}(0) = 0.

To get round this problem, examiners ask you to ‘find the values of f
which make J stationary’ where the phrase is equivalent to ‘find the val-
ues of f which satisfy the Euler-Lagrange equations’. In real life, we use
physical intuition or extra knowledge about the nature of the problem to
find which solutions of the Euler-Lagrange equations represent maxima and
which minima.

Mathematicians spent over a century seeking to find an extension to the
Buler-Lagrange method which would enable them to distinguish true maxima
and minima. However, they were guided by analogy with the one dimensional
(if f/(0) = 0 and f”(0) > 0 then O is minimum) and finite dimensional
case and it turns out that the analogy is seriously defective. In the end,
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Figure 8.1: A problem for the calculus of variations

Weierstrass produced examples which made it plain what was going on. We
discuss a version of one of them.
Consider the problem of minimising

1(f) = / (1= (f'@))? + fla)?de

where f :[0,1] — R is once continuously differentiable and f(0) = f(1) = 0.

Exercise 8.4.11. We look at

Gn(n) = I(nh).

Show that Gy(n) = 1+ Apn? + Bpn* + Cun® where Ay, By, C, depend on
h. Show that, if h is not identically zero, A, > 0 and deduce that G, has a
strict minimum at O for all non-zero h € £.

We are tempted to claim that ‘I(f) has a local minimum at f = 0’.
Now look at the function g, [n a strictly positive integer| illustrated in
Figure 8.1 and defined by

() 2r ; 2r 1

)= — — or lv——| < —,

g 2n 2n 4n
2r+1 2r +1 1

n = - fi - < 5

g(q;) 2n . o |1 2n ’_471

whenever r is an integer and x € [0, 1]. Ignoring the finite number of points
where g, is not differentiable, we see that ¢/ (z) = £1 at all other points,
and so

1
I(gn) :/ gn()*dr — 0 as n — oc.
0
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Figure 8.2: The same problem, smoothed

It is clear that we can find a similar sequence of functions f,, which is con-
tinuously differentiable by ‘rounding the sharp bits’ as in Figure 8.2.

The reader who wishes to dot the i’s and cross the t’s can do the next
exercise.

Exercise 8.4.12. (i) Let 1/2 > ¢ > 0 and let k : [0,1] — R be the function
such that

k(x) 1y for 0 <z <e,
fore <ax<1—F¢,
e (1 —ua) forl—e<z<1.

ol

/N

8 8

S~—

1l
[

Sketch k.

(ii) Let k,(z) = (—1)2"E(2nz — 2[nx]) for x € [0,1]. (Here [2nz] means
the integer part of 2nx.) Sketch the function k.

(11i) Let

forz € [0,1]. Sketch K,. Show that 0 < K,,(x) < 1/(2n) for all z. Show that
K, is once differentiable with continuous derivative. Show that |K/ (z)] <1
for all x and identify the set of points where | K] (x)| = 1.

(iv) Show that there exists a sequence of continuously differentiable func-
tions fn :[0,1] — R, with f,(0) = f.(1) =0, such that

I(fn) — 0 as n — oc.
[This result is slightly improved in Example K.154.]

This example poses two problems. The first is that in some sense the f,
are close to fo = 0 with I(f,) < I(fo), yet the Euler-Lagrange approach of
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Exercise 8.4.11 seemed to show that I(fy) was smaller than those I(f) with
f close to fy. One answer to this seeming paradox is that, in Exercise 8.4.11,
we only looked at Gj(n) = I(nh) as n became small, so we only looked at
certain paths approaching fo and not at all possible modes of approach. As
1 becomes small, not only does nh become small but so does nh’. However,
as n becomes large, f, becomes small but f/ does not. In general when
the Euler-Lagrange method looks at a function f it compares it only with
functions which are close to f and have derivative close to f’. This does
not affect the truth of Theorem 8.4.6 (which says that the Euler-Lagrange
equation is a necessary condition for a minimum) but makes it unlikely that
the same ideas can produce even a partial converse.

Once we have the notion of a metric space we can make matters even
clearer. (See Exercise K.199 to K.201.)

Exercise 8.4.13. This exercise looks back to Section 7.3. Let U be an open
subset of R? containing (0,0). Suppose that f : U — R has second order
partial derivatives on U and these partial derivatives are continuous at (0,0).
Suppose further that f1(0,0) = f2(0,0) = 0. Ifu € R? we write Gy(n) =
f(nu).

(i) Show that G',(0) = 0 for all u € R%.

(ii) Let e; = (1,0) and ey = (0,1) Suppose that G (0) > 0 and G¢,(0) >
0. Show, by means of an example, that (0,0) need not be a local minimum
for f. Does there exist an f with the properties given which attains a local
minimum at (0,0)? Does there exist an [ with the properties given which
attains a local mazimum at (0,0)?

(iii) Suppose that G7(0) > 0 whenever u is a unit vector. Show that f
attains a local minimum at (0,0).

The second problem raised by results like Exercise 8.4.12 is also very
interesting.

Exercise 8.4.14. Use Exercise 8.3.4 to show that I(f) > 0 whenever f :
[0,1] — R is a continuously differentiable function.
Conclude, using the discussion above, that the set

{I(f) : f continuously differentiable}
has an infimum (to be identified) but no minimum.

Exercise 8.1. Here is a simpler (but less interesting) example of a varia-
tional problem with no solution, also due to Weierstrass. Consider the set
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E of functions f : [~1,1] — R with continuous derivative and such that
f(=1) = —1, f(1) = 1. Show that

1
inf/ 2 f'(x)*dr =0

fee ) |

but there does not exist any fo € E with f_ll 22 fl(z)? dx = 0.

The discovery that that they had been talking about solutions to prob-
lems which might have no solutions came as a severe shock to the pure
mathematical community. Of course, examples like the one we have been
discussing are ‘artificial’ in the sense that they have been constructed for
the purpose but unless we can come up with some criterion for distinguish-
ing ‘artificial’ problems from ‘real’ problems this takes us nowhere. ‘If we
have actually seen one tiger, is not the jungle immediately filled with tigers,
and who knows where the next one lurks.” The care with which we proved
Theorem 4.3.4 (a continuous function on a closed bounded set is bounded
and attains its bounds) and Theorem 4.4.4 (Rolle’s theorem, considered as
the statement that, if a differentiable function f on an open interval (a,b)
attains a maximum at z, then f’(x) = 0) are distant echos of that shock. On
the other hand, the new understanding which resulted revivified the study
of problems of maximisation and led to much new mathematics.

It is always possible to claim that Nature (with a capital N) will never set
‘artificial’ problems and so the applied mathematician need not worry about
these things. ‘Nature is not troubled by mathematical difficulties.” However,
a physical theory is not a description of nature (with a small n) but a model
of nature which may well be troubled by mathematical difficulties. There
are at least two problems in physics where the model has the characteristic
features of our ‘artificial’ problem. In the first, which asks for a description
of the electric field near a very sharp charged needle, the actual experiment
produces sparking. In the second, which deals with crystallisation as a system
for minimising an energy function not too far removed from I, photographs
reveal patterns not too far removed from Figure 8.1!

8.5 Vector-valued integrals

So far we have dealt only with the integration of functions f : [a,b] — R.
The general programme that we wish to follow would direct us to consider
the integration of functions f : E — R where FE is a well behaved subset of
R™. In this section we shall take the first step by considering the special case
of a well behaved function f : [a,b] — R™. Since C can be identified with R?,
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our special case contains, as a still more special (but very important case),
the integration of well behaved complex-valued functions f : [a,b] — C.
The definition is simple.

Definition 8.5.1. If f : [a,b] — R™ s such that f; : [a,b] — R is Rie-
mann integrable for each j, then we say that £ is Riemann integrable and
fabf(x) dx =y wherey € R™ and

b
yj = / fi(x) dx
for each j.

In other words,

(/abf(x) dx)j _ /ab £(x) da.

It is easy to obtain the properties of this integral directly from its defini-
tion and the properties of the one dimensional integral. Here is an example.

Lemma 8.5.2. If o : R™ — RP? is linear and f : [a,b] — R™ is Riemann
integrable, then so is af and

/ab(af)(:r;) dz = a (/abf(a:) dx) .

Proof. Let o have matrix representation (a;;). By Lemma 8.2.11,

m

(af); = ai;f;

j=1

is Riemann integrable and

b m m b
Zaijf]‘(l’) d[L‘ = ZCLU/ fj(l’) dl’
j=1 j=1 Ja

Comparing this with Definition 8.5.1, we see that we have the required result.
|

a

Taking o to be any orthogonal transformation of R™ to itself, we see
that our definition of the integral is, in fact, coordinate independent. (Re-
member, it is part of our programme that nothing should depend on the
particular choice of coordinates we use. The reader may also wish to look at
Exercise K.137.)

Choosing a particular orthogonal transformation, we obtain the following
nice result.
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Theorem 8.5.3. Iff : [a,b] — R™ is Riemann integrable then

’/abf(sc) de

This result falls into the standard pattern

< (b—a) sup [f(z)].

z€[a,b]

size of integral < length x sup.

Proof. If y is a vector in R™, we can always find a rotation o of R™ such
that oy lies along the z; axis, that is to say, (ay): > 0 and (ay); = 0 for

2<j<m. Lety= fabf(x) dx. Then

‘/abf(:c)d:c a/abf(x)dx
_ (a/abf@)dx)l

= /(ozf(a:))ldx
< (b—a) sup |(af(z))]

z€[a,b]

< (b—a) sup |af(z)]
z€[a,b]

= (b—a) sup [[f(x)]]

z€[a,b]
|

Exercise 8.5.4. Justify each step in the chain of equalities and inequalities
which concluded the preceding proof.

Exercise 8.5.5. Show that the collection R of Riemann integrable functions
f:]a,b] — R™ forms a real vector space with the natural operations. If we
write

Tf = /abf(:v) da

and [[fl|cc = supsepay £, show that T : R — R is a linear map and
ITE]] < (b = a)[|f]oo-



Chapter 9

Developments and limitations
of the Riemann integral O

9.1 Why go further?

Let us imagine a conversation in the 1880’s between a mathematician opposed
to the ‘new rigour’ and a mathematician who supported it. The opponent
might claim that the definition of the Riemann integral given in section 8.2
was dull and gave rise to no new theorems. The supporter might say, as
this book does, that definitions are necessary in order that we know when
we have proved something and to understand what we have proved when we
have proved it. He would, however, have to admit both the dullness and the
lack of theorems. Both sides would regretfully agree that there was probably
little more to say about the matter.

Twenty years later, Lebesgue, building on work of Borel and others,
produced a radically new theory of integration. From the point of view
of Lebesgue’s theory, Riemann integration has a profound weakness. We
saw in Lemma 8.2.11 and Exercise 8.2.14 that we cannot leave the class of
Riemann integrable functions if we only perform algebraic operations (for
example the product of two Riemann integrable functions is again Riemann
integrable). However we can leave the class of Riemann integrable functions
by performing limiting operations.

Exercise 9.1.1. Let f, : [0,1] — R be defined by f,(r27") = 1 if r is an
integer with 0 < r < 2", f,(x) =0, otherwise.

(i) Show that f, is Riemann integrable.

(i1) Show that there exists an f : [0,1] — R, which you should define
explicitly, such that f,(x) — f(x) as n — oo, for each x € [0, 1].

(iii) Show, however, that f is not Riemann integrable.

205
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[See also Exercise K.138.]

The class of Lebesgue integrable functions includes every Riemann inte-
grable function but behaves much better when we perform limiting opera-
tions. As an example, which does not give the whole picture but shows the
kind of result that can be obtained, contrast Exercise 9.1.1 with the following
lemma.

Lemma 9.1.2. Let f, : [a,b] — R be a sequence of Lebesque integrable
functions with | f,(x)] < M for all x € [0,1] and all n. If f,.(z) — f(x) as
n — oo for each x € [0,1], then f is Lebesque integrable and

/ab fulz) dz — /abf(x) dz.

It is important to realise that mathematicians prize the Lebesgue inte-
gral, not because it integrates more functions (most functions that we meet
explicitly are Riemann integrable), but because it gives rise to beautiful the-
orems and, at a deeper level, to beautiful theories way beyond the reach of
the Riemann integral.

Dieudonné dismisses the Riemann integral with scorn in [13], Chap-
ter VIII.

It may well be suspected that, had it not been for its pres-
tigious name, this [topic] would have been dropped long ago
[from elementary analysis courses|, for (with due reverence to
Riemann’s genius) it is certainly clear to any working mathemati-
cian that nowadays such a ‘theory’ has at best the importance of
a mildly interesting exercise in the general theory of measure and
integration. Only the stubborn conservatism of academic tradi-
tion could freeze it into a regular part of the curriculum, long
after it had outlived its historical importance.

Stubborn academic conservatives like the present writer would reply that,
as a matter of observation, many working mathematicians! do not use and
have never studied Lebesgue integration and its generalisation to measure
theory. Although measure theory is now essential for the study of all branches
of analysis and probability, it is not needed for most of number theory, alge-
bra, geometry and applied mathematics.

LOf course, it depends on who you consider to be a mathematician. A particular French
academic tradition begins by excluding all applied mathematicians, continues by excluding
all supporters of the foreign policy of the United States and ends by restricting the title
to pupils of the Ecole Normale Supérieure.
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It is frequently claimed that Lebesgue integration is as easy to teach as
Riemann integration. This is probably true, but I have yet to be convinced
that it is as easy to learn. Under these circumstances, it is reasonable to
introduce Riemann integration as an ad hoc tool to be replaced later by a
more powerful theory, if required. If we only have to walk 50 metres, it makes
no sense to buy a car.

On the other hand, as the distance to be traveled becomes longer, walking
becomes less attractive. We could walk from London to Cambridge but few
people wish to do so. This chapter contains a series of short sections showing
how the notion of the integral can be extended in various directions. I hope
that the reader will find them interesting and instructive but, for the reasons
just given, she should not invest too much time and effort in their contents
which, in many cases, can be given a more elegant, inclusive and efficient
exposition using measure theory.

I believe that, provided it is not taken too seriously, this chapter will be
useful to those who do not go on to do measure theory by showing that
the theory of integration is richer than most elementary treatments would
suggest and to those who will go on to do measure theory by opening their
minds to some of the issues involved.

9.2 Improper integrals ¢

We have defined Riemann integration for bounded functions on bounded
intervals. However, the reader will already have evaluated, as a matter of
routine, so called ‘improper integrals’® in the following manner

1 1
/ x_1/2 da’) — hm x_l/Z dl‘ = hm [2.’131/2]2- = 27
0 e—0+ € =0+

and

0o R
7 2dr = lim v 2dr = lim [-27')F = 1.
1 R—oo Jq R—o0

A full theoretical treatment of such integrals with the tools at our disposal
is apt to lead into into a howling wilderness of ‘improper integrals of the first
kind’, ‘Cauchy principal values’ and so on. Instead, I shall give a few typical

2There is nothing particularly improper about improper integrals (at least, if they are
absolutely convergent, see page 211), but this is what they are traditionally called. Their
other traditional name ‘infinite integrals’ removes the imputation of moral obliquity but
is liable to cause confusion in other directions.
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theorems, definitions and counterexamples from which the reader should be
able to construct any theory that she needs to justify results in elementary
calculus.

Definition 9.2.1. If f : [a,00) — R is such that f|ix] € Rla, X]| for each

X >a and faX f(@)dx — L as X — oo, then we say that [~ f(x)dx exists
with value L.

Lemma 9.2.2. Suppose f : [a,00) — R is such that f|,x] € Rla,X] for
each X > a. If f(x) > 0 for all z, then faoo f(x) dx exists if and only if there

exists a K such that faX f(x)de < K for all X.

Proof. As usual we split the proof into two parts dealing with ‘if” and ‘only
if” separately.

Suppose first that [ f(z)dx exists, that is to say faX f(x)dx tends to
a limit as X — oo. Let u, = [ f(x) dz when n is an integer with n > a.
Since f is positive, u, is an increasing sequence. Since u,, tends to a limit, it
must be bounded, that is to say, there exists a K such that u, < K for all
n > a. If X > a we choose an integer N > X and observe that

[ s@ars [ swar=ux < x

as required.

Suppose, conversely, that there exists a K such that faX f(z)dr < K for
all X > a. Defining u,, = [ f(z) dz as before, we observe that the u, form
an increasing sequence bounded above by K. By the fundamental axiom it
follows that u,, tends to a limit L, say. In particular, given ¢ > 0, we can
find an ng(€) such that L — e < u,, < L for all n > ng(e).

If X is any real number with X > ng(e) + 1, we can find an integer n
with n 4+ 1> X > n. Since n > ng(e), we have

X
L—e<un§/ flz)dr <up <L

and |L—faX f(x)dz| < e. Thus faX f(x)dx — L as X — oo, as required. W

Exercise 9.2.3. Show that fon sin(2mx) dx tends to a limit asn — oo through
integer values, but fOX sin(2rx) dx does not tend to a limit as X — oo.

We use Lemma 9.2.2 to prove the integral comparison test.

Lemma 9.2.4. Suppose f : [1,00) — R is a decreasing continuous positive

function. Then Y~ 7 | f(n) exists if and only if floo f(x)dx does.
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Just as with sums we sometimes say that floo f(z)dx converges’ rather
than ¢ [[° f(2) dz exists’. The lemma then says ‘>~ f(n) converges if and
only if [ f(z)dx does’.

The proof of Lemma 9.2.4 is set out in the next exercise.

Exercise 9.2.5. Suppose f :[1,00) — R is a decreasing continuous positive
function.
(i) Show that

n+1
f(n) > / f@)de > f(n+1).

(ii) Deduce that

(#1i) By using Lemma 9.2.2 and the corresponding result for sums, deduce
Lemma 9.2.4.

Exercise 9.2.6. (i) Use Lemma 9.2.4 to show that > >~ n~ converges if
a > 1 and diverges if a < 1.

(ii) Use the inequality established in Exercise 9.2.5 to give a rough esti-
mate of the size of N required to give ZnN:1 n~1 > 100.

(11i) Use the methods just discussed to do Ezercise 5.1.10.

Exercise 9.2.7. (Simple version of Stirling’s formula.) The ideas of
Exercise 9.2.5 have many applications.

(i) Suppose g : [1,00) — R is an increasing continuous positive function.
Obtain inequalities for g corresponding to those for f in parts (i) and (ii) of
Ezercise 9.2.5.

(i1) By taking g(z) =logz in part (i), show that

N
log(N—l)!g/ log z dx < log N!
1

and use integration by parts to conclude that
log(N —1)! < NlogN — N +1<logN!.

(i1i) Show that log N! = NlogN — N + 0(N)N where 6(N) — 0 as
N — oo.
[A stronger result is proved in Ezxercise K.141.]
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We have a result corresponding to Theorem 4.6.12

Lemma 9.2.8. Suppose f : [a,00) — R is such that f|j.x) € Rla, X] for
each X > a. If [ |f(x)|dz exists, then [ f(z)dx ewists.

It is natural to state Lemma 9.2.8 in the form ‘absolute convergence of
the integral implies convergence’.

Exercise 9.2.9. Prove Lemma 9.2.8 by using the arqument of Ezxercise 4.6.14 (i).

Exercise 9.2.10. Prove the following general principle of convergence for
integrals.

Suppose f : a,00) — R is such that flx) € Rla, X] for each X > a.
Show that faoo f(z)dx exists if and only if, given any € > 0, we can find an

Xo(€) > a such that
Y
/ f(z)dz
X

Exercise 9.2.11. (i) Following the ideas of this section and Section 8.5,
provide the appropriate definition of faoo f(x)dx for a function f : [a,00) —
R™.

(11) By taking components and using Ezercise 9.2.10, or otherwise, prove
a general principle of convergence for such integrals.

(111) Use part (ii) and the method of proof of Theorem 4.6.12 to prove the
following generalisation of Lemma 9.2.8.

Suppose £ : [a,00) — R™ is such that f|, x) € Rla, X] for each X > a. If
[ |If(2)|| do exists then [ f(x)dx exists.

<€

whenever Y > X > Xo(€).

Exercise 9.2.12. Suppose f : [a,b) — R is such that f|q € Rla,c| for
each a < ¢ < b. Produce a definition along the lines of Definition 9.2.1 of
what it should mean for fab f(z)dx to exist with value L.

State and prove results analogous to Lemma 9.2.2 and Lemma 9.2.8.

Additional problems arise when there are two limits involved.

Example 9.2.13. If A\, u > 0 then

AR
A
/ v 5 dr — log (—)
,uRl—FZE o

as R — oo.
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Proof. Direct calculation, which is left to the reader. |

A pure mathematician gets round this problem by making a definition along
these lines.

Definition 9.2.14. If f : R — R is such that f|_xy] € R[-X,Y] for each
X,Y >0, then [ f(z)dx exists with value L if and only if the following
condition holds. Given ¢ > 0 we can find an Xy(€) > 0 such that

'/if(x)dx—L‘ < €.

for all X, Y > Xo(e).

Exercise 9.2.15. Let f : R — R be such that f|_xy) € R[X,Y] for
each XY > 0. Show that [*°_ f(x)dx ezists if and only if [;° f(x)dx =

limg o fORf(x) dx and ffoo f(z)dx =limg_ . fi)s f(z)dx exist. If the inte-

grals exist, show that

/Zf(x)da: = /iof(x)d93+/ooof(:v)dx,

The physicist gets round the problem by ignoring it. If she is a real
physicist with correct physical intuition this works splendidly® but if not,
not.

Speaking broadly, improper integrals [ 1 f(x) dr work well when they are
absolutely convergent, that is to say, [, |f(x)|dx < co, but are full of traps
for the unwary otherwise. This is not a weakness of the Riemann integral but
inherent in any mathematical situation where an object only exists ‘by virtue
of the cancellation of two infinite objects’. (Recall Littlewood’s example on
page 81.)

Example 9.2.16. Suppose we define the PV (principle value) integral by

PV/Z f(z)dz = lim /Zf(x) da

R—o00

whenever the right hand side exists. Show, by considering Example 9.2.13, or
otherwise, that the standard rule for change of variables fails for PV integrals.

3

3In [8], Boas reports the story of a friend visiting the Princeton common room
where Einstein was talking to another man, who would shake his head and stop him;
Einstein then thought for a while, then started talking again; was stopped again; and so
on. After a while, ... my friend was introduced to Einstein. He asked Einstein who the
other man was. “Oh,” said Einstein, “that’s my mathematician.”’
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9.3 Integrals over areas O

At first sight, the extension of the idea of Riemann integration from functions
defined on R to functions defined on R"™ looks like child’s play. We shall do
the case n = 2 since the general case is a trivial extension.

Let R = [a,b] X [c,d] and consider f: R — R such that there exists a K
with | f(x)| < K for all x € R. We define a dissection D of R to be a finite
collection of rectangles I; = [a;, b;] X [¢;,d;] [1 < j < NJ such that

(i) Ufj =R,

(i) I; N 1, is either empty or consists of a segment of a straight line
[1<j<i<N].
UD={l; :1<j<N}and D' ={I; : 1 <k < N’} are dissections we
write D AD’ for the set of non-empty rectangles of the form I; N I;. If every
I}, € D' is contained in some I; € D we write D’ > D.

We define the upper sum and lower sum associated with D by

XEIj

f%ﬁD)z}juﬂamf@x

=z |

s(f.D) = _ L] inf f(x)
j=1 ’

where |I;| = (b; — a;)(d; — ¢;), the area of ;.
Exercise 9.3.1. (i) Suppose that D and D' are dissections with D' = D.
Show, using the method of Fxercise 8.2.1, or otherwise, that

S(f,D) = S(f, D) = s(f, D) = s(f,D).

(ii) State and prove a result corresponding to Lemma 8.2.3.
(111) Ezplain how this enables us to define upper and lower integrals and
hence complete the definition of Riemann integration. We write the integral

as
| rxaa
R

when it exists.

(iv) Develop the theory of Riemann integration on R as far as you can.
(You should be able to obtain results like those in Section 8.2 as far as the
end of Exercise 8.2.15.) You should prove that if f is continuous on R then
it 1s Riemann integrable.
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We can do rather more than just prove the existence of

/R f(x) dA

when f is continuous on the rectangle R.

Theorem 9.3.2. (Fubini’s theorem for continuous functions.) Let
R =[a,b] x[c,d]. If f: R — R is continuous, then the functions F} : [a,b] —
R and F; : [¢,d] — R defined by

d b
Fl(:v):/ f(x,s)ds and FQ(y):/ f(t,y)dt

are continuous and

[ mwar= [ ma= [ s90a

a C

This result is more usually written as

/ab (/Cdf(x,y)dy> dcc:/cd (/abf(gc,y)dx> dy:/Rf(X)dA,

or, simply,

/ab /Cd P, y) dy d = /Cd /a” F o) dody = /[ o feaa

(See also Exercises K.152, K.154 and K.155.)
We prove Theorem 9.3.2 in two exercises.

Exercise 9.3.3. (We use the notation of Theorem 9.3.2.) If |f(x,s) —
flw,s)] < € for all s € [c,d] show that |Fy(x) — Fi(w)| < €(d —¢). Use
the uniform continuity of f to conclude that F is continuous.

For the next exercise we recall the notion of an indicator function I for a
set E. If E C R, thenIg : R — Ris defined by Ig(a) = 1ifa € E, Ig(a) =0
otherwise.

Exercise 9.3.4. We use the notation of Theorem 9.3.2. In this exercise
interval will mean open, half open or closed interval (that is intervals of the
form, (a, 8), [a, B), (o, B] or |o, 5]) and rectangle will mean the product of
two intervals. We say that g satisfies the Fubini condition if

/ab (/Cdg(x,y)dy> dx:/cd (/abg(x,y)dy) dx:/Rg(X)dA-
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(i) Show that, given € > 0, we can find rectangles R; C R and \; € R
such that, writing

N
H=> X\lg,
j=1

we have H(x) —e < F(x) < H(x) + € for all x € R.

(11) Show by direct calculation that g satisfies the Fubini condition when-
ever B is a rectangle. Deduce that H satisfies the Fubini condition and use
(i) (carefully) to show that F does.

All this looks very satisfactory, but our treatment hides a problem. If we
look at how mathematicians actually use integrals we find that they want
to integrate over sets which are more complicated than rectangles with sides
parallel to coordinate axes. (Indeed one of the guiding principles of this book
is that coordinate axes should not have a special role.) If you have studied
mathematical methods you will have come across the formula for change of
variables?

J[ rwordua= [ satemotein|5e

E' = {(u(z,y),v(z,y)) : (z,y) € E}.

Even if you do not recognise the formula, you should see easily that any
change of variable formula will involve changing not only the integrand but
the set over which we integrate.

It is not hard to come up with an appropriate definition for integrals over
a set F.

dx dy,

where

Definition 9.3.5. Let E be a bounded set and f : E — R a bounded func-
tion. Choose a < b and ¢ < d such that R = [a,b] X [c,d] contains E and
define f : R — R by f(x) = f(x) ifx € E, f(x) = 0 otherwise. If [, f(x)dA
exists, we say that [ f(x)dA exists and

[Ef(x)dA:/Rf(x)dA.

Exercise 9.3.6. Explain briefly why the definition is independent of the
choice of R.

4This formula is included as a memory jogger only. It would require substantial sup-
porting discussion to explain the underlying conventions and assumptions.




Please send corrections however trivial to twk@dpmms.cam.ac.uk 215

The most important consequence of this definition is laid bare in the next
exercise.

Exercise 9.3.7. Let R = [a,b] X [¢,d] and E C R. Let R be the set of
functions f : R — R which are Riemann integrable. Then fE f(x)dA ezists
for all f € R if and only if lp € R.

If we think about the meaning of [, Ip(x)dA we are led to the following
definition®.
Definition 9.3.8. A bounded set E in R* has Riemann area [, 1dA if that
integral exists.

Recall that, if R = [a,b] X [c,d], we write |R| = (b — a)(d — ¢).
Exercise 9.3.9. Show that a bounded set E has Riemann area |E| if and
only if, given any €, we can find disjoint rectangles R; = |a;, b;| X [c;, d;]
[1 <i < NJ and (not necessarily disjoint) rectangles R, = [a},b}] x [c}, d}]
[1 < j < M] such that

N M N M
URCEC|JR, Y |R|I>|E|—cand > |R)| <|E|+e
=1 7j=1 =1 7j=1

Exercise 9.3.10. Show that, if E has Riemann area and f is defined and
Riemann integrable on some rectangle R = [a,b] X [c,d] containing E, then
[ f(x) dA exists and

[ 1] < sup 0L

In other words
size of integral < area x sup.

Our discussion tells us that in order to talk about

[ 160

we need to know not only that f is well behaved (Riemann integrable) but
that £ is well behaved (has Riemann area). Just as the functions f which
occur in ‘first mathematical methods’ courses are Riemann integrable, so the
sets F which appear in such courses have Riemann area, though the process
of showing this may be tedious.

5Like most of the rest of this chapter, this is not meant to be taken too seriously. What
we call ‘Riemann area’ is traditionally called ‘content’. The theory of content is pretty
but was rendered obsolete by the theory of measure.
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Exercise 9.3.11. (The reader may wish to think about how to do this exer-
cise without actually writing down all the details.)

(i) Show that a rectangle whose sides are not necessarily parallel to the
axis has Riemann area and that this area is what we expect.

(11) Show that a triangle has Riemann area and that this area is what we
expect.

(111) Show that a polygon has Riemann area and that this area is what
we expect. (Of course, the answer is to cut it up into a finite number of
triangles, but can this always be done?)

However, if we want to go further, it becomes rather hard to decide which
sets are nice and which are not. The problem is already present in the
one-dimensional case, but hidden by our insistence on only integrating over
intervals.

Definition 9.3.12. A bounded set E/ in R has Riemann length if, taking any
la,b] D E, we have Ip € R([a,b]). We say then that E has Riemann length

B = /b]IE(t) dt.

Exercise 9.3.13. (i) Explain why the definition just given is independent of
the choice of |a,b].
(11) Show that

Taug = 14 +1p — I4lg.

Hence show that, if A and B have Riemann length, so does AU B. Prove
similar results for AN B and A\ B.

(111) By reinterpreting Ezercise 9.1.1 show that we can find A, C [0,1]
such that A,, has Riemann length for each n but |J,—, A, does not.

(iv) Obtain results like (ii) and (iii) for Riemann area.

It also turns out that the kind of sets we have begun to think of as nice,
that is open and closed sets, need not have Riemann area.

Lemma 9.3.14. There exist bounded closed and open sets in R which do not
have Riemann length. There exist bounded closed and open sets in R? which
do not have Riemann area.

The proof of this result is a little complicated so we have relegated it to
Exercise K.156.

Any belief we may have that we have a ‘natural feeling’ for how area
behaves under complicated maps is finally removed by an example of Peano.
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Theorem 9.3.15. There exists a continuous surjective map f : [0,1] —
[0,1] x [0, 1].

Thus there exists a curve which passes through every point of a square!
A proof depending on the notion of uniform convergence is given in Exer-
cise K.224.

Fortunately all these difficulties vanish like early morning mist in the light
of Lebesgue’s theory.

9.4 The Riemann-Stieltjes integral ¢

In this section we discuss a remarkable extension of the notion of integral due
to Stieltjes. The reader should find the discussion gives an excellent revision
of many of the ideas of Chapter 8.

Before doing so, we must dispose of a technical point. When authors talk
about the Heaviside step function H : R — R they all agree that H(t) = 0
for t <0 and H(t) =1 for ¢ > 0. However, some take H(0) = 0, some take
H(0) = 1 and some take H(0) = 1/2. Usually this does not matter but it is
helpful to have consistency.

Definition 9.4.1. Let E C R We say that a function f : E — R is a right
continuous function if, for all x € E, f(t) — f(x) whenever t — x through
values of t € E with t > x.

Exercise 9.4.2. Which definition of the Heaviside step function makes H
right continuous?

In the discussion that follows, G : R — R will be a right continuous
increasing function. (Exercise K.158 sheds some light on the nature of such
functions, but is not needed for our discussion.) We assume further that
there exist A and B with G(t) — Aast — —oo and G(t) — B as t — oc.

Exercise 9.4.3. If F : R — R s an increasing function show that the fol-
lowing two statements are equivalent:-

(i) F is bounded.
(ii) F(t) tends to (finite) limits as t — —oo and as t — o0.

We shall say that any finite set D containing at least two points is a
dissection of R. By convention we write

D ={xg,x1,...,x,} with zg < 27 <29 < -+ < .

(Note that we now demand that the z; are distinct.)
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Now suppose f : R — R is a bounded function. We define the upper
Stieltjes G sum of f associated with D by

Sa(f, D) =(G(xo) — fgf f(t) Z G(xj-1)) te(:}ipx_] f(@)
+ (B = Gl) sup 10

(Note that we use half open intervals, since we have to be more careful about
overlap than when we dealt with Riemann integration.)

Exercise 9.4.4. (i) Define the lower Stieltjes G sum sq(f, D) in the appro-
priate way.

(11) Show that, if D and D' are dissections of R, then Sq(f, D) > sq(f, D).
(i11) Define the upper Stieltjes G integral by I*(G, f) = infp S(f, D).
Give a similar definition for the lower Stieltjes G integral I.(G, f) and show

that I*(G, f) > L(G, f).

If I*(G, f) = L.(G, f), we say that f is Riemann-Stieltjes integrable with
respect to G and we write

/R f(z) dG(x) = I*(G, f).

Exercise 9.4.5. (i) State and prove a criterion for Riemann-Stieltjes inte-
grability along the lines of Lemma 8.2.6.

(11) Show that the set Rg of functions which are Riemann-Stieltjes in-
tegrable with respect to G forms a vector space and the integral is a linear
functional (i.e. a linear map from Reg to R).

(111) Suppose that f : R — R is Riemann-Stieltjes integrable with respect
to G, that K € R and |f(t)] < K for allt € R. Show that

z)dG(z)| < K(B — A).

(iv) Show that, if f,g : R — R are Riemann-Stieltjes integrable with
respect to G, so is fg (the product of f and g).

(v) If f : R — R is Riemann-Stieltjes integrable with respect to G, show
that | f| is also and that

[1r@ldce

(vi) Prove that, if f : R — R is a bounded continuous function, then f is
Riemann-Stieltjes integrable with respect to G. [Hint: Use the fact that f is
uniformly continuous on any [—R, R]. Choose R sufficiently large.]

x)dG(z
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The next result is more novel, although its proof is routine (it resembles
that of Exercise 9.4.5 (ii)).

Exercise 9.4.6. Suppose that F, G : R — R are right continuous increasing
bounded functions and A\, p > 0. Show that, if f : R — R is Riemann-
Stieltjes integrable with respect to both F and G, then f is Riemann-Stieltjes
integrable with respect to A\F' 4+ uG and

/R F(2) dOVF + pG)(z) = A / f(2) dF(2) + / f(2) dG(z).

Exercise 9.4.7. (i) Ifa € R, show, by choosing appropriate dissections, that
[(—oo,q 8 Riemann-Stieltjes integrable with respect to G and

[ temala) 46 = Gla) — 4

(ii) If a € R, show that I(_w q) is Riemann-Stieltjes integrable with respect
to G if and only if G is continuous at a. If G is continuous at a show that

/R Lo (2) dG(x) = G(a) — A.

(iii) If a < b, show that L,y is Riemann-Stieltjes integrable with respect
to G and

/R]I(a,b](:c) dG(xz) = G(b) — G(a).

(w) If a < b, show that L. is Riemann-Stieltjes integrable with respect
to G if and only if G is continuous at b.

Combining the results of Exercise 9.4.7 with Exercise 9.4.5, we see that,
if f is Riemann-Stieltjes integrable with respect to G, we may define

(@) dG(z) = /R Lo (2)f () dG(x)

(a,0]
and make similar definitions for integrals like [ (ool () dG(z)

Exercise 9.4.8. Show that, if G is continuous and f is Riemann-Stieltjes
integrable with respect to G, then we can define f[a 0 f(z)dG(x) and that

| f(x)dG(z) = [ f(x)dG(z).

(a,b [a,b]



220 A COMPANION TO ANALYSIS

Remark: When we discussed Riemann integration, I said that, in mathe-
matical practice, it was unusual to come across a function that was Lebesgue
integrable but not Riemann integrable. In Exercise 9.4.7 (iv) we saw that the
function I, ), which we come across very frequently in mathematical prac-
tice, is not Riemann-Stieltjes integrable with respect to any right continuous
increasing function G which has a discontinuity at b. In the Lebesgue-Stieltjes
theory, I, is always Lebesgue-Stieltjes integrable with respect to G. (Ex-
ercise K.161 extends Exercise 9.4.7 a little.)

The next result has an analogous proof to the fundamental theorem of
the calculus (Theorem 8.3.6).

Exercise 9.4.9. Suppose that G : R — R is an increasing function with con-
tinuous derivative. Suppose further that f : R — R is a bounded continuous
function. If we set

0= [ fwde)

show that then I is differentiable and I'(t) = f(t)G'(t) for all t € R.

Using the mean value theorem, in the form which states that the only
function with derivative 0 is a constant, we get the following result.
Exercise 9.4.10. Suppose that G : R — R is an increasing function with
continuous derivative. If f: R — R is a bounded continuous function, show
that

z)dG(z) = )G (z) dz.
@) /af() (z)
Show also that

/R fla)dGo) = | " f(@)C () d,

explaining carefully the meaning of the right hand side of the equation.

However, there is no reason why we should restrict ourselves even to
continuous functions when considering Riemann-Stieltjes integration.

Exercise 9.4.11. (i) If c € R, define H. : R — R by H.(t) = 0 if t < c,
H.(t) =1 ift > c. Show, by finding appropriate dissections, that, if f: R —
R is a bounded continuous function, we have

f(z)dH(x) = f(c)

(a,0]
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when ¢ € (a,b]. What happens if ¢ ¢ (a,b]

(i) Ifa < ¢y < g < -+ <Cp<band A, Aa, ..., Ay Oﬁndamght
continuous function G : [a,b] — R such that, if f : (a,b] — R is a bounded
continuous function, we have

flx focj

(a,b]

Exercise 9.4.11 shows that Riemann-Stieltjes integration provides a frame-
work in which point masses may be considered along with continuous densi-
tiesS.

The reader may agree with this but still doubt the usefulness of Riemann-
Stieltjes point of view. The following discussion may help change her mind.

What is a real-valued random variable? It is rather hard to give a proper
mathematical definition with the mathematical apparatus available in 18807 .
However any real-valued random variable X is associated with a function

P(z) = Pr{X < z}.

Exercise 9.4.12. Convince yourself that P : R — R s a right continuous
increasing function with P(t) — 0 ast — —oo and P(t) — 1 ast — oc.
(Note that, as we have no proper definitions, we can give no proper proofs.)

Even if we have no definition of a random variable, we do have a definition
of a Riemann-Stieltjes integral. So, in a typical mathematician’s trick, we
turn everything upside down.

Suppose P : R — R is a right continuous increasing function with P(t) —
0ast — —oo and P(t) — 1 as t — oo. We say that P is associated with a
real-valued random variable X if

Pr{X ¢ E} — /R Ip(x) dP(z)

when I is Riemann-Stieltjes integrable with respect to P. (Thus, for exam-
ple, E could be (—o0,a] or (a,b].) If the reader chooses to read Pr{X € E}
as ‘the probability that X € E’ that is up to her. So far as we are concerned,
Pr{X € E} is an abbreviation for [, Ig(z)dP(x).

6Note that, although we have justified the concept of a ‘delta function’, we have not
justified the concept of ‘the derivative of the delta function’. This requires a further
generalisation of our point of view to that of distributions.

"The Holy Roman Empire was neither holy nor Roman nor an empire. A random
variable is neither random nor a variable.
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In the same way we define the expectation Ef(X) by

Ef(X) = / f(x) dP(x)

when f is Riemann-Stieltjes integrable with respect to P. The utility of
this definition is greatly increased if we allow improper Riemann-Stieltjes
integrals somewhat along the lines of Definition 9.2.14.

Definition 9.4.13. Let G be as throughout this section. If f : R — R, and
R, S > 0 we define fre : R — R by

frs(t) = f(t)  ifR=f(t)=-5S

frs(t) = =S if =S > f(t),

frs(t) =R if f(t) > R.

If frs 1s Riemann-Stieltjes integrable with respect to G for all R, S > 0, and
we can find an L such that, given € > 0, we can find an Ro(e) > 0 such that

< €.

Léfmmde@)—L

for all R, S > Ro(e€), then we say that f is Riemann-Stieltjes integrable with
respect to G with Riemann-Stieltjes integral

/j@ﬂ@@:g
R
(As before, we add a warning that care must be exercised if [, |f ()| dG(x)

fails to converge.)

Lemma 9.4.14. (Tchebychev’s inequality.) If P is associated with a
real-valued random variable X and EX? exists then

EX?

a? -’

Pr{X>aor —a>X}<
Proof. Observe that
7 > 0’z (~a.0) (%)

for all x and so

AﬁMWZAJMMM@MM-
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Thus
/x2 dG(x) > aQ/]IR\(a,a](x) dG(z).
R R
In other words,
EX? > a*Pr{X ¢ (—a,a]},
which is what we want to prove. [ |

Exercise 9.4.15. (i) In the proof of Tchebchyev’s theorem we used various
simple results on improper Riemann-Stieltjes integrals without proof. Identify
these results and prove them.

(i) If P(t) = (§ — tan™' x)/m, show that EX? does not exist. Show that
this is also the case if we choose P given by

P(t)=0 ift <1
Pit)y=1-2"" if 20 <t < 2" n >0 an integer.

Exercise 9.4.16. (Probabilists call this result ‘Markov’s inequality’. Ana-
lysts simply call it a ‘Tchebychev type inequality’.) Suppose ¢ : [0,00) — R
1S an increasing continuous positive function. If P is associated with a real-
valued random variable X and E¢(X) exists, show that

E¢(X)
¢(a)
In elementary courses we deal separately with discrete random variables
(typically, in our notation, P is constant on each interval [n,n+ 1)) and con-

tinuous random variables® (in our notation, P has continuous derivative, this
derivative is the ‘density function’). It is easy to construct mixed examples.

Pr{X ¢ (—a,a]} <

Exercise 9.4.17. The height of water in a river is a random variable Y with
Pr{Y <y} =1—e7Y fory > 0. The height is measured by a gauge which
registers X = min(Y,1). Find Pr{X < x} for all x.

Are there real-valued random variables which are not just a simple mix
of discrete and continuous? In Exercise K.225 (which depends on uniform
convergence) we shall show that there are.

The Riemann-Stieltjes formalism can easily be extended to deal with two
random variables X and Y by using a two dimensional Riemann-Stieltjes
integral with respect to a function

P(z,y) =Pr{X <z, YV <y}.

8See the previous footnote on the Holy Roman Empire.
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In the same way we can deal with n random variables X, X5, ..., X,,. How-
ever, we cannot deal with infinite sequences X, Xy, ... of random variables
in the same way. Modern probability theory depends on measure theory.

In the series of exercises starting with Exercise K.162 and ending with
Exercise K.168 we see that the Riemann-Stieltjes integral can be generalised
further.

9.5 How long is a piece of string? O

The topic of line integrals is dealt with quickly and efficiently in many texts.
The object of this section is to show why the texts deal with the matter in
the way they do. The reader should not worry too much about the details
and reserve such matters as ‘learning definitions’ for when she studies a more
efficient text.

The first problem that meets us when we ask for the length of a curve
is that it is not clear what a curve is. One natural way of defining a curve
is that it is a continuous map ~ : [a,b] — R™. If we do this it is helpful to
consider the following examples.

v, : [0,1] — R? with ~,(t) = (cos 2nt, sin 27t)
vy i [1,2] — R? with ~,(t) = (cos 2nt, sin 27t)
~; 1 [0,2] — R? with ~,(t) = (cos t, sin 7t)

v, 1 [0,1] — R? with ~,(t) = (cos 2nt?, sin 27t?)
5 1 [0,1] — R? with ~,(t) = (cos 27t, — sin 27t)
~6 i [0,1] — R? with ~4(t) = (cos 4nt, sin 4rt)

Exercise 9.5.1. Trace out the curves v, to 4. OState in words how the
curves vy, Yy, Vs and g differ.

Exercise 9.5.2. (i) Which of the curves v, to 74 are equivalent and which
are not, under the following definitions.

(a) Two curves 71 : [a,b] — R? and 75 : [c,d] — R? are equivalent
if there exist real numbers A and B with A > 0 such that Ac + B = a,
Ad+ B =b and T71(At + b) = 14(t) for all t € [c,d].

(b) Two curves 71 : [a,b] — R?* and 73 : [c,d] — R? are equivalent if
there exists a strictly increasing continuous surjective function 0 : [c,d] —
la,b] such that T1(0(t)) = T2(t) for allt € [c,d].

(c) Two curves T1 : [a,b] — R? and 75 : [c,d] — R? are equivalent
if there exists a continuous bijective function 0 : [c,d] — [a,b] such that

T1(0(t)) = T2(t) for allt € [e,d].
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(d) Two curves Ty : [a,b] — R? and 75 : [c,d] — R? are equivalent if
Tl([av b]) = TQ([CJ d])
(i) If you know the definition of an equivalence relation verify that con-
ditions (a) to (d) do indeed give equivalence relations.

Naturally we demand that ‘equivalent curves’ (that is curves which we
consider ‘identical’) should have the same length. I think, for example, that
a definition which gave different lengths to the curves described by -, and
~v, would be obviously unsatisfactory. However, opinions may differ as to
when two curves are ‘equivalent’. At a secondary school level, most people
would say that the appropriate notion of equivalence is that given as (d) in
Exercise 9.5.2 and thus the curves v, and =4 should have the same length.
Most of the time, most mathematicians’ would say that the curves ~; and
“¢ are not equivalent and that, ‘since =4 is really v, done twice’, 4 should
have twice the length of «,. If the reader is dubious she should replace the
phrase ‘length of curve’ by ‘distance traveled along the curve’.

The following chain of ideas leads to a natural definition of length. Sup-
pose v : [a,b] — R™ is a curve (in other words = is continuous). As usual,
we consider dissections

D:{th tly tQa sy tn}

with a =tg <t; <ty <.--<t, =0b. We write
L(v,D) =Y v(tim) = ()l
j=1

where ||a — b|| is the usual Euclidean distance between a and b.

Exercise 9.5.3. (i) Explain why L(~, D) may be considered as the ‘length
of the approzimating curve obtained by taking straight line segments joining

each y(t;_1) to v(t;) "
(ii) Show that, if Dy and Dy are dissections with Dy C Ds,
L(v,D2) = L(v, Dy).
Deduce that, if D3 and Dy are dissections, then
L(v, D3 UDy) = max(L(v, Ds), L(7, D4)).

The two parts of Exercise 9.5.3 suggest the following definition.

9But not all mathematicians and not all the time. One very important definition of
length associated with the name Hausdorff agrees with the school level view.
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Definition 9.5.4. We say that a curve v : [a,b] — R™ is rectifiable if
there exists a K such that L(y,D) < K for all dissections D. If a curve is
rectifiable, we write

length() = sup L(v, D)
D

the supremum being taken over all dissections of [a, b].
Not all curves are rectifiable.

Exercise 9.5.5. (i) Let f : [0,1] — R be the function given by the conditions
f(0) =0, f is linear on [27"723,27"] with f(27"723) = 0 and f(27") =
(n+1)71, f s linear on 27771, 27"723] with f(27"723) =0 and f(27"7!) =
(n+2)~' [n>0].

Sketch the graph of f and check that f is continuous. Show that the curve
~ : [0,1] — R? given by ~(t) = (¢, f(t)) is not rectifiable.

(11) Let g : [—1,1] — R be the function given by the conditions g(0) = 0,
g(t) = t¥sin|t|* for t # 0, where a is real. Show that g is differentiable
everywhere, but that, for an appropriate choice of «, the curve T : [—1,1] —
R? given by T(t) = (t, g(t)) is not rectifiable.

Exercise 9.5.6. (i) By using the intermediate value theorem, show that a
continuous bijective function 0 : [c,d] — [a,b] is either strictly increasing or
strictly decreasing.

(11) Suppose that vy : [a,b] — R™ is a rectifiable curve and 0 : [c,d] — |a, b]
is a continuous bijection. Show that ~y o 6 (where o denotes composition) is
a rectifiable curve and

length(vy o ) = length(~y).

(iii) Let T : [—1,1] — R? given by 7(t) = (sinnt,0). Show thatlength(7) =
4. Comment briefly.

The next exercise is a fairly obvious but very useful observation.

Exercise 9.5.7. Suppose that v : [a,b] — R™ is rectifiable. Show that, if
a <t < b, then the restriction | : [a,t] — R™ is rectifiable. If we write

ly(t) = length(¥la.),
show that I : [a,b] — R is an increasing function with l(a) = 0.

With a little extra effort we can say rather more about L.
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Exercise 9.5.8. We use the hypotheses and notation of Fxercise 9.5.7.
(i) Suppose that ~ has length L and that

D = {to, t1, ta, ..., tn}
with a =ty <t] <ty <-.--<t, =0 1s a dissection such that
L(v,D) > L —e.
Ezxplain why
ly(t;) = ly(tj—1) < e
and deduce that, if t;_1 <t <t <t;, then
L) — (1) < e

foralll <75 <n.
(11) Use part (i) to show that L : [a,b] — R is continuous.

Exercise 9.5.9. [This a just a simple observation obscured by notation.]
We use the hypotheses and notation of Exercise 9.5.7. Let L be the length
of v. Show that, if v : [a,b] — R™ is injective, then setting 6 = [, we
have 6 : [a,b] — [0, L] a bijective continuous map. Explain why this means
that 0~ is continuous (see the proof of Lemma 5.6.7 if necessary). If we set
T =~0071, show that

l-(s) =s

for 0 < s < L. We say that the curve T is the curve v ‘reparameterised by
arc length’.

If we define Ly : R — R by
L,(t) =14(a) for t < a,

-
L,(t) =1,(t) for a <t <0,
L. (t) = 14(b) for b <,

then, since L. is an increasing function, we can define the Riemann-Stieltjes
integral

Q/’g@>dL7a>
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for any continuous function ¢ : [a,b] — R. It follows that, if f: R™ — R is
continuous, we can define the ‘integral along the curve’ by

L F(x) ds = / " Fv(0) dL ).

Note that, if the curve 7 is the curve « ‘reparameterised by arc length’ in
the sense of Example 9.5.9, then

L
[seds= [ sy
T 0
We have defined an integral along a curve, but we have not shown how

to calculate it. If ~ is sufficiently smooth, we can proceed as follows.

Exercise 9.5.10. Suppose x, y : [a,b] — R are continuous functions, € > 0
and A, B are real numbers such that

[(2(t) —x(s)) — A(t = 5)], [(y(t) —y(s)) =B —s)| <e
for all t, s € [a,b]. Show that, if v : [a,b] — R? is the curve given by
Y(t) = (e(t), (1)), then
((min(|A] — €,0))* + (min(|B| - €,0)*) (t = 5)* < |[¥(t) = ¥(s)|
< (([A]+e)* + (IB] + €)*)(t — s)*
for allt, s € [a,b]. Deduce that ~ is rectifiable and

((min(|A] - €,0))? + (min(|B| - ¢,0))?)*(b — a) < length(~)

< (Al + ) + (1Bl + ) (b~ a).
Exercise 9.5.11. This exercise uses the ideas of the previous exercise to-
gether with the mean wvalue inequality. Suppose that x, y : [a,b] — R
have continuous derivatives (with the usual conventions about left and right

derivatives at end points). Show that the curve v : [a,b] — R? given by
~(t) = (z(t),y(t)) is rectifiable and, by considering the behaviour of

ly(s) — L4(1)
s—1t
as s — t, show that l is everywhere differentiable on |a, b] with
_ 2 241/2
L) = (2'(t) + 9/ (1))

Ezxplain why your proof does not apply to the counterexample in part (ii)
of Exercise 9.5.5.
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Figure 9.1: Arc length via polygonal paths

Exercise 9.5.12. Use Fxercise 9.4.10 to compute the lengths of the curves
v, to g defined on page 224.

Using Exercise 9.4.10, we see that, if z, y : [a,b] — R? have continuous
derivatives (with the usual conventions about left and right derivatives at end
points), and we consider the curve v : [a,b] — R? given by v(¢) = (z(t),y(t)),
then, if f : R? — R is continuous,

b
/f(X) dSZ/ Fla(t),y() (@' () +y' ()2 dt,

a result coinciding with that we would expect from mathematical methods
courses.

Exercise 9.5.13. FExtend this result to smooth curves = : [a,b] — R™, giving
as much (or as little) detail as seems to you desirable.

This seems highly satisfactory until we read more advanced texts than
this and discover that, instead of using the sophisticated general ideas of
this section, these advanced texts use a rigorised version of the mathematical
methods approach. Why do they do this?

There are various reasons, but one of the most important is that the
approaches developed here do not apply in higher dimensions. More specif-
ically, we obtained arc length by ‘approximating by polygonal paths’ as in
Figure 9.1.

In 1890, H. A. Schwarz!'® published an example showing that any naive at-
tempt to find the area of a surface by ‘approximating by polyhedral surfaces’
must fail. The example provides a good exercise in simple three dimensional
geometry.

10The Schwarz of the Cauchy-Schwarz inequality.
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Figure 9.2: Part of Schwarz’s polyhedral approximation

Figure 9.3: Two more views of Schwarz

Exercise 9.5.14. (Schwarz’s counterexample.) Split a 1 by 27 rectangle
into mn rectangles each m~' by 2mn~t, and split each of these into four
triangles by means of the two diagonals. Bend the large rectangle into a
cylinder of height 1 and circumference 2w, and use the vertices of the 4mn
triangles as the vertices of an inscribed polyhedron with 4mn flat triangular
facestt. We call the area of the resulting polyhedron A(m,n).

In Figure 9.2 we show one of the nm rectangles ABC'D with diagonals
meeting at X before and after bending. In our discussion, we shall refer only
to the system after bending. Let W be the mid point of the arc AB, Y the
mid point of the chord AB and Z the mid point of the line BD as shown in
Figure 9.35.

By observing that WA = XZ, or otherwise, show that the area of the tri-
angle AXC is (2m) ' sin(m/n). Show that YW has length 2(sin(7/2n))* and
deduce, or prove otherwise, that the triangle X AB has area sin(w/n)((2m) =+
4(sin(m/2n))?). Conclude that

1/2
LT 2 (o T\?
A(m,n) =nsin <1+ <1+16m (sm 2n> ) ) :

1 The last two sentences are copied directly from Billingsley’s splendid Probability and
Measure [6], since I cannot see how to give a clearer description than his.
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If we choose nj — oo and m; — oo in such a way that m3/n; — X as
Jj — 00, what happens to A(m;,n;)? Can you choose nj — oo and mj; — oo
so that A(mj,nj) — oo as j — co? Can you choose nj — oo and m; — 0o
so that A(m;, n;) is bounded but does not converge? Can you choose n; — 0o
and m; — oo so that A(m;,n;) — n?

Exercise 9.5.15. Ezxplain in words and without using calculations why, if
we fir n, A(m,n) — oo as m — oo. (Unless you can give a simple ge-
ometric account of what is going on, you have not understood Schwarz’s
example.) Deduce directly that we can choose n; — oo and m; — oo such
that A(m;,n;) — oo as j — oo. [Thus, if we simply want to show that the
naive approach fails, we do not need the calculations of the previous exercise.
However, if we want more information (for example, necessary and sufficient
conditions for A(m;,n;) — 2m) then we must do the calculations.]

Once the reader has grasped the point of Exercise 9.5.15, she may feel
that it is obvious what is wrong. However, the problem is not that we cannot
see what the area of a cylinder ought to be, but that we cannot think of a
simple definition of area which will apply to general surfaces in the same
way that our definition of length applied to general curves. Up to now, all
attempts to produce a definition of area to parallel our definition of length
have failed!2.

If a surface is sufficiently well behaved, it is more or less clear how to frame
a notion of approximation by polyhedra which excludes Schwarz’s example.
But, if a surface is sufficiently well behaved, we can produce a rigorous defini-
tion of its area by tidying up the standard mathematical methods definition.
If we are going to do this for the area of a surface and its higher dimensional
analogues, it seems a waste of time to have a special theory for length. Life,
as the saying goes, is too short to stuff an olive. The next exercise gives the
standard development.

Exercise 9.5.16. (Standard treatment of line integrals.) We deal only
with curves v : [a,b] — R™ which are continuously differentiable (so that,
writing

() = (1 (t),72(1), -+ Y (1),

we know that vj : [a,b] — R ezists and is continuous). If f : R™ — R is
continuous, we define

/ flx) ds = / FOa(), 20 - 3 (D) (1 (0 + 75 (0) 4 -+ + 71, (1)) d.

12There are other ways of tackling this problem. Once again I refer the reader to the
circle of ideas associated with the name of Hausdorff.
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Suppose that 0 : [c,d] — [a,b] is a surjective function with continuous
deriwative. Fxplain why T = 7 o0 is a continuously differentiable function
from [c,d] to R™. Show that, if 0 is injective, then

/T Fx) ds = / F(x)ds,

but give an example to show that, if 6 is not injective, this may not hold.

We define the length of v to be / 1ds.
¥



Chapter 10

Metric spaces

10.1 Sphere packing ©

(In this section and the next we are much more interested in ideas than
rigour. We shall use methods and results which go well beyond the scope of
this book.)

Human beings prefer order to disorder. Asked to pack a crate of oranges,
we do not throw them in at random, but try to pack them in a regular
pattern. But choosing patterns requires insight and sometimes we have no
insight. Consider the problem of packing n dimensional balls in a very large
box. (We shall take our balls and boxes to be open, but it should be clear
that such details do not matter.)

As an example of a regular packing, let the balls have radius 1/2 and let
us adopt a cubical packing so that the centre of each ball is one of integer
points Z™. Is this reasonably efficient or not? To answer this question it is
helpful to know the volume V,,(r) of an n dimensional ball of radius .

Lemma 10.1.1. (i) If we write V,, = V,,(1), then V,(r) = V,r".
(ii) If a > 0 and I q) : [0,00) — R is defined by I q(t) = 1 if t € [0,al,
Ij0,q(t) = 0, otherwise, then

/n Ljo.q([[x]]) dV = nV, /OOO Ljg,q (r)r" " dr.
(iii) If f : [0,00) — R is given by f =S¢ Aljgq,). then
Feav = v, [y
(i) If f : [0, 00) i R is such that f(T)O?“"+1 — 0 asr — oo, then

£(lell) aV = nv, / Fryr dr.

Rn

233
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(v) Taking f(r) = exp(—r?/2) in (ii), we obtain
(2m)"/% = nVn/ r"Lexp(—r?/2) dr,
0

and so

" n!22nﬂ.n—1
Vin =7, Vano = ———
n! (2n)!

Sketch proof. (i) Use similarity.
(ii) This is a restatement of (i).
(iii) Use linearity of the integral.
(iv) Use an approximation argument.
(v) Using repeated integration,

[ty = [~ [ [~ epi-ot +at oo+ a2 drndes. o,
Rn —00 J —00 —00
:/ exp(—17/2) d:cl/ exp(—x3/2) da:g---/ exp(—z2/2) dx, = (2m)"/2.

— 00

On the other hand, integration by parts gives

/O T exp(—r2/2) dr = (n— 2) /0 " exp(—r2/2) dr,

S0
(27)"/% = nV, /000 r"texp(—r?/2) dr
=n(n—-2)V, /000 3 exp(—r?/2) dr = (27) 220V, )V, _s
and V,, = (2m)V,,_a/n. The stated results follow by induction. A

Remark: Since we are not seeking rigour in this section, I have only sketched
a proof. However, few mathematicians would demand more proof for this
result. As I emphasise in Appendix C, we need rigour when we make general
statements which must apply to objects we have not yet even imagined. Here,
we need a result about a specific property of a specific object (the volume of
an n-dimension sphere), so we can have much more confidence in our sketched
proof.

If we use a cubical packing, the proportion of space occupied by balls is
27"V, (think about the ball center q radius 1/2 inside the cube []7_,(¢; —
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1/2,q; — 1/2)) and Lemma 10.1.1 shows that this proportion drops very
rapidly indeed as n becomes large.

What happens if we ‘just place balls wherever we can’. Suppose we are
trying to fill the cube

C={x:—-N-1/2<z;<N+1/2 [1<j<n]}

with non-intersecting balls of radius 1/2, and that we have managed to place
m such balls

Sp={x:|lx—yil| <1/2} [1<k<m]
Now consider the balls with the same centres and doubled radius
o =1{x: |Ix—yil| <1} [1 <k <m].
A little thought shows that, if y lies inside the cube
C'={x:-N<z; <N[1<j<n]}
and does not lie in any oy, then the ball
S={x: |x -yl <1/2}

lies in C' and does not intersect any S, so we may add another ball to our
collection. Such a point y will always exist if

Vol C' > Z Vol oy,
k=1

(since then Vol C" > Vol J;", o, and so C" \ |-, o # 0). Thus if
Vol C' > mV,,

we can add extra balls and so, by just filling up available spaces, without
following any pattern, we can find at least Vol C’/V,, disjoint balls of radius
1/2 in C. Since the volume of a ball of radius 1/2 is 27"V, the proportion of
space occupied by balls is 27" Vol €’/ Vol C' = 27"(1 4 557) " so, for N large,
the proportion of space occupied by balls is essentially 27", an astounding
gain in efficiency over cubical packing.

What morals should we draw? The most immediate is that we do not
know what an n-dimensional ball looks like! (Here, ‘we’ refers to the writer
and most of his audience. Specialists in topics like the geometry of Banach
spaces do have substantial insight.) The second is that, when we have little
insight, trying to impose order on things may well be counter productive.
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10.2 Shannon’s theorem <

It costs money to send messages. In the old days, telegrams might be charged
for by the word. Nowadays, we pay for communication channels which carry
so many bits per second (so we are charged by the bit). Suppose that I can
afford to send three bits of information to my partner. Then we can make
up eight words 000, 001, ... and use them to send eight different messages.
For example, 000 could mean ‘send money’, 001 ‘come at once’, 010 ‘sell all
shares’, 011 ‘flee the country’” and so on. Unfortunately, bits are sometimes
received wrongly, so 011 could be sent and 001 received with unfortunate
consequences. We might, therefore, decide to have only two messages 000
(‘all well’) and 111 (‘flee at once’) so that, if at most one digit was received
wrongly, my partner could still take the correct action.

Exercise 10.2.1. Explain why the last statement is true.

If T can afford to send 100 bits, then we can still decide to only have two
messages 0000...0 and 1111...1 but, if mistakes are rare, this is extremely
wasteful. How many different messages can we send and still be reasonably
confident that we can tell which message was transmitted even when errors
occur? This section gives a simple but very useful model for the problem
and solves it.

Consider X = {0,1}" as a vector space over Fy!. Each element x €
{0,1}" may be considered as a ‘word’ so X contains 2" possible words. In
transmitting a word over a noisy channel it may become corrupted to

X+e

where each coordinate e; of the random error e takes the value 1 with prob-
ability p and the value 0 with probability 1 — p, independent of the other
coordinates [0 < p < 1/2].

Exercise 10.2.2. Why do we not have to consider p > 1/2? Why is it
hopeless to consider p = 1/27

If we choose ¢ such that 1/2 > ¢ > p > 0, then the law of large numbers
tells us that, provided n is large enough, it is very unlikely that more than
qn of the ¢; are non-zero?> We may, therefore, simplify our problem to one in
which we know that at most gn of the €; are non-zero.

It is natural to introduce the following notion of the distance d(x,y)
between two words (the ‘Hamming distance’).

!This means that when we add two vectors x and y the jth component of x 4+ y has
the form z; + y; where 0+0=1+1=0and 1+0=0+1=1.
2We prove this result directly in Exercise K.173.
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Definition 10.2.3. Ifx, y € X, we write
d(x,y) = Z |z — yil.
j=1

Suppose that we only transmit the words yi, ys, ... ¥, and that the
balls

Sp={x : d(x,yx) < gn} [1 <k <m],

do not intersect. Since there are no more than gn errors, the received message
will lie in one of the balls S;, say, and the transmitted message will have been
y;. Thus our system allows us to communicate m distinct messages correctly
in spite of the random noise e.

This sounds impressive, but is not very useful unless m is reasonably
large. How large can m be? This is clearly a variant of our orange packing
problem. The natural way to proceed is to define the volume of a subset E
of X to be the number of points in F. Reusing the ideas of our previous
argument, we consider the balls with the same centres and doubled radius

o =4{x : d(x,yr) <2¢qn} [1 <k <m)].
If y does not lie in any oy, then the ball
S={x:dxy) <gn}

does not intersect any Sk, so we may add another ball to our collection. Such
a point y will always exist if

Vol X > ) "Voloy,

k=1

that is, if

2" > zm:VOIUk.

k=1

The only problem that faces us, is to estimate the volume of a ball in this
context.

The key turns out to be a simple but, to many people, initially surprising
result.
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Lemma 10.2.4. Suppose 0 < A\ < 1/2.
(1) If 1 < r < An then

(20) =)

(1i) There exists a constant A(X\) such that a ball of radius An in X has

volume at most A(X) <[)\nn]> and at least ([)\nn})
Proof. (i) Observe that

n n r L A
g = n < .
(r—l)/(r) n+l—r 1-2=471-)

(ii) Thus, if ry = [An], the greatest integer less than An, we have

Volume ball radius An = Z <:)

r<in
> ) ()
= 1—A T
- A \"/n
> () ()

- % ([Ann])‘

Taking A(A) = (1 — X)/(1 — 2X), we have the required result. |

Exercise 10.2.5. (i) If 1 > X\ > 1/2, find a good estimate for the volume of
a ball of radius \n in X when n s large.

(i1) Lemma 10.2.4 says, in effect, that the volume of an appropriate ball in
X is concentrated near its ‘surface’ (that is those points whose distance from
the centre is close to the radius). To what extent is this true for ordinary
balls in R™ when m is large?

IN

IN

In part (i) of Lemma 10.2.6 we recall a simple form of Stirling’s formula
(obtained in Exercise 9.2.7 (iii)). In the rest of the lemma we use it to obtain
estimates of the volume V(A,n) of a ball of radius An in X = {0,1}" when
n is large. We use the notation

1
log, b = 08°

log a

where a, b > 0. (The reader probably knows that log, b is called ‘the loga-
rithm of b to base a’. She should check the relation a'°8:® = .)
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Lemma 10.2.6. (i) log, N! = Nlog, N + N + 0(N)N, where §(N) — 0 as
N — 0.

(11) If 0 < A < 1/2, then
ntlog, V(\,n) — —Alog, A — (1 — A\)log, (1 — \)

as n — oQ.

(iii) If 0 < X < 1/2, then
n 'log, V(A\,n) — —Alogy A — (1 — X)logy(1 — )
as n — oo.

Proof. (i) This is Exercise 9.2.7 (iii).

(ii) In what follows we shall be replacing a real number y by an integer
m with |m —y| < 1. Observe that, if f is well behaved, the mean value
inequality gives |f(y) — f(m)| < supy_, =, [F'(8)].

By Lemma 10.2.4, part (i) of the present lemma, and the remark just
made, there exist 6y(n), 6a(n) — 0, as n — oo such that

“tlog, V(\,n) =n"'log, <[/(Ln]>
~(log, n! —log,(n — [An])! — log [An]!)

n(
=n""(nlog,n+n— (n— [An])log.(n — [An]) — [An] — [An]log,[An]) + 6:(n)
n~'(nlog.n+n— (n — An)log,(n — An) — An — Anlog, An) + 6a(n)
=n""(nlog,n+n— (1 — A)n(log,(1 — \) +log. n) — An(log, A + log. n)) + 62(n)
= —Alog, A — (1 — A)log,(1 — \) + (n),

and this is the required result.
(iii) Just apply the definition of log,. |

Let us write H(0) = H(1) = 0 and
H(X) = —Xlogy A — (1 — A)logy(1 — A)
for 0 < A < 1.

Exercise 10.2.7. Prove the following results and then sketch the graph of
H.

(i) H(s) = H(1 —s) for all s € [0,1].

(ii) H : [0,1] — R is continuous.

(11i) H is twice differentiable on (0,1) with H"(t) < 0 for all t € (0,1).

(iv) 0 < H(t) <1 forallt € [0,1). Identify the mazimum and minimum
points.

(v) H(t)/t — 1 as t — 0 through positive values.
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Our discussion has shown that we can find 2"=#29) ¢ode words all a

Hamming distance at least ¢'n apart. We can immediately interpret this
result in terms of our original problem.

Lemma 10.2.8. Consider our noisy channel. If p, the probability of error
in a single bit, is less than 1/4, then, choosing p < p' < 1/4, we can transmit,
with error rate as small as we please, so that information is passed at a rate
of 1 — H(2p') times that of our original channel.

Shannon pushed the argument a little bit further. Let n > 0 be small
and let N be such that

N x Vol ball radius gn ~ n Vol X.

Choose N points y; at random in X and let them be code words. There is
no reason to expect that the balls

Sk = {x : dix,yi) < qn} [1 <k <N,
do not intersect (and excellent reasons for supposing that they will).

Exercise 10.2.9. (This requires some experience with probability.) Write
Yi; = 1if S; and S; intersect [i # j|, Yi; = 0, otherwise. What is EY;;?
What is E> " i iy Yis ¢ If q is small show that B, ;. Yi; is large.
What does this tell you about the number of intersecting balls?

If the balls intersect, then, even if less than gn errors are made, in trans-
mission, the received message may belong to two or more balls. In such a
case we simply agree that our system has failed. How probable is such a
failure? Suppose we transmit y; and receive z = y; +e. Since the remaining
y; with 2 < j < N, have been chosen at random, independently of y;, the
probability that z lies in UjVZQ S; has nothing to do with how we defined z
and is just

VOI(Uj'sz S;) < Zjvzz Vol 5; N
Vol X —  VoXx

Thus the probability of failure of the type discussed in this paragraph can
be kept at any specified level n whilst still allowing roughly 1 Vol S;/ Vol X
code words.

Exercise 10.2.10. How can you reconcile this last result with Fxercise 10.2.97

We have thus obtained the full Shannon’s theorem.
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Theorem 10.2.11. (Shannon.) Consider our noisy channel. If p, the
probability of error in a single bit, is less than 1/2, then, choosing p < p’ <
1/2, we can transmit, with error rate as small as we please, so that informa-
tion is passed at a rate of 1 — H(p') times that of our original channel.

Exercise 10.2.12. (For the knowledgeable only.) The statement ‘We have
thus obtained the full Shannon’s theorem’ is a bit optimistic since there are
quite a lot of loose ends to tie up. Tie them up.

In the 50 or so years since Shannon proved his theorem, no one has
produced non-random codes to match his random codes for long code words.
However, non-random methods are beginning to catch up. For our first
problem of sphere packing in R™, the best known packings in high dimensions
are lattice (so very highly ordered) packings. The experts believe that this
reflects our ignorance rather than the truth.

10.3 Metric spaces

We discovered our proof of Shannon’s theorem (at least in the form of
Lemma 10.2.8) by drawing heavily on analogies with distance and volume in
R™. Many proofs in analysis and elsewhere have been discovered by exploit-
ing analogies between the usual distance in R™ and ‘things that look more
or less like distance’.

Recalling that ‘once is a trick, twice is a method, thrice a theorem and
four times a theory’, we seek to codify this insight.

Our first try is to model the properties of Euclidean distance set out in
Lemma 4.1.4.

Definition 10.3.1. Let V' be a real vector space and N : V — R a function.

We write ||x|| = N(x) and say that || || is a norm if the following conditions
hold.

(1) ||x|| >0 for allx €V,

(i) If ||x|| = 0, then x = 0,

(iii) If N € R and x € V, then || Ax]| = |A|||x]|-

(iv) (The triangle inequality) If x,y € V, then ||x +y| < |Ix|| + [ly]|-

Note that some mathematicians prefer to write | - || instead of || ||. The
.7 acts as a placeholder.

Exercise 10.3.2. Check that the usual Euclidean norm on R™ is indeed a
norm.
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The appropriate definition when V' is a vector space over C, rather than
R, runs similarly.

Definition 10.3.3. Let V be a complex vector space and N :'V — R a
function. We write ||x|| = N(x) and say that || || is a norm if the following
conditions hold.

(1) |x]| >0 for allx € V,

(i) If ||x|| = 0, then x = 0,

(iii) If A € C and x € V, then | Ax|| = |A|||x]].

(iv) (The triangle inequality) If x, y € V, then ||x+y|| < ||x]| + [|y]]-

We say that (V, || ||) is a normed space.

However, we wish to have a notion of distance which applies to spaces
which do not have a vector space structure. We seek a definition modelled
on those properties of Euclidean distance which do not refer to vector space
structures. (Thus you should both compare and contrast Definition 10.3.1.)

Definition 10.3.4. We say that (X, d) is a metric space if X is a set and
d: X% — R is a function with the following properties:-

(1) d(z,y) = 0 if and only if v = y.

(11) d(z,y) = d(y,z) for all z, y € X.

(111) (The triangle inequality) d(x, z) < d(z,y)+d(y, z) forallz,y, z € X.

Exercise 10.3.5. Show that, if (X, d) is a metric space, then d(z,y) > 0 for
all z,y € X.

It is a remarkable fact that the general notion of a metric space was first
introduced by Fréchet in 1906 and the general notion of a normed space by
Banach in 1932! (We shall see one reason for the late emergence of the notion
of a norm in Theorem 10.4.6.)

Exercise 10.3.6. If || || is a norm over the (real or complex) vector space
V and we set d(x,y) = ||x — y||, show that (V,d) is a metric space.

The conditions of Definition 10.3.4 are sometimes called the axioms for
metric space. However, they are not axioms in the same sense as the Funda-
mental Axiom of Analysis which asserts a fundamental principle of argument
which is to be accepted without further proof®. Instead they try to isolate the
common properties of an interesting class of mathematical objects. (Com-
pare the definition of birds as ‘oviparous, warm-blooded, amniotic vertebrates
which have their anterior extremities transformed into wings. Metacarpus

3Within the context of a particular system. The axioms of one system may be theorems
in a another. We shall discuss this further in Section 14.3.
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and fingers carry feathers or quills. There is an intertarsal joint and not
more than 4 toes, of which the first is a hallux.” Thus penguins are and
dodos were birds but dragonflies and bats are not.)

At first sight, axiom systems like that for metric systems seem merely
methods for economising on the number of theorems we have to prove. A
theorem which applies to all metric spaces will not need to be proved for
each individually. However, a successful axiom system should be a powerful
research tool by suggesting appropriate questions. (You will learn more about
a penguin by comparing it to a hawk than by comparing it to a frog.) Thus
if we have a ‘space on which we do analysis’ we can ask ‘can we make it into
a metric space?’. If it is a metric space we can then compare and contrast
it with other metric spaces that we know and this may well suggest new
theorems.

Although concepts like metric space are intended to apply to important
natural systems, we often study ‘toy examples’ in order to gain insight into
what can happen in such a system. Here is such a ‘toy example’.

Exercise 10.3.7. We work in R™ with the usual Euclidean norm. Show that
if d(x,y) = [|x]| + ||y|| when x #y and d(x,x) = 0, then (R™,d) is a metric
space.

This metric is called the British Railway non-stop metric. To get from A
to B in the fastest time, we travel via London (the origin). Here is another
version of the same idea which we call the British Railway stopping metric.

Exercise 10.3.8. We work in R™ with the usual Fuclidean norm. If there
exists a real X such that \x =y, we write d(x,y) = ||x —y||. Otherwise, we
set d(x,y) = ||x|| + |ly||. Show that (R™,d) is a metric space.

Much of the ‘mere algebra’ which we did for the Euclidean metric car-
ries over with hardly any change to the general metric case. Compare the
following definition with Definition 4.1.8.

Definition 10.3.9. Let (X,d) be a metric space. If a, € X for each n > 1
and a € X, then we say that a,, — a if, given € > 0, we can find an ng(e)
such that

d(an,a) < € for all n > ng(e).
We call a the limit of a,,.

Exercise 10.3.10. (i) Let dy be the British Railway non-stop metric on R™
defined in Ezercise 10.3.7. Show that x,, — x in (R™,dy) if and only if
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(A) there exists an N such that x,, = x for alln > N, or
(B) x =0 and [|x,]| — 0 as n — oc.
(11) Find and prove the corresponding result for the British Railway stop-
ping metric of Ezrercise 10.3.8.

If (V]| ||) is a normed space, we say that x,, — x in (V,]| ||) if x,, — x in
the derived metric. The following result on limits in such spaces is an easy
generalisation of Lemma 4.1.9.

Lemma 10.3.11. Let V be a real vector space and || || a norm on V.

(i) The limit is unique. That is, if a,, — a and a,, — b as n — oo, then
a=bhb.

(ii) If a, — a as n — oo and n(l) < n(2) <n(3)..., then a,;y — a as
J — 00.

(111) If a,, = ¢ for all n, then a, — ¢ as n — oo.

() If a, — a and b, — b as n — oo, then a,, +b,, — a+b.

(v) Suppose that a, € V,a €V, \, € R, and A € R. Ifa, — a and
An — A, then A\,a, — Aa.

Proof. Left to the reader. The reader who looks for the proof of Lemma 4.1.9
will find herself referred backwards to the proof of Lemma 1.2.2, but will find
the proofs for a general norm on a general vector space just as easy as the
proofs for the Euclidean norm in one-dimension. |

Exercise 10.3.12. What changes are necessary (if any) in the statements
and proofs of Lemma 10.3.11 if we make V' be a complex vector space?

If we consider a general metric, then we have no algebraic structure and
the result corresponding to Lemma 10.3.11 has far fewer parts.

Lemma 10.3.13. Let (X,d) be a metric space.

(1) The limit is unique. That is, if a,, — a and a, — b as n — oo, then
a=b.

(ii) If a,, — a as n — oo and n(l) < n(2) <n(3)..., then ay; — a as
J — o0.

(111) If an, = ¢ for all n, then a,, — ¢ as n — oc.

The proof is again left to the reader.
The material on open and closed sets from Section 4.2 goes through es-
sentially unchanged (and proofs are therefore left to the reader).

Definition 10.3.14. Let (X, d) be a metric space. A set F' C X s closed if
whenever x,, € F for each n and x, — x as n — oo then x € F.

A set U C X is open if, whenever x € U, there exists an € > 0 such that,
whenever d(z,y) < €, we have y € U.
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Example 10.3.15. Let (X, d) be a metric space. Let x € X and r > 0.

(i) The set B(x,r) ={y € X : d(z,y) <r} is open.

(1t) The set B(x,r) ={y € X : d(z,y) <r} is closed.

We call B(x,r) the open ball of radius r and centre x. We call B(x,r)
the closed ball of radius r and centre z.

Lemma 10.3.16. Let (X,d) be a metric space. A subset U of X is open if
and only if each point of U is the centre of an open ball lying entirely within
U.

Exercise 10.3.17. Find the open balls for the two British rail metrics. (For
all but one point there is a difference between balls of small and large ra-
dius.) Show that the open sets for the British Railway stopping metric of
Exercise 10.3.8 consist of sets of the form AU B where A is empty or
A ={x : ||x|| < 0} (here || || is the Fuclidean norm and 6 > 0) and B
is the union of sets of the form {\u : a < A < b} where 0 < a < b and
u # 0.
Find the open sets for the British Railway non-stop metric of Exercise 10.3.7.

Definition 10.3.18. The set N is a neighbourhood of the point x if we can
find an r > 0 such that B(z,r) C N.

Lemma 10.3.19. Let (X,d) be a metric space. A subset U of X is open if
and only if its complement X \ U is closed.

Lemma 10.3.20. Let (X, d) be a metric space. Consider the collection T of
open sets i X.

()ber, X er.

(ii) If Uy € T for all o € A, then |J,c 4 Us € T.

(ii) If Uy, Us, ..., Uy, € 7, then (;_, U; € T.

Lemma 10.3.21. Let (X,d) be a metric space. Consider the collection F
of closed sets in X.

(i)leF, X eF.

(ii) If Fy € F for all o € A, then (e Fo € F.

(ii) If Fy, By, ..., F, € F, then Uj_, Fj € F.

The new definition of continuity only breaks the chain of translations
slightly because it involves two metric spaces.

Definition 10.3.22. Let (X,d) and (Z,p) be metric spaces. We say that a
function f : X — Z 1is continuous at some point x € X if, given € > 0, we
can find a 6(e,x) > 0 such that, if y € X and d(z,y) < (e, x), we have

p(f(x), fly) <e
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If f s continuous at every point x € X, we say that f is a continuous
function on X.

The reader may feel that Definition 4.2.14 is more general than Defini-
tion 10.3.22 because it involves a set E. The following remark shows that
this is not so.

Lemma 10.3.23. Let (X,d) be a metric space and let E C X. Let dg :
E? — R be given by dg(u,v) = d(u,v) whenever u,v € E. Then (E,dg) is a
metric space.

We conclude this section with more results taken directly from Section 4.2

Lemma 10.3.24. Let (X,d) and (Z,p) be metric spaces and suppose that
the function f : X — Z s continuous at x € X. Then, if x, € E and
Ty, — x, it follows that f(x,) — f(zx).

Lemma 10.3.25. Let (X,d) and (Z, p) be metric spaces. The function f :
X — Z is continuous if and only if f~1(O) is open whenever O is open.

Lemma 10.3.26. Let (X,d), (Y,0) and (Z, p) be metric spaces. If f: X —
Y and g : Y — Z are continuous, then so is their composition g o f.

10.4 Norms and the interaction of algebra
and analysis

Starting from one metric we can produce a wide variety of ‘essentially equiv-
alent metrics’.

Exercise 10.4.1. Let (X,d) be a metric space.

(1) If we define di(x,y) = min(1,d(x,y)), show that (X,dy) is a metric
space. Show further that, if x, € X [n > 0], then dy(x,,x9) — 0 as n — oo
if and only if d(x,, ) — 0.

(ii) If we define dy(z,y) = d(x,y)?, show that (X,ds) is a metric space.
Show further that, if x, € X [n > 0], then day(x,,z9) — 0 as n — oo if and
only if d(x,, xo) — 0.

(1i1) Let o > 0 and define do(x,y) = d(x,y)*. For which values of « is
(X, dy) always a metric space? For those values of «, is it always true that,
if v, € X [n > 0], then do(zn, ) — 0 as n — oo if and only if d(x,,z) — 07
Prove your statements.

(1v) (This is trivial but explains why we had to be careful in the statement
of (iii).) Give an example of metric space (X, d) with X an infinite set such
that (X, d.) is a metric space for all a > 0.
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Because norms reflect an underlying vector space structure they are much
more constrained.

Lemma 10.4.2. Let || || and || ||2 be norms on a vector space V.. Then the
following two statements are equivalent.

(a) There exist K, L > 0 such that K|x|; > ||x[ls > L|x||y for all
xeV.

(b) If x,, € V [n > 0], then ||x, — Xol[1 — 0 as n — oo if and only if
l|x, — Xo||2 — O.

Proof. 1t is easy to see that (a) implies (b), since, for example, if ||x, —xo|[2 —
0, then

10 = Xoll1 < L7%5 — Xoll2 — 0,
and so [|x, — Xg||1 — 0 as n — oo.
To see that (b) implies (a), suppose that (a) is false. Without loss of

generality, suppose that there is no K > 0 such that K||x||; > ||x]|2 for all
x € V. Then we can find y,, € V such that

[ynll2 > n*lyalls-

Setting xo = 0 and x,, = n ||y, ||; 'y, for n > 1, we obtain

1% — Xoll1 = [[Xaf1 = 1/n — 0
and
%0 = Xoll2 = [[Xnll2 > 7,
S0 ||x, — Xgll2 = 0 as n — 0. Thus (b) is false if (a) is false |

Exercise 10.4.3. Let di and dy be metrics on a space X. Consider the
following two statements.

(a) There exist K, L > 0 such that Kdy(z,y) > da(x,y) > Ldy(x,y) for
allz, ye X.

(b) If v, € X [n > 0] then dy(x,,x9) — 0 as n — oo if and only if
dg(ﬂ?n,QTo) — 0.

Show that (a) implies (b) but that (b) does not imply (a).

Although we shall not make much use of this, the concepts just introduced
have specific names.
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Definition 10.4.4. (i) Let K > 0. If (X,d) and (Y, p) are metric spaces, we
say that a function f : X — 'Y is Lipschitz with constant K if p(f(x), f(y)) <
Kd(x,y) for alz, y € X.

(11) We say that two metrics dy and dy on a space X are Lipschitz equiv-
alent if there exist K, L > 0 such that Kdy(z,y) > da(z,y) > Ldy(x,y) for
all x, y e X.

Exercise 10.4.5. (i) If (X,d) and (Y, p) are metric spaces, show that any
Lipschitz function f : X — Y is continuous. Give an example to show that
the converse s false.

(i1) Show that Lipschitz equivalence is indeed an equivalence relation be-
tween metric spaces.

The following result is a less trivial example of the interaction between
algebraic and metric structure.

Theorem 10.4.6. All norms on R™ are Lipschitz equivalent.

Proof. We consider the standard Euclidean norm given by

" 1/2
Il = (zxz)
j=1

and show that it is equivalent to an arbitrary norm || ||..
One of the required inequalities is easy to obtain. If we write e; for the
unit vector along the x; axis we have,

n n
D wies|l <D fagllles.
j=1 j=1

< n max |z,| max |le.|« < (n max |le.|.)]x]-
1<r<n 1<r<n 1<r<n

Il =

*

We have thus shown the existence of a K such that K||x|| > ||x]|..
To obtain the other inequality we use an argument from analysis?. Ob-

serve that, if we give R” and R the usual Euclidean metric and define
f:R" —= R by

f(x) =[xl

then, using the triangle inequality for || ||+ and the result of the previous
paragraph,

[F(x) = S = [xle = Iyl < lx =yl < Kflx =y,

4Experts may be interested in Exercises K.184 and K.185. Non-experts should ignore
this footnote.
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and so f is continuous. Now the unit sphere
S(0,1)={xeR": ||x]| =1}

is closed and bounded for the usual Euclidean metric and so, by Theo-
rem 4.3.4, f is bounded on S(0,1). In particular, we can find k € S(0, 1)
where f attains its minimum, that is to say,

fk) < f(x)

for all x with ||x|| = 1.
Since ||k|| = 1, we have k # 0 and thus ||k||. > 0. Let us set L = |k|..
If x # 0, then ||x|~'x € 5(0,1) so

el =il = M1~ x ]l = fIx]7'%) = f(k) = [k]l. = L,
and so ||x||« > L||x||. The case x = 0 is trivial, so we have established
K| = lIx]l. = Llx]|
for all x € R™ as required. |

Exercise 10.4.7. (i) Let a; € R for 1 < j < n and write

n
Il = ajla;].
j=1

State and prove necessary and sufficient conditions for || ||. to be a norm on
R™.

(i) Let || || be the usual Euclidean norm on R™. Show that, if n > 2, then
given any K we can find a norm || ||. and points y1 and ys such that

[yille > Klly:ll and [ly2f] > Klly2ll..
Does this result remain true if n = 17 Give reasons.

The fact that all norms on a finite dimensional space are, essentially,
the same meant that, in Chapters 4 and 6 and elsewhere, we did not really
need to worry about which norm we used. By the same token, it obscured
the importance of the appropriate choice of norm in approaching problems in
analysis. However, once we consider infinite dimensional spaces, the situation
is entirely different.
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Exercise 10.4.8. Consider soy the space of real sequences a = (a,)2, such
that all but finitely many of the a,, are zero.

(1) Show that if we use the natural definitions of addition and scalar
multiplication

(an) + (bn) = (an +bn), Aan) = (Aan)

then soo 1S a vector space.
(11) Show that the following definitions all give norms on sgp.

|afleo = max|an],

|2l = max[nax],

oo

lal = laul,

n=1

00 1/2
lall2 = (Z Ianl2> :
n=1

o

lall. =) nlanl.

n=1

(111) For each of the twenty five possible pairs of norms || |4 and || || from
part (ii), establish whether or not there exists a K such that K||a||4 > ||a||s
for all a € sqg. Show that none of the norms are Lipschitz equivalent.

() Find a family of norms || ||a on seo [ > 0] such that || || and || ||
are not Lipschitz equivalent if o # [3.

When we study an algebraic structure we also study those maps which
preserve algebraic structure. Thus, if we have a map ¢ : G — H be-
tween groups, we want 6 to preserve group multiplication, that is, we want
O(zy) = 6(z)f(y). Such maps are called homomorphisms. Similarly, when
we study an analytic structure, we also study those maps which preserve an-
alytic structure. Consider for example a map f between metric spaces which
preserves ‘sequences tending to limits’. We then have

T, — xo implies f(x,) — f(zo)

and study continuous functions.

If we study objects which have linked analytic and algebraic structures,
we will thus wish to study maps between them which preserve both algebraic
and analytic structures. For normed vector spaces this means that we wish
to study continuous linear maps. This fact is obscured by the fact that linear
maps between finite dimensional vector spaces are automatically continuous.
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Exercise 10.4.9. Let U andV be finite dimensional vector spaces with norms
| |l and || ||v. Show that any linear map T : U — V is automatically con-
tinuous.

However, as we shall see in Exercise 10.4.14, when we deal with infinitely
dimensional vector spaces, not all linear maps need be continuous.

Here is a simple but important characterisation of those linear maps which
are continuous.

Lemma 10.4.10. Let (U, || ||v) and (V, || |lv) be normed vector spaces.
Then a linear map T : U — V 1is continuous if and only if there exists a K
such that ||Tu|ly < K||u|ly for allu e U.

Exercise 10.4.11. Prove Lemma 10.4.10. [One possible proof follows that
of Lemma 10.4.2 very closely.]

Exercise 10.4.12. By observing that the space of polynomials of degree n
or less has finite dimension, or otherwise, prove the following result. There
exists a constant C,, such that

sup |P'(t)| < C,, sup |P(t)|
te[0,1] te(0,1]

for all real polynomials P of degree n or less.
State, with proof, whether we can find a C' independent of n such that

sup |P'(t)| < C sup |P(t)|

t€[0,1] t€[0,1]
for all real polynomials P.

State, with proof, whether we can find a constant A,, such that of n such
that

sup |P'(t)] < A, sup |P(t)|
te[0,1] t€[0,1]

for all real polynomials P of degree n or less.

The close link between Lemma 10.4.10 and Lemma 10.4.2 is highlighted
in the next exercise.

Exercise 10.4.13. Let || || and || ||2 be two norms on a vector space U.
(i) Show that the following statements are equivalent.
(a) If ||x, — Xol|1 — 0, then ||x, — Xo||2 — 0.
(b) The identity map I : (U, || ||1) — (U, || ll2) from U with norm || |1

to U with norm || ||2 is continuous.
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(¢) There exists a K such that K|[u||; > ||ul|s for allu e U.
(11) Write down, and prove equivalent, three similar statements (a)', (b)
and (c) where (c) is the statement
(¢) There exist K and L with K > L > 0 such that K|ul||; > |[ulls >
L||ul|; for allueU.

Here are some examples of continuous and discontinuous linear maps®.

Exercise 10.4.14. Consider the vector space sog defined in Fxercise 10.4.8
and the norms

Jalloe = max|au,

|lal|., = max |nay|,

n>1
o0
lally =) lanl,
n=1
~ 1/2
lalle = > laul®|
n=1
o0
lall, = nlaa].
n=1
given there.
(i) For each of the twenty five possible pairs of norms || |4 and || ||
listed above state, with reasons, whether the identity map I : (Seo, || ||a) —
(s00, || [lB) from soo with norm || ||a to seo with norm || || is continuous.

(ii) Show that the map T : soo — R defined by Ta = 77, a; is linear.
If we give R the usual Euclidean norm and sgo one of the five norms listed
above, state, with reasons, whether T is continuous.

(111) Show that the map S : sgp — Soo defined by Sa = b with b; = ja,
is linear. For each of the twenty five possible pairs of norms || |4 and || ||5
listed above, state, with reasons, whether S, considered as a map from sg
with norm || ||a to seo with norm || ||B, is continuous.

Once we have Lemma 10.4.10, the way is open to an extension of the idea
of an operator norm investigated in Section 6.2.

5If the reader returns to this example after studying the chapter on completeness,
she may note that the normed spaces given here are not complete. The question of the
existence of discontinuous linear maps between complete normed vector spaces involves
more advanced ideas, notably the axiom of choice. However, the consensus is that it
is unreasonable to expect all linear maps between complete normed vector spaces to be
continuous, in the same way, and for much the same reasons, as it is unreasonable to
expect all sets in R3 to have volume (see page 172).
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Definition 10.4.15. Let U and V be vector spaces with norms || ||v and
| [lv.- If a:U —V is a continuous linear map, then we set

lafl = sup [lax]ly.
Ixllo<1

Exercise 10.4.16. (i) Let U =V = so and let ||aljy = ||ally =D .-, |ax].
Show that if T : U — V is defined by Ta =b with b; = (1 —j')a; then T is
a continuous linear map. However, there does not exist an a € U with a # 0
such that ||Ta||y = ||T||||lal|v. [See also Exercise 11.1.16.]

(i1) If U and V' are finite dimensional normed vector spaces and T : U —
V' is linear can we always find an a € U with a # 0 such that |Tally =
IT|||allv ¢ Give reasons.

In exactly the way we proved Lemma 6.2.6, we can prove the following
results.

Exercise 10.4.17. Let U and V' be vector spaces with norms || ||v and || ||v
and let o, B :U — V be continuous linear maps.
(1) If x € U, then [lax|v < e [Ix][v-

(i) [laf| = 0.
() If ||a|| = 0, then a = 0.
(v) If X € R, then A« is a continuous linear map and || o] = |A|||c]|.

(vi) (The triangle inequality) o + [ is a continuous linear map and
o+ Bl < flall + [I8]-

(vii) If W is vector spaces with norm || ||w and~y : V- — W is a continuous
linear map, then ya is a continuous linear map and ||yal| < |7/l |||

We restate part of Exercise 10.4.17 in the language of this chapter.

Lemma 10.4.18. Let U and V' be vector spaces with norms || ||y and || ||v.
The space L(U, V') of continuous linear maps is a vector space and the oper-
ator norm is a norm on L(U, V).

Although we shall not develop the theme further, we note that we now
have an appropriate definition for differentiation of functions between general
normed vector spaces.

Definition 10.4.19. Let U and V be vector spaces with norms || ||v and
| |- Suppose that E is a subset of of U and x a point such that there exists
a0 > 0 with B(x,0) C E. We say that f : E — V is differentiable at x, if
we can find a continuous linear map o : U — V' such that, when h € B(x,J),

f(x+h) =f(x) + ah + e(x,h)|h||y *



254 A COMPANION TO ANALYSIS

where ||e(x,h)|ly — 0 as ||h|jy — 0. We write « = Df(x) or a = f'(x).
If E is open and f is differentiable at each point of E, we say that f is
differentiable on E.

Notice that the only important change from Definition 6.1.4 is that we
specifically demand that o = Df(x) is a continuous linear function.

The best way to understand what is going on is probably to do the next
exercise.

Exercise 10.4.20. State and prove the appropriate extension of the chain
rule given as Lemma 6.2.10.

There is no difficulty in extending all our work on differentiation from
finite dimensional to general normed spaces. The details are set out in

Dieudonné’s book ([13], Chapter VIII).

Exercise 10.4.21. The title of this section was ‘Norms and the interaction
of algebra and analysis’ but much of it was really pure algebra in the sense
that it did not use the fundamental axiom of analysis. Go back through the
section and note which results are genuine results of analysis and which are
just algebra disquised as analysis.

10.5 Geodesics ¢

This section introduces an idea which is important in more advanced work
but which will not be used elsewhere in this book. The discussion will be
informal.

Suppose we wish to build a road joining two points of the plane. The cost
per unit length of road will depend on the nature of the terrain. If the cost
of building a short stretch of length ds near a point (z,y) is (to first order)
g(x,y)ds then, subject to everything being well behaved, the cost of road T’

will be
/ g(z,y)ds.
T

The reader may use whatever definition of line integral she is comfortable
with. In particular she does not need to have read Section 9.5. It is tempting
to define the distance d(A, B) between two points A and B in the plane as

d(A, B) = inf {/ g(x,y)ds : T joining A and B} :
r

If we include amongst our conditions that g is continuous and g(x,y) > 0
everywhere, we see that d is a metric.
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Plausible statement 10.5.1. (i) d(A, B) >0 for all A and B.
(i1) d(A, B) = 0 implies A = B.
(1i) d(A, B) = d(B, A) for all A and B.
(w) d(A,C) < d(A,B)+d(B,C) for all A, B and C.

I have carefully used ‘inf’ rather than ‘min’ in the definition of d(A, B).
One problem is that I have not specified the kind of I' that is permissible.
(Notice that the argument needed to obtain part (iv) of Statement 10.5.1
means that we cannot just use ‘smooth’.) However, it can be shown that, if
we choose a suitable class for the possible I' and a suitably well behaved g,
then the minimum is attained. If I'y is a path from A to B such that

/F g, y) ds = d(A, B),

we call Iy a geodesic. (The geodesic need not be unique, consider road
building for two towns at diametrically opposite points of a circular marsh.)
If any two points are joined by a geodesic, then d(A, B) is the ‘length of the
geodesic path joining A and B’ where length refers to the metric d and not
to the Euclidean metric.

Let us try to use these ideas to find a metric on the upper half-plane

H={z€C:3z>0}

which is invariant under Mobius transformation. (If you have not met Mébius
transformations skip to after Exercise 10.5.4, where I restate the problem.)
More precisely, we want a metric d such that, if T"is a Mobius map mapping H
bijectively to itself, then d(T'z1,Tz) = d(21, 2z2) for all 21, 20 € H. Of course,
no such metric might exist, but we shall see where the question leads.

Lemma 10.5.2. The set H of Mdbius maps T such that Ty : H — H s
bijective is a subgroup of the group M of all Mobius transformations. The
subgroup H is generated by the transformations T, with a € R, Dy with A
real and A\ > 0 and J, where

Tu(z) =a+ =
Diy(z) =Az
J(z)=—2""

Sketch proof. The fact that H is a subgroup of M follows from easy general
principles (see Exercise 10.5.3). We check directly that (if a is real and A > 0)
T,, Dy and J lie in ‘H. Thus the composition of elements of the stated type
will also lie in H.
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We now wish to identify H. If T' € 'H, then T is a well behaved bijective
map on C* = C U {oo} and must take the boundary of H to the boundary
of H. Thus, writing R for the real axis, we know that T takes R U {oco}
to RU {oo}. Thus, if T(co) # oo, then T'(c0) = a with a real and we set
M, = JT_,. If T(c0) = oo we take M; to be the identity map. In either case
M\T € 'H and MT(c0) = oco. We now observe that M;7(0) € RU {0},
by our previous argument, and that M;7(0) # oo, since Mébius maps are
bijections. Thus M;T(0) = b with b real. Set My = T_,. We have MyM,T €
H, MyM,T(0) = 0 and MyM,T(00) = co. But any Mdbius map M which
fixes 0 and oo must have the form M(z) = pz for some p # 0. If M takes H
to H, then p is real and positive. Thus MM, T = D, for some A > 0 and
T = M;'M; ' D,. We have shown that any element H is the composition of
maps of the stated type and the lemma follows. A

(The remark on page 234 applies here too. We know so much about M&bius
transformations that the argument above is more a calculation than a proof.
However, for more complicated conformal maps than are generally found in
undergraduate courses, arguments involving ‘boundaries’ may be mislead-

ing.)

Exercise 10.5.3. (Most readers will already know the content of this exer-
cise.) Let X be a set and S(X) the collection of bijections of X. Show that
S(X) is a group under the operation of composition. If G is a subgroup of
S(X), Y a subset of X and we define

K={feG: f(v)=Y}
show that K is a subgroup of G.

Exercise 10.5.4. If |a| <1 and M, is the Mébius map M, given by

zZ—a

M,z =

a*z—1’

show that |M,e®| = 1 for all real 6. Deduce, stating any properties of Mobius
transforms that you need, that M, maps the unit disc D = {z : |z| < 1} to
itself and interchanges 0 and a. Show that the set H' of Mdébius maps T such
that Ty : D — D s bijective is a subgroup of the group M of all Mdbius
transformations generated by the transformations M, with |a| < 1 and the
rotations.

Lemma 10.5.2 reduces our problem to one of finding a metric d on the half
plane H = {z : Sz > 0} such that d(T'zy,Tz) = d(z1, 22) for all z1,2, € H,
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whenever T is one of the transformations T, with a € R, D, with A > 0 and
J defined by

Tu(z) =a+ 2
Diy(z) =Xz
J(z)=—2z"1.

We try using the ideas of this section and defining

d(z1, z3) = inf {/g(z) ds : T joining z; and 22} :
r

for some appropriate strictly positive function g : H — R. (Throughout, we
write z = x + 7y and identify the plane R? with C in the usual manner.)
Arguing informally, this suggests that, to first order,

d(z+0z,2) = g(2)0s = g(2)|(z + 6z) — z|.
If T is one of the transformations we are considering, then we must have, to
first order,
9(2)|(z+02) — 2| =d(2 +02,2) = d(T(2 + 62),T2)
= g(T2)|T (2 + 02) = T(2)| = g(T2)|T"(2)||6z],

and so
9(z) = g(T2)|T"(2)]. *

Taking T' = T,, we obtain g(z) = g(z+a) for all real a so g(x+iy) = h(y)
for some well behaved function A : (0,00) — (0, 00).

Taking T' = D,(z), we obtain g(z) = Ag(\z) for all real strictly positive A.
Thus h(y) = Ah(Ay) for all A, y > 0. Taking A = 1/y, we obtain h(y) = Ay
for some A > 0. The factor A merely scales everything, so we take A = 1
and decide to experiment with g(x + iy) = 1/y.

Exercise 10.5.5. Verify that, if g(x +1y) = 1/y and T = J, then equation
% holds.

Exercise 10.5.6. Suppose that v : [0,1] — H is well behaved and T € H.
Let 7 = Tony (that is, 7(z) = T(v(2))). IfT is the path described by vy and T
s the path described by v show, using whatever definition of the line integral
that you wish, that

mf{b@) ds} :inf{/fg(z) ds}

forT =T, T = Dy and T = J. Conclude that the equality holds for all
TeH.
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Exercise 10.5.6 shows that, if we set

d(z1, z2) = inf {/ 5 ds : T joining z; and 22} ,
r

then we do, indeed, get an invariant metric (that is, a metric with d(T'zy, T'z) =

d(z1, z2) for all 21, 20 € H whenever T' € H).

To find out more about this metric we need to find the geodesics and to do
this we use the methods of the calculus of variation described in Section 8.4.
We shall use the methods in a purely exploratory manner with no attempt
at rigour. (Notice that, even if we did things rigorously, we would only
get necessary conditions.) Suppose that we wish to find the path I’y which
minimises fr i ds among all paths I' from z; = 1 + iy to 20 = x5 + iy, With
r1 < x9 and y1, y2 > 0. It seems reasonable to look for a path given by
z = x + 1y(x) where y : [x1, 23] — (0,00) is well behaved. We thus wish to
minimise

T2 1 T2
| @) e = [ 6y, v@) da
1

y(x) -

where G(v,w) = v=}(1 + w?)"/2. The Euler-Lagrange equation gives, via

Exercise 8.4.9 (i),

Gy(x),y'(x) =y (2)G2(y(2), ¥'(x)) = c,

where c is a constant. Writing the equation more explicitly, we get

(+y™ v
v R
so that
1=cy(1+y*)"2
Setting a = ¢™1, we obtain

> =y (1+y?)

so that, solving formally,

and
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for some constant b € R. Thus
(z —b)* +y* =a’

We expect the geodesic to be the arc of a circle with its centre on the real
axis passing through the two points z; and 2.

Exercise 10.5.7. Suppose (z1,y1), (2,92) € R? and z; # x5. Show that
there is one and only one circle with its centre on the real axis passing through
the two points (z1,y1) and (xs,ys).

What happens if Rz; = Rz,?7 One way of guessing is to consider the
geodesic path between z; and z3 + & where § is real and non-zero. If we let
0 — 0, the appropriate circle arcs approach a straight line joining z; and 25
so we would expect this to be the solution.

Exercise 10.5.8. Attack the geodesic problem by considering paths given by
z = x(y) + iy where y : [y1,y2] — R is well behaved. (The difficulties are
mainly notational, the formulae of the variational calculus assume that y is
a function of x and it requires a certain amount of clear headedness to deal
with the case when x s a function of y. You should be able to make use
of Ezercise 8.4.9 (ii).) Check, by choosing appropriate constants, that your
solutions include straight lines perpendicular to the x-axis.

Now that we know (or at least guess) what the geodesics are we can see
(at least if we know a little about Mdbius maps) a different way of showing
this.

Exercise 10.5.9. We work in C* = CU {o0}.

(i) Show that, if T is a circle with centre on the real awxis, there is a
T € H such that T(T") is a circle with centre on the real azis passing through
the origin.

(71) Show that if T is a circle with centre on the real azis passing through
the origin, there is a T € H such that T(T") is a line perpendicular to the real
azxis.

(iii) Show that if I' is a circle with centre on the real axis or a line per-
pendicular to the real axis, there is a T € ‘H such that T'(I") is the imaginary
aris.

Exercise 10.5.6 and Exercise 10.5.9 show that the following two theorems
are equivalent.

Theorem 10.5.10. The geodesic path between iy, and iys [y1, y2 real, un-
equal and strictly positive] is a straight line.
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Theorem 10.5.11. If zy, 20 € H with z; # 2o, the geodesic path between
them is an arc of the circle through zy and 2o, unless Rzy = RNzo, in which
case, it is the straight line between the two points.

Exercise 10.5.12. Ezplain why Theorem 10.5.10 implies Theorem 10.5.11.
We now turn to the proof of Theorem 10.5.10.

Sketch proof of Theorem 10.5.10. Let Z : [0,1] — H be a well behaved
function such that Z(0) = y; and Z(1) = y, with yo > 3. We write
Z(t) = X(t) +4Y(t) with X(¢) and Y (¢) real and take I to be the path
described by Z. We observe that

Y R o3 /1)
/Fyd _/ T (Y0 + Y 0) dtz/o i

[5a=  Ya- v

Y2 1 1
:logyg—logylz/ —dt:/ —ds,
Y1 t ro Y

where I'y is the straight line path from y; to y,. We observe that the argument

above shows that
1 1
/ —ds = / —ds
ry o Y

only if X'(¢)? = 0 and Y'(¢) > 0 for all ¢ € [0, 1] and so, by simple arguments,
X(t)=0and Y'(t) > 0 for all t € [0,1]. Thus I'y is the unique geodesic. ~ A

Remark: This is only a sketch of a proof because we have not really decided
which curves will be eligible for paths. The proof strategy of ‘project the path
onto the y-axis and compare’ ought to work for any reasonable definition of
line integral and any eligible path.

Exercise 10.5.13. We work in R%. Suppose that we want a metric defined
by

d(A, B) = inf {/g(az,y) ds : T" joining A and B} ,
r

which is invariant under translation and rotation. Copy the investigation
above going through the following steps.

(1) By considering points which are close and working to first order, show
that we should try g constant. Without loss of generality take g = 1.

(11) Use the calculus of variations to suggest the form of the geodesics.

(111) Prove that your guess is correct.

(iv) Show that our metric is the usual Euclidean metric.
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Exercise 10.5.14. In this section we defined a metric d on H invariant
under 'H but did not calculate it. We could find d by using the strategy of
Exercise 10.5.9, but, in this exercise, we follow the easier path of allowing
someone else to find the answer and then verifying it.

If z,w e H, we set

|z — w*| + |z — w|

:]_ .
p(’Z?w) 0g |Z—w*|—|Z—w|
(1) Show that |z —w*| — |z —w| > 0 for all z,w € H, so p is well defined.
(ii) Show that p(Tz, Tw) = p(z,w) for all T € H.
(i1i) Show that d(iyy,iys) = p(iy1,iy2) for all yi, yo > 0.
(iv) Deduce that d = p.






Chapter 11

Complete metric spaces

11.1 Completeness

If we examine the arguments of Section 10.3 we see that they are all mere
algebra. What must we introduce to do genuine analysis on metric spaces?
We cannot use a variant of the fundamental axiom because there is no order
on our spaces!. Instead, we use a generalisation of the general principle of
convergence.

Definition 11.1.1. If (X,d) is a metric space, we say that a sequence of
points x, € X is Cauchy if, given any € > 0, we can find no(€) such that
d(zp, zq) < € for all p, ¢ > ng(e).

Definition 11.1.2. A metric space (X,d) is complete if every Cauchy se-
quence converges.

In this context, Theorem 4.6.3 states that R” with the Euclidean metric
is complete.

The contraction mapping theorem (Theorem 12.1.3) and its applications
will provide a striking example of the utility of this concept. However, this
section is devoted to providing background examples of spaces which are and
are not complete.

If you want to see completeness in action immediately you should do the
next example.

Exercise 11.1.3. We say that a metric space (X,d) has no isolated points
if, given y € X and € > 0, we can find an x € X such that 0 < d(z,y) < €.

!There is an appropriate theory for objects with order (lattices) hinted at in Ap-
pendix D, but we shall not pursue this idea further.

263
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Show by the methods of Fxercise 1.6.7 that a complete non-empty metric
space with no isolated points is uncountable.

Give an example of a countable metric space. Give an example of an
uncountable metric space all of whose points are isolated.

The next lemma gives a good supply of metric spaces which are complete
and of metric spaces which are not complete.

Lemma 11.1.4. Let (X,d) be a complete metric space. If E is a subset of
X and we define dg : E* — R by dg(u,v) = d(u,v) whenever u, v € E, then
(E,dg) is complete if and only if E is closed in (X,d).

Proof. This is just a matter of definition chasing.

Observe that any Cauchy sequence z, in E is a Cauchy sequence in
X and so converges to a point z in X. If E is closed, then z € E and
dg(zp,z) = d(x,,x) — 0 as n — oo. Thus (E,dg) is complete whenever E
is closed.

Suppose now that (F,dg) is complete. If x,, € E and d(z,,z) — 0 for
some z € X, we know (by the argument of Lemma 4.6.2 if you need it)
that x, is a Cauchy sequence in X and so a Cauchy sequence in E. Since
(E,dg) is complete, we can find a y € E such that dg(z,,y) — 0. Now
d(xy,y) = dg(T,,y) — 0 so, by the uniqueness of limits, y = z and = € F.
Thus E is closed in (X, d). |

Thus, for example, the closed interval [a, b] is complete for the usual metric
but the open interval (a,b) is not.

Exercise 11.1.5. Let (X, d) be a metric space and E a subset of X. Define
dg : E*> — R as in Lemma 11.1.4.

(1) Show that, if E is not closed in (X,d), then (E,dg) is not complete.

(i1) Give an example where E is closed in (X, d) but (E,dg) is not com-
plete.

(111) Give an example where (X,d) is not complete but (E,dg) is.

The reader is warned that, at least in my opinion, it is harder than it
looks to prove that a metric space is or is not complete and it is easy to
produce plausible but unsatisfactory arguments in this context.

If we wish to show that a metric space (X, d) is incomplete, the natural
way to proceed is to find a Cauchy sequence x, and show that it does not
converge. However, we must show that z,, does not converge to any point in
X and not that ‘x, does not converge to the point that it looks as though it
ought to converge to’. Among the methods available for a correct proof are
the following.
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(1) Embed (X, d) in a larger metric space (X, d) (that is, find (X, d) such
that X D X and d(, y) = d(, y) for z,y € X) and show that there is an
z € X \ X such that d(z,,z) — 0. (See Exercise 11.1.5.)

(2) For each fixed z € X show that there is a §(z) > 0 and an N(z) (both
depending on z) such that d(x,,z) > §(z) for n > N(z).

(3) Show that the assumption d(z,,z) — 0 for some z € X leads to a
contradiction.

Of course, no list of this sort can be exhaustive. None the less, it is good
practice to ask yourself not simply whether your proof is correct but also
what strategies it employs.

Here are a couple of examples.

Example 11.1.6. Consider sq, the space of real sequences a = (a,,)?2, such

that all but finitely many of the a, are zero, introduced in Fxercise 10.4.8.
The norm defined by

[e'S)
lalls = las|
n=1

s not complete.

Proof. Set
a(n) = (1 27, 22, .. 27, 0,0, ...).

We observe that, if m > n,

m

d(a(n),a(m)) = Y 27<27"—0

j=n+1

as n — oo and so the sequence a(n) is Cauchy.
However, if a € s¢9, we know that there is an N such that a; = 0 for all
j > N. It follows

d(a(n),a) > 27V
whenever n > N and so the sequence a(n) has no limit. [ |

[The proof above used method 2. For an alternative proof using method 1,
see page 269. For a generalisation of the result see Exercise K.187.]

The next example needs a result which is left to the reader to prove. (You
will need Lemma 8.3.2.)
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Exercise 11.1.7. Let b > a. Consider C([a,b]) the set of continuous func-
tions f : [a,b] — R. If we set

If =gl = / (@) — g(o)] de,

show that || ||1 is a norm.
Lemma 11.1.8. The normed space of Fxercise 11.1.7 is not complete.

Proof. This proof uses method 3. With no real loss of generality, we take
la,b] = [—1,1]. Let

fo(z) =—1 for -1 <ax < —1/n,
fn(z) =nx for —1/n <x <1/n,
1

fu(r) = for 1/n <2 < 1.
If m>n,
1 1/n 9
=gl = [ 1) = fulldo < [ 1ar=2 0
-1 —1/n n

as n — oo and so the sequence f,, is Cauchy.
Suppose, if possible, that there exists an f € C([—1,1]) such that || f — f.|[1 — 0
as n — 0o. Observe that, if n > N, we have

/1 |f<a:>—1|dx=/ If(w)—fn(év)ld:vé/_1|f(fﬁ)—fn($)ldﬂf=IIfn—f||1—>0

/N 1/N

as n — o0o. Thus

/11 F(z) = 1]dz =0

/N
and, by Lemma 8.3.2, f(z) = 1 for x € [1/N,1]. Since N is arbitrary,
f(z) =1forall 0 < z < 1. A similar argument shows that f(xz) = —1 for all

—1 <2 < 0. Thus f fails to be continuous at 0 and we have a contradiction.
By reductio ad absurdum, the Cauchy sequence f,, has no limit. |

Lemma 11.1.8 is important as an indication of the unsatisfactory results
of using too narrow a class of integrable functions.

The next exercise goes over very similar ground but introduces an inter-
esting set of ideas.
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Exercise 11.1.9. Let b > a. Consider C([a,b]) the set of continuous func-
tions f :[a,b] = R. If f, g € C([a,b]) and we define

mmzfﬂmwﬁ

show that (C([a,b]),({ , )) is an inner product space. More formally, show
that

(i) {f,qg) > 0 with equality if and only if f =0,

(i) {f,9) =g, ),

(i1i) (\f,g) = M[, 9),

(iv) (f.g+ 1) = f,9) + (1)
forall f, g, h € C(la,b]) and all X € R.

Use the arguments of Lemmas 4.1.2 and 4.1.4 to show that setting

nﬂbzaﬂﬁvzz([fﬂ@Qﬁ)”Q

gives a norm on C([a,b]).
Show, however, that (C([a,b]), || ||2) is not a complete normed space.

If we wish to show that a metric space (X, d) is complete, the natural way
to proceed is to take a Cauchy sequence z,, and show that it must converge.
However, we must show that x, actually converges to a point in X and not
that ‘the sequence x,, looks as though it ought to converge’. In many cases
the proof proceeds through the following steps.

(A) The sequence z,, converges in some sense (but not the sense we want)
to an object x.

(B) The object x actually lies in X.

(C) The sequence z,, actually converges to x in the sense we want.

Here is an example.

Example 11.1.10. The set ' of real sequences a with Y72 |a;| convergent
forms a vector space if we use the natural definitions of addition and scalar
multiplication

(an) + (bn) = (an + by), Aan) = (Aay).
If we set

o0
lalls = laj],
j=1

then (I*,|| 1|1) is a complete normed space.
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Proof. We know that the space of all sequences forms a vector space, so
we only have to show that I' is a subspace. Clearly 0 € [!, and, since
S IAal = (A Jas], we have Aa € I' whenever a € I' and A € R.
Suppose a, b € I1. We have

N N N o0 o0
D lag+ bl < lagl + > bl < lagl+ > Ibyl,
j=1 j=1 j=1 j=1 j=1

so, since an increasing sequence bounded above tends to a limit, Z;; la;+0,]
converges and a +b € [!. Hence [! is, indeed, a subspace of the space of all
sequences. It is easy to check that || ||; is a norm.

I shall label the next three paragraphs in accordance with the discussion
just before this example.
Step A Suppose a(n) is a Cauchy sequence in (I', ]| ||;). For each fixed 7,

|a;(n) —a;(m)| < lla(n) —a(m)]},

so a;j(n) is a Cauchy sequence in R. The general principle of convergence
tells us that a;(n) tends to a limit a; as n — oo.

Step B Since any Cauchy sequence is bounded, we can find a K such that
|la(n)]j; < K for all n. We observe that

Do lal < lay—a |+Z|ag |<Z|ay )|+ lla(n)]l,

Jj=1

7=1
N
Z j—a;(n)|+ K — K

as n — oo. Thus Zjvzl |aj| < K for all N, and so 72 |a;| converges. We
have shown that a € ['.
Step C' We now observe that, if n,m > M,

N N
> la; —a;(n)| < laj — ag(m |+Z|a3 —a;(n)]
=1 j

< Z |a; = a;(m)] + [la(m) —a(n)]|,
< Z|aj—%( )|+qu1;15>”||&( p) —a(q)lh

— sup [la(p) —a(q)[
p,q>M
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as m — oo. Thus Zjvzl laj —aj(n)| < sup, > lla(p) —alg)||: for all N, and
SO

la—a(n)ll < sup [la(p) —alg)x

pq=M

for all n > M. Recalling that the sequence a(m) is Cauchy, we see that
la—a(n)||; — 0 as n — oo and we are done. [ |

The method of proof of Step C, and, in particular, the introduction of the
‘irrelevant m’ in the first set of inequalities is very useful but requires some
thought to master.

Exercise 11.1.11. In the proof above we said ‘any Cauchy sequence is bounded’.
Give the one line proofs of the more precise statements that follow.

(i) If (X,d) is a metric space, x, is a Cauchy sequence in X and a € X,
then we can find a K such that d(a,z,) < K for alln > 1.

(i) If (V|| ||) is a normed vector space and x,, is a Cauchy sequence in
V, then we can find a K such that ||x,| < K for alln > 1.

Alternative proof of Example 11.1.6. We wish to show that sgg, with norm

(o]
lalls = > layl,
j=1
is not complete. Observe that we can consider sy, as a subspace of {! and
that the norm on /! agrees with our norm on sgy. Now set
an)=(1,271, 272 ..., 27" 0,0, ...),
and
a= (1,271 272 . . 27 2l ogmnm2 ),

Since a(n) € sg for all n and ||a(n) —al|; — 0 as n — oo, we see that sq is
not closed in ! and so, by Exercise 11.1.5, (g0, || ||1) is not complete. W

Here are two exercises using the method of proof of Example 11.1.10

Exercise 11.1.12. Let U be a complete vector space with norm || ||. Show
that the set I'(U) of sequences

Q:(ulv Uz, Us, )
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with 3777 |luyl convergent forms a vector space if we use the natural defini-
tions of addition and scalar multiplication

(W) + (Vi) = (U + Vi), AMu,) = (Auy).

Show that, if we set

oo
Jullh = Z [yl
j=1

then (I',]| 1) is a complete normed space.

Exercise 11.1.13. Show that the set [*° of bounded real sequences forms a
vector space if we use the usual definitions of addition and scalar multiplica-
tion.

Show further that, if we set

]l = sup |ajl,
j>
then (I%°, || ||ls) s a complete normed space.

[We shall prove a slight generalisation as theorem 11.3.3, so the reader
may wish to work through this exercise before she meets the extension.]

Exercise 11.1.14. Consider the set ¢y of real sequences a = (ay, as, as, ...)
such that a, — 0. Show that cq is a subspace of [°° and a closed subset of
(1°°, || lso)- Deduce that (co, || ||oo) @s @ complete normed space.

Exercise K.188 contains another example of an interesting and important
infinite dimensional complete normed space.

The final result of this section helps show why the operator norm is so
useful in more advanced work.

Lemma 11.1.15. Let U and V' be vector spaces with norms || || and || ||v.
Suppose further that || ||v is complete. Then the operator norm is a complete
norm on the space L(U, V') of continuous linear maps from U to V.

Proof. Once again our argument falls into three steps.
Step A Suppose that T,, is a Cauchy sequence in (L(U,V),|| ||). For each
fixed u € U,

1 Toa = Toully = [[(Tn = T )ullv < [[T0 = Tonllf[ullv,

so T,u is a Cauchy sequence in V. Since V is complete, it follows that T}, u
tends to a limit THu, say.
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Step B In Step A we produced a map T : U — V. We want to show that, in
fact, T € L(U,V). Observe first that, since T, is linear

IT(Aug + Aoug) — M Ty — ATy
= || (T()\lul + Aug) — \Tuy — )\gTug) — (Tn()\lul + Aoug) — M Tu; — )\ngug) 1%
= [[(T(May + Aouz) — T (Aug + Aauz)) — A (Tuy — Toug) — Ao(Tus — Thus)|y
< T (Aag + Agug) — T (Mg + Aug) |y + [Ad][|Tay — Tow ||y + [ Ao || Tug — Thusl|v

—0
as n — o0o. Thus
| T(Auy + Aguy) — M Tu; — AT us||y =0,
SO
T(A\ug + Aguy) — \Tuy — ATuy =0,

and 7' is linear.

Next, observe that, since every Cauchy sequence is bounded, we can find
a K such that ||T,|| < K for all n. It follows that ||T,u|ly < K|u||y for each
n. Thus

[Tully < [[Tu = Tyully + [Thully < [|[Tu—=Tully + Kllully — Kljuljy

as n — 00, and so ||Tul|y < K|[ul|y for all u € U. Thus T is continuous.
Step C Finally we need to show that || T'—T,|| — 0 as n — oo. To do this we
use the trick of ‘the irrelevant m’ introduced in the proof of Example 11.1.10.

| Tu— Toully < ||Tu—Tully + |[|Tmu — Thullv
<||Tu—Tyully + (T — To)ullv
<||Tu—Tyully + T, — Toll[ulle
< ||Tu—Touly + sup |7, — Tg|l[Jullv
p,q=M

— sup HTp - Tq” ul|
pgq>M

as m — oo. Thus ||[Tu — T,ully < sup, > |1, — Tyll[[ufly for all u € U,
and so

IT = To|l < sup [|T, = T4

p,g>M

for all n > M. Recalling that the sequence T), is Cauchy, we see that
|T — T,|| — 0 as n — oo and we are done. [ |



272 A COMPANION TO ANALYSIS

Remark: In this book we are mainly concerned with the case when U and V'
are finite dimensional. In this special case, L(U, V') is finite dimensional and,
since all norms on a finite dimensional space are equivalent (Theorem 10.4.6),
the operator norm is automatically complete.

Exercise 11.1.16. In Ezercise 10.4.16, U and V' are not complete. Give an
example along the same lines involving complete normed spaces.

11.2 The Bolzano-Weierstrass property

In the previous section we introduced the notion of a complete metric space
as a generalisation of the general principle of convergence. The reader may
ask why we did not choose to try for some generalisation of the Bolzano-
Weierstrass theorem instead. One answer is that it is generally agreed that
the correct generalisation of the Bolzano-Weierstrass property is via the no-
tion of compactness and that compactness is best studied in the context of
topological spaces (a concept more general than metric spaces). A second an-
swer, which the reader may find more satisfactory, is given in the discussion
below which concludes in Theorem 11.2.7.
We make the following definition.

Definition 11.2.1. A metric space (X, d) has the Bolzano- Weierstrass prop-
erty if every sequence x,, € X has a convergent subsequence.

Lemma 11.2.2. A metric space (X,d) with the Bolzano-Weierstrass prop-
erty is complete.

Proof. Suppose that x,, is a Cauchy sequence. By definition, given any ¢ > 0,
we can find ng(€) such that d(z,,z,) < € for all p, ¢ > ny(e). By the Bolzano-
Weierstrass property, we can find n(j) — oo and z € X such that n(j) — oo
and x,;) — T as j — oo.

Thus, given any € > 0, we can find a J such that n(J) > ng(e/2) and
d(x,xzn)) < €/2. Since n(J) > no(e/2), we know that, whenever m >
no(€/2), we have d(xy (), Tm) < €/2, and so

d(x, 1) < d(z, 2n0)) + d(Tpg), Tm) < €/2+€/2 =
Thus z,, — x as n — oo. |

Exercise 11.2.3. We work in a metric space (X, d).
(1) Show that if x, — x as n — oo then the sequence x,, is Cauchy. (Any
convergent sequence is Cauchy.)
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(i) If z,, is a Cauchy sequence and we can find n(j) — oo and x € X
such that n(j) — oo and x,jy — x as j — oo, then x,, — x. (Any Cauchy
sequence with a convergent subsequence is convergent.)

To show that the converse of Lemma 11.2.2 is false it suffices to consider
R with the usual topology. To give another counter example (in which,
additionally, the metric is bounded) we introduce a dull but useful metric
space.

Exercise 11.2.4. Let X be any set. We define d: X* — R by

d(z,y) =1 ifz#y,
d(z,z) =0.

(1) Show that d is a metric.

(ii) Show that d(x,,z) — 0 as n — oo if and only if there exists an N
such that x, = x for alln > N.

(11i) Show that (X,d) is complete.

(iv) If y € X, show that the closed unit ball B(y,1) = {z : d(z,y) <
1} = X.

(v) If X is infinite, show, using (ii) or otherwise, that X does not have
the Bolzano-Weierstrass property.

(vi) Show also that every subset of X is both open and closed.

We call the metric d of the previous lemma the discrete metric.
In order to characterise metric spaces having the Bolzano-Weierstrass
property, we must introduce a further definition.

Definition 11.2.5. We say that (X, d) is totally bounded if, given any e > 0,
we can find yi, ya, ... , yn € X such that U;V:1 B(y;,e) = X.

In other words, (X, d) is totally bounded if, given any € > 0, we can find
a finite set of open balls of radius € covering X.

Lemma 11.2.6. If (X,d) is a metric space with the Bolzano-Weierstrass
property, then it is totally bounded.

Proof. If (X,d) is not totally bounded, then we can find an ¢ > 0 such that
no finite set of open balls of radius € covers X. Choose any x; € X. We
obtain s, x3, ... inductively as follows. Once z1, xo, ... , x, have been fixed,
we observe that | J;_, B(z;,€) # X so we can choose v, 41 ¢ Jj_, B(zj, €).
Now consider the sequence z;. By construction, d(z;,z;) > € for all i # j
and so, if z € X, we have max(d(x,z;),d(z,x;)) > €/2 for all i # j. Thus
the sequence z; has no convergent subsequence and (X, d) does not have the
Bolzano-Weierstrass property. [
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Theorem 11.2.7. A metric space (X,d) has the Bolzano-Weierstrass prop-
erty if and only if it is complete and totally bounded.

Proof. Necessity follows from Lemmas 11.2.2 and 11.2.6.

To prove sufficiency, suppose that (X, d) is complete and totally bounded.
Let x,, be a sequence in X. We wish to show that it has a convergent
subsequence.

The key observation is contained in this paragraph. Suppose that A is a
subset of X such that z, € A for infinitely many values of n and suppose
e > 0. Since X is totally bounded we can find a finite set of open balls By,
Bs, ..., By, each of radius €, such that U%Zl B,, = X. It follows that
Un]\le ANB,, = A, and, for at least one of the balls B,,, it must be true that
r, € AN B,, for infinitely many values of n. Thus we have shown that that
there is an open ball of radius € such that x,, € AN B for infinitely many
values of n.

It follows that we can construct inductively a sequence of open balls By,
Bs, ... such that B, has radius 27" and z,, € [,_, B, for infinitely many
values of n [r =1, 2, ...]. Pick n(1) <n(2) <n(3) <... such that z,,) €
Mooy Bs. If p,q > r, then x4, ZTn) € Br, and s0 d(zy(p), Tng) < 277
Thus the sequence x,, is Cauchy and, since X is complete, it converges. W

Exercise 11.2.8. Show that the open interval (0,1) with the usual Euclidean
metric is totally bounded but does not have the Bolzano- Weierstrass property.

Exercise 11.2.9. Use the completeness of the Fuclidean norm on R™ and
Theorem 11.2.7 to show that a closed bounded subset of R™ with the usual
FEuclidean norm has the Bolzano-Weierstrass property. (Thus we have an al-
ternative proof of Theorem 4.2.2, provided we do not use Bolzano- Weierstrass
to prove the completeness of R™.)

Exercise 11.2.10. Show that a metric space (X,d) is totally bounded if and
only if every sequence in X has a Cauchy subsequence.

We shall not make a great deal of use of the concept of the Bolzano-Weierstrass
property in the remainder of this book. Thus, although the results that fol-
low are quite important, the reader should treat them merely as a revision
exercise for some of the material of Section 4.3.

Our first result is a generalisation of Theorem 4.3.1.

Definition 11.2.11. If (X,d) is a metric space, we say that a subset A has
the Bolzano-Weierstrass property® if the metric subspace (A,da) (where da
is the restriction of the metric d to A) has the Bolzano-Weierstrass property.

2Tt is more usual to say that A is compact. However, although the statement ‘A has
the Bolzano-Weierstrass property’ turns out to be equivalent to ‘A is compact’ for metric
spaces, this is not true in more general contexts.
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Exercise 11.2.12. (i) Let (X,d) and (Z, p) be metric spaces. Show that, if
K is a subset of X with the Bolzano-Weierstrass property and f: X — Z is
continuous, then f(K) has the Bolzano-Weierstrass property.

(ii) Let (X,d) be a metric space with the Bolzano-Weierstrass property
and let R? have the usual Euclidean norm. Show, by using part (i), or oth-

erwise, that, if £ : X — RP is a continuous function, then f(K) is closed and
bounded.

Exercise 11.2.13. State and prove the appropriate generalisation of Theo-
rem 4.3.4.

Exercise 11.2.14. (This generalises Exercise 4.3.8.) Let (X, d) be a metric
space with the Bolzano-Weierstrass property. Show that if Ky, Ks, ... are
closed sets such that K1 O Ky D ..., then ﬂ‘;‘;l K; #10.

The following is a natural generalisation of Definition 4.5.2.

Definition 11.2.15. Let (X,d) and (Z,p) be metric spaces. We say that a
function f : X — Z is uniformly continuous if, given € > 0, we can find a
d(e) > 0 such that, if v, y € X and d(z,y) < d(€), we have

p(f(x), f(y) <e

The next exercise generalises Theorem 4.5.5.

Exercise 11.2.16. Let (X, d) and (Z, p) be metric spaces. If (X,d) has the
Bolzano-Weierstrass property then any continuous function f : X — Z 1is
uniformly continuous.

11.3 The uniform norm

This section is devoted to one the most important norms on functions. We
shall write F to mean either R or C.

Definition 11.3.1. If E is a non-empty set, we write B(E) (or, more pre-
cisely, Br(E)) for the set of bounded functions f : E — F. The uniform
norm || ||ec on B(E) is defined by || f|lco = SUp,ep |f(x)].

Exercise 11.3.2. If we use the standard operations, show that B(E) is vec-
tor space over F and || ||« s a norm.
Show also that, if f, g € B(E) and we write f x g(x) = f(x)g(z), then

fxgeB(E) and |[f X gllo < | flloollglloo-
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The norm || ||, just defined, is called the uniform norm, sup norm or co
norm.

Theorem 11.3.3. The uniform norm on B(E) is complete.

Proof. This follows the model set up in Section 11.1. If reader has done
Exercise 11.1.13, the argument will be completely familiar.
Suppose f, is a Cauchy sequence in (B(E),|| ||«). For each fixed x € E

so fn(z) is a Cauchy sequence in F. The general principle of convergence
tells us that f,(x) tends to a limit f(z) as n — oo.

Since any Cauchy sequence is bounded we can find a K such that || ]| <
K for all n. We observe that

[f(@)] < [f(@) = falx)] + [fu(2)] < [f(2) = ful@)| + [ fulloo < 1f(2) = ful2)[+ K = K

asn — oo. Thus |f(z)| < K for all z € E, and so f € B(E).
Finally we need to show that ||f — f.|lcc — 0 as n — oco. To do this we
use the usual trick of the ‘irrelevant m’, observing that

[f (@) = fal)| < [f(2) = fn(@)] + [ () = ful@)] < |f(2) = ()] + 1 fim = Fulloo

<Uf@) = ful@) + s Iy = Flle = sup 1, = fyll

as m — o0o. Thus |f(z) — fu(z)| < sup, sarllfp — felleo for all € E, and so

1f = fallo < sup |Ifp = follo

p,q>M

for all n > M. Recalling that the sequence f,, is Cauchy, we see that
|f = fulloo — 0 as n — oo and we are done. n

The space B(E) is not very interesting in itself but, if F is a metric space, it
has a very interesting subspace.

Definition 11.3.4. If (F,d) is a non-empty metric space we write C(E) (or,
more precisely, Cg(E) ) for the set of bounded continuous functions f : E — T.

The next remark merely restates what we already know.

Lemma 11.3.5. If (F,d) is a non-empty metric space, then C(E) is a vector
subspace of B(E). Further, if f, g € C(E), the pointwise product f X g €
C(E).
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However, the next result is new and crucial.

Theorem 11.3.6. If (E,d) is a non-empty metric space, then C(E) is a
closed subset of B(E) under the uniform metric.

This has the famous ‘e/3 proof’.

Proof. Let f, € C(E), f € B(E) and ||f, — f|lcc — 0. We wish to show that
f is continuous on E and to do this it suffices to show that f is continuous
at any specified point z € F.

Let € > 0 and = € E be given. Since || f, — f|lcc — 0 as n — o0, it follows,
in particular, that there exists an N with

v = Flloo < €/3.

Since fy is continuous at z, we can find a ¢ > 0 such that |fy(z) — fn(t)| <
¢/3 for all t € F with d(z,t) < . It follows that

[f(@) = fO] = [(f(2) = fn(@)) + (I () = fn(@) + (I (t) = ()]
< [f(w) = In(@)] + v () = @]+ [fn () = F(1)]
< = fvlloo + 1in(@) = fn@O] + 1fy = flloo
<e€/3+€/3+¢€/3=c¢

for all t € F with d(x,t) < é. |

The key to the argument above is illustrated in Figure 11.1. Suppose that
IIf —9gllco < 7. Then f is trapped in a snake of radius n with g as its backbone.
In particular, if g is continuous, f cannot be ‘terribly discontinuous’.

Since C(F) is a closed subset of B(E), Theorem 11.3.3 and Lemma 11.1.4
gives us another important theorem.

Theorem 11.3.7. If (E,d) is a non-empty metric space, then the uniform
metric on C(E) is complete.

If E'is a closed bounded subset of R” with the Euclidean metric (or, more
generally, if (F,d) is a metric space with the Bolzano-Weierstrass property),
then, by Theorem 4.3.4 (or its easy generalisation to metric spaces with
the Bolzano-Weierstrass property), all continuous functions f : E — F are
bounded. In these circumstances, we shall write C'(E) = C(E) (or, more pre-
cisely, Cr(E) = Cp(F)) and refer to the space C'(E) of continuous functions
on F equipped with the uniform norm.

30r according to a rival school of thought the ‘3¢ proof’.
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Figure 11.1: The uniform norm snake

Exercise 11.3.8. The question of which subsets of C(E) have the Bolzano-
Weierstrass property is quite hard and will not be tackled. To get some un-
derstanding of the problem, show by considering f, = sinnwx, or otherwise,
that {f € C([0,1]) : ||fllc < 1} does not have the Bolzano-Weierstrass
property.

The reader has now met three different norms on C'(]a, b)) (recall Lemma 11.1.8
and Exercise 11.1.9)

[ flloo = sup [F @)1,

te(a,b

b
1l = / @) dt,

11 = ( | b o i) "

They represent different answers to the question ‘when do two continuous
functions f and g resemble each other’. If we say that f and g are close only
if || f — gl is small then, however small |f(z) — g(x)| is over ‘most of the
range’, if |f(x) — g(z)| is large anywhere, we say that f and g are far apart.
For many purposes this is too restrictive and we would like to say that f and
g are close if ‘on average’ |f(x) — g(x)| is small, that is to say ||f — g1 is
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small. For a communications engineer, to whom

b
112 = / O dt

is a measure of the power of a signal, the obvious measure of the closeness
of fand g is || f — g]|2-

The problem of finding an appropriate measure of dissimilarity crops up
in many different fields. Here are a few examples.

(a) In weather forecasting, how do we measure how close the forecast
turns out to be to the true weather?

(b) In archaeology, ancient graves contain various ‘grave goods’. Presum-
ably graves which have many types of grave goods in common are close in
time and those with few in common are distant in time. What is the correct
measure of similarity between graves?

(¢) In high definition TV and elsewhere, pictures are compressed for trans-
mission and then reconstituted from the reduced information. How do we
measure how close the final picture is to the initial one?

(d) Machines find it hard to read handwriting. People find it easy. How
can we measure the difference between curves so that the same words written
by different people give curves which are close but different words are far
apart?

Since there are many different problems, there will be many measures
of closeness. We should not be surprised that mathematicians use many
different metrics and norms.

We conclude the section with a generalisation of Theorem 11.3.7. The
proof provides an opportunity to review the contents of this section. In
Exercise K.224 we use the result with V' = R

Exercise 11.3.9. Let (E,d) be a non-empty metric space and (V.|| ||) a
complete normed space. We write Cy(E) for the set of bounded continuous
functions £ : E— V and set

[£]loe = sup [|£(z)]lv
zelR

whenever £ € Cy(E). Show that (Cy(E), || ||«) i a complete normed vector
space.

11.4 Uniform convergence

Traditionally, the material of the previous section has been presented in a
different but essentially equivalent manner.
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Definition 11.4.1. (Uniform convergence.) If E is a non-empty set and
fo:E—TFand f: E— T are functions, we say that f, converges uniformly
to [ as n — oo if, given any € > 0, we can find an ny(€) such that |f,(x) —
f(z)| <€ forallz € E and all n > no(e).

Remark 1: For a generalisation see Exercise K.202.

Remark 2: On page 65 we placed the definition of uniform continuity in
parallel with the definition of continuity. In the same way, the reader should
compare the definition of uniform convergence with the notion of convergence
that we have used so far and which we shall now call pointwise convergence.

Definition 11.4.2. (Pointwise convergence.) If E is a non-empty set
and f, : E — F and f : E — F are functions, we say that f, converges
pointwise to f as n — oo if, given any € > 0 and any v € E, we can find an
no(e, ) such that | fo(x) — f(x)] <€ for all n > ny(e, x).

Once again, ‘uniform’ means independent of the choice of x.
Theorem 11.3.6 now takes the following form.

Theorem 11.4.3. If (E,d) is a non-empty metric space and f, : E — F
forms a sequence of continuous functions tending uniformly to f, then f is
continuous.

More briefly, the uniform limit of continuous functions is continuous.

Proof of Theorem 11.4.3 from Theorem 11.3.6. The problem we must face is
that the f, need not be bounded.

To get round this, choose N such that |fy(z) — f(z)] < 1 for all x € E
and all n > N. If we set g, = f, — fn, then

|gn ()] < |fulz) = f2)| + [fn(2) = fl2)] <2,
and so g, € C(E) for all n > N. If we set g = f — fn, then g € B(E), and

1gn — 9lloo = sup [gn(x) — g(z)| = sup | fu(x) — f(x)] — O.
xeE el

By Theorem 11.3.6, g € C(E) and so f = g + fy is continuous. [

The same kind of simple argument applied to Theorem 11.3.7 gives the
so called ‘general principle of uniform convergence’.

Theorem 11.4.4. (General principle of uniform convergence.) Sup-
pose that (E,d) is a non-empty metric space and f, : E — F is a continu-
ous function [n > 1]. The sequence f, converges uniformly to a continuous
function f if and only if, given any e > 0, we can find an ng(e) such that
|fu(z) — fin(2)| < € for allm, m > ng(e) and all x € E.
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Figure 11.2: The witch’s hat

This theorem is also known as the GPUC by those who do not object to
theorems which sound as though they were a branch of the secret police.

Exercise 11.4.5. Prove Theorem 11.4.4 from Theorem 11.3.7.

Exercise 11.4.6. (i) Prove Theorem 11.4.3 and Theorem 11.4.4 directly.
(Naturally, the proofs will be very similar to those of Theorem 11.5.6 and
Theorem 11.5.3. If you prefer simply to look things up, proofs are given in
practically every analysis text book.)

(i) Prove Theorem 11.3.6 from Theorem 11.4.3 and Theorem 11.5.7 from
Theorem 11.4.4.

The next two examples are very important for understanding the differ-
ence between pointwise and uniform convergence.

Example 11.4.7. (The witch’s hat.) Define f, :[0,2] — R by
fol2) =1 —n|z —n"| for|z —n7t <n7h
fn(z) =0 otherwise.

Then the f, are continuous functions such that f,(x) — 0 as n — oo for
each x but f, - 0 uniformly.

More briefly, pointwise convergence does not imply uniform convergence.
We sketch the witches hat in Figure 11.2.

Proof. Observe that, if x # 0, then z > 2N ! for some positive integer N
and so, provided n > N,

fu(z) =0 =0
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as n — 00. On the other hand, if x =0,
fa(0)=0—0

as n — oo. Thus f,(x) — 0 for each = € [0, 2].
We observe that [|fullec > fu(n™!) =1 - 0, so f, - 0 uniformly as
n — 0. |

Example 11.4.8. Define f,, : [0,1] — R by f.(z) = ™. Then f,(z) — f(x)
as n — oo where f(x) =0 for 0 <z <1 but f(1) = 1.

Thus the pointwise limit of continuous functions need not be continuous. We
leave the verification to the reader.

Exercise 11.4.9. Draw a diagram to illustrate Example 11.4.8 and prove
the result.

Uniform convergence is a very useful tool when dealing with integration.

Theorem 11.4.10. Let f, € C([a,b]). If f, — [ uniformly, then f €

C(la,b]) and
/ab fo(x)dz — /abf(:v) dr.

Students often miss the full force of this theorem because it is so easy to
prove. Note, however, that we need to prove that the second integral actually
exists. (You should look briefly at Exercise 9.1.1 before proceeding. If you
want an example of a sequence of continuous functions whose pointwise limit
is not Riemann integrable, consult the harder Exercise K.157.)

Proof. Since f is the uniform limit of continuous functions it is itself contin-
uous and therefore Riemann integrable. By the sup xlength inequality,

[ swa— [ nwal =] ['vo - noval < [0 - now
<O~ fule — 0

as n — oo. [ |

Theorem 11.4.10 should be considered in the context of the following two
examples.
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Example 11.4.11. (The tall witch’s hat.) Define f, : [0,2] — R by

fu()
fa(2)

Then the f, are continuous functions such that f,(x) — 0 as n — oo but

n(l —nlz —n") for|lz —n7t <n7!

0 otherwise.

AZM@M+N

asn — 0o.
Example 11.4.12. (Escape to infinity.) Define f, : R — R by

Then the f, are continuous functions such that f,(x) — 0 uniformly as
n — oo but

n~ (1 —n"tz|) for |z| <mn,

0 otherwise.

/Zh@ﬂwﬁO

as n — oo.
[We gave a similar example of escape to infinity in Exercise 5.3.2.]

Exercise 11.4.13. (i) Draw a diagram to illustrate Example 11.4.11 and
prove the result.
(i1) Draw a diagram to illustrate Example 11.4.12 and prove the result.

One way of contrasting Theorem 11.4.10 with Example 11.4.12 is to think
of pushing a piston down a cylinder with water at the bottom. Eventually
we must stop because the water has nowhere to escape to. However, if we
place a glass sheet on top of another glass sheet, any water between them
escapes outwards.

The following example, which requires some knowledge of probability
theory, illustrates the importance of the phenomenon exhibited in Exam-
ple 11.4.12.

Exercise 11.4.14. Let X, X5, ... be independent identically distributed
random variables. Suppose further that X, has continuous density distribu-
tion f. We know that X; + Xo+---+ X, then has a continuous distribution

-
(i) Explain why [ fu(x)de = 1.
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(ii) In the particular case f(z) = (27)~Y2? exp(—a?/2) state the value of
fn(x) and show that fn(a:) — 0 everywhere. Thus

lim fn )dx # / hm fulz
(11i) If Y is a real-valued random variable with continuous density distri-
bution gy and a > 0, show that aY has continuous density distribution g,y
given by gay () = a tg(a™'z). What is the density for —aY ?
(iv) In the particular case investigated in part (ii), show that
(a) If 1/2 > o > 0, then n®f,(n%z) — 0 uniformly on R as n — oo

and
nll_{go N n® fo(n%z) de # /00 7}1}(}10 n® f,(n“x) dz.
(b) If « = 1/2, then n® f,,(n%x) = f(z) and
nh—%lo h n® f,(n®z)dr = /OO nllj& n® f(n%z) dz.

(¢c) If &« > 1/2, then n®f,(n%x) — 0 for each x # 0 as n — oo, but
n® fr,(n“0) — oo.

(v) Draw diagrams illustrating the three cases in (iv) and give a proba-
bilistic interpretation in each case.

(vi) How much further you can go, for general f, depends on your knowl-
edge of probability. If you know any of the terms Tchebychev inequality,
central limit theorem or Cauchy distribution, discuss how they apply here.

In any case, I hope I have demonstrated that when talking about things
like

X1_|_X2_|_..._|_Xn
na

we expect the interchange of limits only to work in exceptional (but therefore
profoundly interesting) cases.

Exercise 11.4.15. As I have already noted, we gave a similar example to
Example 11.4.12 in FExercise 5.3.2. We followed that by a dominated con-
vergence theorem for sums (Lemma 5.3.3). Can you formulate a similar
dominated convergence theorem for integrals? A possible version is given as
Ezercise K.218.

Traditionally, Theorem 11.4.10 is always paired with the following result
which is proved by showing that it is really a disguised theorem on integra-
tion!
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Theorem 11.4.16. Suppose that f, : |a,b] — R is differentiable on [a, ]
with continuous derivative f) (we take the one-sided derivative at end points
as usual). Suppose that f,(xr) — f(z) as n — oo for each x € [a,b] and
suppose that f! converges uniformly to a limit F' on [a,b]. Then f is differ-
entiable with derwative F.

First proof. Since f! is continuous and f/ — F' uniformly, F' is continuous
and Theorem 11.4.10 tells us that

[ﬂ@MHKEmw

as n — oo for all t, ¢ € [a,b]. By the fundamental theorem of the calculus
(in the form of Theorem 8.3.11), we know that fct fl(x)de = fu(t) — fulc),
and so

Since F' is continuous, another application of the fundamental theorem of
the calculus (this time in the form of Theorem 8.3.6) tells us that f is differ-
entiable with

as required. |

This proof is easy but rather roundabout. We present a second proof
which is harder but much more direct.

Second proof of Theorem 11.4.16. Our object is to show that |f(x + h) —
f(x) — F(x)h| decreases faster than linearly as h — 0 [z, x + h € [a,b]]. We
start in an obvious way by observing that
|f(z+h) = f(z) = F(x)h| < [falz + k) — fulz) = fo(2)h] (1)
P+ B) — F@) = F)h) — (e +h) — fule) — Fo@)h).

The first term in the inequality can be estimated by the mean value inequality
ale 1) = ) = F@H] < W] sup [foa+00) = fu@). (@)
<0<

To estimate supy.gq | f1(x 4+ 60h) — f!(z)| we reverse the argument of the
‘e/3 theorem’ (Theorem 11.3.6). We know that F' is continuous because it is
the uniform limit of continuous functions. Thus, given ¢ > 0 we can find a
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d(e) > 0 such that |F(y) — F'(z)| < €/3 whenever y € [a,b] and |x —y| < d(e).
Choosing an N (¢€) such that || f} — F||o < €/3 for all n > N(€), we have

[F2 ) = fa@)] < [fu(w) = F)l + [F(y) = F(2)| + [F(x) = fo(z)] - (3)
<2 fy = Fllo +1F(y) = F(z)] <2¢/3+€¢/3=¢

for all y € [a,b] with |x — y| < d(¢) and all n > N(e). Using this result, we
see that inequality (2) gives

|ful@ + h) = fulz) = fo(x)h] < €lh]. (2)
so that inequality (1) gives, in turn,
|f(z+h) = f(z) = F(2)h| (1)

<|(f@+h) = f(2) = F(2)h) = (fulz + h) = fulz) = fr(2)h)| + €[h],

for all z + h € [a,b] with |h| < d(€), and all n > N(e). Allowing n — oo, we
obtain

[f(x+h) = fz) = F(x)h| < €lhl, (17)
for all # + h € [a,b] with |h| < d(€), and this is what we want. |

One major advantage of the second proof is that it generalises easily to
many dimensions.

Exercise 11.4.17. Let ) be an open set in R™. Suppose that f,, : 0 — RP is
a differentiable function on € with continuous derivative Df,. Suppose that
f.(x) — f(x) as n — oo for each x € Q and suppose that there is a function
© : Q — L(R™ RP) (that is © is a function on @ whose values are linear
maps from R™ to RP) such that

sup [|©(x) — Df,(x)|| — 0
x€eN

(that is Df,, converges uniformly to © in the operator norm) as n — 0.
Then £ s differentiable with derivative ©.

Although Exercise 11.4.17 is not hard, it provides a useful exercise in
understanding notation. We note, for example, that Df,, is a function on
) whose values are linear maps from R to RP. The statement that Df,, is
continuous must therefore be interpreted as

|Df,(x +h) — Df,(x)|| — 0

as ||hlj2 — 0 for all x € 2, where || ||z is the Euclidean norm on R™ and || ||
is the operator norm on L(R™, RP).
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Exercise 11.4.18. (Easy but optional) Rewrite Ezercise 11.4.17 as a theo-
rem on differentiation of functions between general normed vector spaces in
accordance with Definition 10.4.19. Check that essentially the same proof
works in this more general case.

The reader knows how to turn results on the limits of sequences into
results on infinite sums and vice versa (see Exercise 4.6.7 if necessary). Ap-
plied to Theorems 11.4.10 and 11.4.16, the technique produces the following
results.

Theorem 11.4.19. (Term by term integration.) Let g; : [a,b] — R be
continuous. If 2?21 g; converges uniformly as n — 0o, then

/azgg dfC—Z/ g;(x

Theorem 11.4.20. (Term by term differentiation.) Let g; : [a,b] — R
be differentiable with continuous derivative. If Z?Zl gj(x) converges for each
x c(Lind Z?Zl g; converges uniformly as n — oo, then Zj; g; s differentiable
an

" (ngx)) =Y 4w

As a typical example of the use of Theorem 11.4.16, we use it to extend
Theorem 8.4.3 on differentiation under the integral to a much more useful
result.

Theorem 11.4.21. (Differentiation under an infinite integral.) Let
(c,d") D [e,d]. Suppose g : [0,00) x (¢, d') — R is continuous and that the
partial deriwative go exists and is continuous. Suppose further, that there
exists a continuous function h : [0,00) X (¢,d) — R with |g2(z,y)| < h(z)
for all (z,y) and such that [;° h(x)dx exists and is finite. Then, if G(y) =
I 9(@,y) da exists for all y € (c, d) we have G differentiable on (c,d) with

G'(y) = /Ooo g2(z,y) de.

Proof. Note that H (v) fooo g2(z,y) dz exists by comparison (see Lemma 9.2.4).
Set G, ( fo x,y)dzx. By Theorem 8.4.3, G,, is differentiable with

GL(y) = /Un g2(z,y) de.
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/ g2(z,y)dx

we see that G, converges uniformly to H on (¢, d). By hypothesis, G,,(y) —
G(y) on (c¢,d) so, by Theorem 11.4.16, G is differentiable with derivative H
on (¢,d). This is the required result. |

Since

G (y) — H(y)| =

< / h(z)dx — 0,

You should be careful when using this theorem to check that the hypotheses
actually apply. Exercise K.216 illustrates what can go wrong if we do not
prevent ‘escape to infinity’.

11.5 Power series

The object of this section and the next is to show how the notion of uniform
convergence is used in two topics of practical importance.

We make use of a result which is too trivial to constitute a theorem but
too useful to leave unnamed.

Lemma 11.5.1. (The Weierstrass M-test.) Consider functions f, :
E — C. Suppose that we can find positive real numbers M, such that
|fu(z)] < M, for all x € E and all n > 1. If Y 7° M, converges then
S0 fn converges uniformly on E.

Proof. Let € > 0. By the easy part of the general principle of convergence we
can find an Ny(e) such that Y " M, < e for all m > n > Ny(e). It follows
that

Yo Sa@)| <D fal@) <3 M, <€

for all m > n > Ny(e) and all x € E. By the general principle of uniform
convergence (Theorem 11.4.4), >°7° f,, converges uniformly on E. |

This book has been mainly about real analysis. When we talked about
functions from R™ to R™ we made a point of the fact that we cannot divide
a vector by a vector. There are, however, two exceptions to this rule. The
first is that R, itself, is a vector space where division is permitted. The
second is that, if we give R? the algebraic structure of C, we again obtain a
system in which division is permitted. This enables us to develop a theory
of differentiation for functions f : C — C running in parallel with the theory
of one dimensional real differentiation. Note that we use the usual metric
d(z1, 22) = |21 — 25| throughout.
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Definition 11.5.2. Let Q be an open set in C and let z € Q. We say that
f:Q — C is differentiable at z with derivative f'(z) if

flz+h) - f(z)
h

—f'(z)] =0

as h — 0.

Exercise 11.5.3. Check that the definition is equivalent to the statement
fz+h) = f(z) + f(z)h + e(h)| ]

for z+ h € Q, where e(h) — 0 as h — 0.

Exercise 11.5.4. Convince yourself that the elementary theory of complex
differentiation is the same as that of real differentiation. For example, you
could run through the general results leading to the following result:-

Leta, e C[0<r <NJ,b; e C[0<s<M-—1], byy = 1 and let

P(z) = Zfio a.z", Q(z) = Zé\io bsz®. Then Q = {z € C : Q(z) # 0} is
open and the quotient P/Q : C — C is everywhere differentiable.

Exercise 11.5.4 is routine and not meant to be taken very seriously. The
next two results are important in their own right and provide an opportunity
to review the content and proof of two important earlier results.

Exercise 11.5.5. (A mean value inequality.) Suppose that Q) is an open
set in C and that f : Q — C s differentiable at all points of 2. Suppose,
further, that the straight line segment

L:{(l—t)21+t22 . OStS 1}
joining z1 and zy lies in  and that
f(2)] < K

forall z € L.
Explain why we can find a real 0 such that e”(f(z5) — f(z1)) is real and
positive. Show that the function F : [0,1] — R given by

F(t) = R(e”(f((1 = )21+ tz) = f(22)))

is differentiable on (0,1) and find its derivative. By applying some form of
mean value theorem or mean value inequality (many versions will work) to
F', show that

|f(z2) = f(21)] < K22 — 2.
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Exercise 11.5.6. By using the ideas of the second proof of Theorem 11.4.16,
prove the following result.

Let Q be an open set in C. Suppose that f,, : Q — C is differentiable at
all points of Q with continuous derivative f. Suppose that f,(z) — f(z) as
n — oo for each z € ), and suppose that there is a function g : 2 — C such
that

sup |g(2) — fu(2)] — 0

z€Q
(that is f) converges uniformly to g). Then f is differentiable at all points
of Q0 with derivative g.

To use this result we need to recall the definition of the radius of conver-
gence of a power series and the proof that makes the definition possible. The
reader can look these things up on page 71 but it would, I think, be helpful
to redo the work as an exercise.

Exercise 11.5.7. (i) Suppose that a, € C. Show that if Y - anzl con-
verges for some zg € C then) ., a,2™ converges for all z € C with |z| < |z|.

(ii) Use (i) to show that either Y - a,z" converges for all z (in which
case we say the series has infinite radius of convergence) or there exists an
R > 0 such that )" " a,z" converges for |z| < R and diverges for |z| > R
(in which case we say that the series has radius of convergence R).

We can now improve this result slightly.

Lemma 11.5.8. Suppose that a, € C and Y~ a,z] has radius of conver-
gence R. If0 < p < R, then Y~ a,z" converges uniformly for all |z| < p.

Proof. Choose zy with p < |z| < R. We know that ) >°  a,z] converges
and so a,zy — 0 as n — oo. It follows that there exists an M such that
lanzy| < M for all n > 1. Thus, if |z| < p, we have

n n
o] = lansgl 2 < (12

N [0

so, by the Weierstrass M-test, >~ a,2" converges uniformly for all |z| <
p- [

It is very important to bear in mind the following easy example.

Exercise 11.5.9. Show that >~ 2" has radius of convergence 1 but that
Yoo g 2" does not converge uniformly for |z < 1.
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Thus a power series converges uniformly in any disc centre 0 of strictly
smaller radius than the radius of convergence but, in general, the condition
strictly smaller cannot be dropped.

The next result is also easy to prove.

Lemma 11.5.10. Suppose that a,, € C and >_,° ja,z" has radius of con-
vergence R. Then > 7 na,z""' also has radius of convergence R.

Proof. Let |w| < R. Choose wy € C with |w| < |wy| < R and p € R with
lw| < p < |we|]. We know that > ja,w{ converges so, arguing as before,
there exists an M such that |a,wj| < M for all n > 0. Thus

n—1

n—1
[nanp™ | = |wol 1|anw{}|W < ol Mn (W) o0

(We use the fact that, if |x| < 1, then nz"™ — 0 as n — oo. There are
many proofs of this including Exercise K.9.) Thus we can find an M’ such
that |na,p"'| < M’ for all n > 1. Our usual argument now shows that
> oo na,w™ ! converges.

We have shown that the radius of convergence of Y7 na,z""' is at least
R. An easier version of the same argument shows that if >~°° | na,z""' has
radius of convergence S, then the radius of convergence of Y 7 a,z" is at
least S. Thus the radius of convergence of Y - na,z""'is exactly R. W

We can now combine Exercise 11.5.6, Lemma 11.5.8 and Lemma 11.5.10
to obtain our main result on power series.

Theorem 11.5.11. Suppose that a, € C and Y~ a,z" has radius of con-
vergence R > 0. Set Q = {z : |z| < R} (if R = oo, then Q = C) and define
f:Q—=C by

f(z)= Z a,z".

n=0

Then f is everywhere differentiable on Q and
f(z) = Znanz”_l.
n=1

More briefly, a power series can be differentiated term by term within its
circle of convergence.
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Proof. We wish to show that, if |w| < R, then f is differentiable at w with
the appropriate derivative. To this end, choose a p with |w| < p < R. By
Lemma 11.5.8, we know that

N
Z a,z" — f(2)
n=0

uniformly for |z| < p. By Lemma 11.5.8, we know that there exists a function
g : 2 — C such that Zf:[:l na,z" ' — g(z) as N — oo for all z € . Using
Lemma 11.5.8 again, we have

N
Z na,z" ' — g(2)
n=1

uniformly for |z| < p. Since
g (X N
z <Z ) =Y na,
o n=0 n=1
Exercise 11.5.6 now tells us that f is differentiable in {z : |z| < p} with
f'(z) = Znanznfl.
n=1

Since |w| < p, we are done. [

Remark: The proof above is more cunning than is at first apparent. Roughly
speaking, it is often hard to prove directly that > °  a,z" has a certain
property for all |z| < R, the radius of convergence, but relatively easy to show
that SV a,2" has a certain property for all |2| < R’, whenever R’ < R.
However, if we choose Ry < Ry < ... with Ry — R we then know that
Yoo g anz™ will have the property for all

ze|J{z: |2l < By} ={z : |z| < R},
r=1

and we are done. (We give two alternative proofs of Theorem 11.5.11 in
Exercise K.230 and Exercise K.231.)
Here are two useful corollaries.
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Exercise 11.5.12. Suppose that a,, € C and Y7 a,z" has radius of con-
vergence R > 0. Set Q = {z : |z| < R} and define f : Q2 — C by

f(z) = Z anz".

Show that f is infinitely differentiable on Q and a,, = f™(0)/n!.

In other words, if f can be expanded in a power series about 0, then that
power series must be the Taylor series.

Exercise 11.5.13. (Uniqueness of power series.)Suppose that a,, € C.
and Y7 a,z" has radius of convergence R > 0. Set Q@ = {z : |z| < R} and
define f: Q2 — C by

f(z)= Z a,z".

n=0

If there ezists a § with 0 < 6 < R such that f(z) = 0 for all |z| < J, show,
by using the preceding exercise, or otherwise, that a, = 0 for alln > 0. [In
Ezercise K.239 we give a stronger result with a more direct proof.]

By restricting our attention to the real axis, we can obtain versions of all
these results for real power series.

Lemma 11.5.14. Suppose that a,, € R.

(i) Either Y a,x" converges for all x € R (in which case we say the
series has infinite radius of convergence) or there exists an R > 0 such that
> o> g anx™ converges for |x| < R and diverges for |x| > R (in which case we
say the series has radius of convergence R).

(i) If 0 < p < R then Y, a,z" converges uniformly on [—p, p].

(iii) The sum f(x) = Y2 a,x™ is differentiable, term by term, on
(—R,R).

(iv) If R > 0, f is infinitely differentiable and a,, = f™(0)/n!.

(v) If f vanishes on (—0,9) where 0 < 6 < R, then a,, =0 for all n.

Part (iv) should be read in conjunction with Cauchy’s example of a well
behaved function with no power series expansion round 0 (Example 7.1.5).

The fact that we can differentiate a power series term by term is important
for two reasons. The first is that there is a very beautiful and useful theory
of differentiable functions from C to C (called ‘Complex Variable Theory’
or ‘The Theory of Analytic Functions’). In the initial development of the
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theory it is not entirely clear that there are any interesting functions for the
theory to talk about. Power series provide such interesting functions.

The second reason is that it provides a rigorous justification for the use of
power series in the solution of differential equations by methods of the type
employed on page 92.

Exercise 11.5.15. (i) Show that the sum Y oo - has infinite radius of
convergence.
(11) Let us set

for all z € C. Show that e is everywhere differentiable and €'(z) = e(z).

(111) Use the mean value theorem of Ezercise 11.5.5 to show that the
function f defined by f(z) = e(a — z)e(z) is constant. Deduce that e(a —
z)e(z) = e(a) for all z € C and a € C and conclude that

e(z)e(w) = e(z + w)
for all z, w e C.

Here is another example.

Example 11.5.16. Let a € C. Solve the differential equation
(1+2)f'(2) = af ()
subject to f(0) = 1.

Solution. We look for a solution of the form

flz)= Z anz"
n=0

with radius of convergence R > 0. We differentiate term by term within the
radius of convergence to get

o0 oo
(1+2) g na,z" ' =a g anz",
n=1 n=0

whence

[e.9]

Z((a —n)a, — (n+1)az41)z" =0

n=0
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for all |z| < R. By the uniqueness result of Exercise 11.5.13, this gives

(a —n)a, — (n+ 1)an41 =0,

SO
a—n
Apy1 = n+ 10Jn7
and, by induction,
1 n—1
an = Aﬁ H(Oé - ])7
§=0

for some constant A. Since f(0) =1, we have A =1 and
S
n!
n=0 7=0

If o is a positive integer IV, say, then a; = 0 for j > N + 1 and we get
the unsurprising result

£(2) :i (]Z)z": (1+2)¥

From now on we assume that « is not a positive integer. If z # 0,
1
|an12"

1|
@zl ntd S

as n — 00, so, by using the ratio test, Y~ a,2z" has radius of convergence
1.
We have shown that, if there is a power series solution, it must be

0o 1=
-3 e
n=0 7=0

Differentiating term by term, we see that, indeed, the f given is a solution
valid for |z| < 1. |

We have left open the possibility that the differential equation of Exam-
ple 11.5.16 might have other solutions (such solutions would not have Taylor
expansions). The uniqueness of the solution follows from general results de-
veloped later in this book (see Section 12.2). However there is a simple proof
of uniqueness in this case.
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Example 11.5.17. (i) Write D = {z : |z| < 1}. Let o € C. Suppose that
fo : D — C satisfies

(1+2)fa(2) = afa(z)
and fo(0) =1, whilst g_, : D — C satisfies
(1+2)g a(2) = —ag-a(?)

and g_o(0) = 1. Use the mean value theorem of Ezxercise 11.5.5 to show that
fo(2)g—a(z) =1 for all z € D and deduce that the differential equation

(1+2)f'(2) = af(2),

subject to f(0) =1, has ezactly one solution on D.
(11) If o, B € C show, using the notation of part (i), that

Jarp(2) = fal2) fo(2)
for all z € D. State and prove a similar result for fo(fs(z)).
Restricting to the real axis we obtain the following version of our results.
Lemma 11.5.18. Let a be a real number. Then the differential equation
(1 +2)f'(z) = af(z),

subject to f(0) =1, has ezactly one solution f : (—1,1) — R which is given
by

—_

n—

f@)= >~ [l =ia"

In Section 5.7 we developed the theory of the function r,(z) = z* for
x > 0 and « real. One of these properties is that

zrl (x) = ary(z)
for all > 0. We also have r,(0) = 1. Thus, if g,(x) = r,(1 + z), we have
(14 2)ga(x) = aga()

for all z € (—1,1) and ¢,(0) = 1. Lemma 11.5.18 thus gives the following
well known binomial expansion.
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Lemma 11.5.19. Ifx € (—1,1), then

(1+2)° Z%

n=0

n—

[y
—~

=0

.

Exercise 11.5.20. Use the same ideas to show that

log(1 —z) = Z—

forx e (—1,1).

Exercise 11.5.21. (i) If you are unfamiliar with the general binomial ex-
pansion described in Lemma 11.5.19, write out the first few terms explicitly
in the cases a« = —1, a« = =2, a = =3, a« = 1/2 and a = —1/2. Otherwise,
go directly to part (ii).

(i1) Show that

Lol 2w N 1 3 2 2+1><3><5 2z 3+
2 \ 1+ x2 2 4 \1+2? 2 4 6\1+2?
converges to (14 2%)/(1 —2?) if |z| < 1 but converges to (1 +z%)/(z* —1) if
|z| > 1. In [24], Hardy quotes this example to show the difficulties that arise

if we believe that equalities which are true in one domain must be true in all
domains.

Exercise 11.5.22. Use Taylor’s theorem with remainder to obtain the ez-
pansions for (1 + x)* and log(1 — ).

[This is a slightly unfair question since the forms of the Taylor remainder
given in this book are not particularly well suited to the problem. If the reader
consults other texts she will find forms of the remainder which will work more
easily. She should then ask herself what the point of these forms of remainder
18, apart from obtaining Taylor series which are much more easily obtained
by finding the power series solution of an appropriate differential equation./

Many textbooks on mathematical methods devote some time to the pro-
cess of solving differential equations by power series. The results of this
section justify the process.

Slogan:  The formal process of solving a differential equation by power
series yields a correct result within the radius of convergence of the power
series produced.

The slogan becomes a theorem once we specify the type of differential equa-
tion to be solved.
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Note however, that, contrary to the implied promise of some textbooks
on mathematical methods, power series solutions are not always as useful as
they look.

Exercise 11.5.23. We know that Y~ ,(—1)"2*"/(2n)! converges everywhere
to cosx. Try and use this formula, together with a hand calculator to com-
pute cos 100. Good behaviour in the sense of the pure mathematician merely
means ‘good behaviour in the long run’ and the ‘long run’ may be too long for
any practical use.

Can you suggest and implement a sensible method* to compute cos 100.

Exercise 11.5.24. By considering the relations that the coefficients must
satisfy show that there is no power series solution for the equation
2’y (x) = —2y()
with y(0) = 0 valid in some neighbourhood of 0.
Show, however, that the system does have a well behaved solution. [Hint:
Example 7.1.5.]
If the reader is prepared to work quite hard, FExercise K.243 gives a good

condition for the existence of a power series solution for certain typical dif-
ferential equations.

We end this section with a look in another direction.

Exercise 11.5.25. If z € C and n is a positive integer we define n™* =

e~?18" - By using the Weierstrass M-test, or otherwise show that, if € > 0,

Zn_z converges uniformly for Rz > 1 + €.
n=1

We call the limit ((2). Show further that ( is differentiable on the range
considered. Deduce that ¢ is well defined and differentiable on the set {z €
C : Rz > 1}. (C is the famous Riemann zeta function.)

11.6 Fourier series O

In this section we shall integrate complex-valued functions. The definition
used is essentially that of Definition 8.5.1.

4Pressing the cos button is sensible, but not very instructive.
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Definition 11.6.1. If f : [a,b] — C is such that Rf : [a,b] — R and
Sf 1 [a,b] — R are Riemann integrable, then we say that f is Riemann

integrable and
b b b
/f(:z:)dx:/ Rf(x)dxjti/ Sf(x)dx

We leave it to the conscientious reader to check that the integral behaves
as it ought to behave.

If the reader has attended a course on mathematical methods she will
probably be familiar with the notion of the Fourier series of a periodic func-
tion.

Definition 11.6.2. If f : R — C s continuous and periodic with period 27
(that is, f(t 4 2m) = f(t) for allt) and m is an integer, we set

f(m) = % /_7r f(t) exp(—imt) dt.

Fourier claimed?, in effect, that

Z f(n)exp(int).

n=—oo

We now know that the statement is false in the sense that there exist con-
tinuous functions such that

Z f n)exp(inty) - f(to)

as N — oo for some tg, but true in many other and deeper senses.

The unraveling of the various ways in which Fourier’s theorem holds took
a century and a half® and was one of the major influences on the rigorisation
of analysis. In this section we shall merely provide a simple condition on f
which ensures that Fourier’s statement holds in its original form for a given
function f.

Our discussion hinges on the following theorem, which is very important
in its own right.

Theorem 11.6.3. (Uniqueness of the Fourier series.) If f: R — C s
continuous and periodic with period 2 and f(n) =0 for all n, then f = 0.

5Others had had the idea before but Fourier ‘bet the farm on it’.
6Supposing the process to have terminated.
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To prove this result it turns out to be sufficient to prove an apparently
weaker result. (See Exercises 11.6.6 and 11.6.7.)

Lemma 11.6.4. If f : R — R is continuous and periodic with period 27 and
f(n) =0 for all n, then f(0) = 0.

Proof. Suppose f(0) # 0. Without loss of generality we may suppose that

f(0) > 0, (otherwise, we can consider —f). By continuity, we can find an an

e with 1 > € > 0 such that | f(t) — f(0)] < f(0)/2 and so f(t) > f(0)/2 for all

|t| < e. Now choose 7 > 0 such that 21 + cose < 1 and set P(t) =1 + cost.
Since P(t) = (n+ e + se7), we have

k=N

P(t)N _ Z kaeikt

=—N

for some by, and so
x k=N x A k=N A
/ foPmNdt=>" ka/ fWe*dt =" bypf(—k) =0
- k=—N - k=—N

for all N.

Since f is continuous on [—m, ], it is bounded so there exists a K such
that |f(¢)] < K for all t € [—m, x]. Since P(0) =n+ 1 we can find an € >0
with € > € such that P(t) > 1+ n/2 for all || < ¢. Finally we observe
that |P(t)] <1 —n for e < |t| < 7. Putting all our information together, we
obtain

FOP@E)" > FO)(1+n/2)% /2 forall |t < ¢,
fPE)" >0 for all € < |t| <e,
lfPH)" < K(1—n)N for all € < [t| < 7.
Thus
o= [ (t)P()N dt
= f)P)N at +/ fe)P)N at +/ f) PN at
tl<e’ e<|t|<e e<|t|<m

> f0)(1+n/2)Y +0—-27K(1 —n)N — .

The assumption that f(0) # 0 has led to a contradiction and the required
result follows by reductio ad absurdum. |
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Exercise 11.6.5. Draw sketches illustrating the proof just given.

Exercise 11.6.6. (i) If g : R — C is continuous and periodic with period

21 and a € R, we write g,(t) = g(t — a). Show that §,(n) = exp(ina)g(n).
(i1) By translation, or otherwise, prove the following result. If f: R — R

s continuous and periodic with period 2w and f(n) =0 for alln, then f = 0.

Exercise 11.6.7. (i) If g : R — C is continuous and periodic with period
27 show that g*(n) = (g(—n))*.
(i1) By considering f+ f* and f— f*, or otherwise, prove Theorem 11.6.3.

We can now state and prove our promised result on Fourier sums.

Theorem 11.6.8. If f : R — C is continuous and periodic with period 27
and Y~ |f(n)| converges, then

Z n)exp(int) — f(t)

uniformly as N — oo.

Proof. Since |f(n) exp(int)+f(—n) exp(—int)| < |f(n)|+|f(—n)|, the Weier-
strass M-test tells us that Y2 f(n)exp(int) converges uniformly to g(t),
say. Since the uniform limit of continuous functions is continuous, g is con-
tinuous. We wish to show that g = f.

Observe that, since |exp(—imt)| = 1, we have

N N
Z n)exp(i(n — m)t) = exp(—imt) Z n)exp(int) — exp(—imt)g(t)

uniformly as N — oo, so by Theorem 11.4.10, we have

> fln) g / expli(n —m)t) dt = o / > Jon)explitn = my)

™

— % /_7T exp(—imt)g(t) dt = g(m).

Now = [T _exp(irt) dt takes the value 1 if r = 0 and the value 0 otherwise,

SO we have shown that f(m) — §(m) as N — oo. Thus f(m) = §(m) for all
m and, by the uniqueness of Fourier series (Theorem 11.6.3), we have f =g
as required. [ |
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Exercise 11.6.9. If f : R — C periodic with period 2 and has continuous
second derivative, show, by integrating by parts twice, that

N

fln) =~ 77n)

for all n # 0. Deduce that

F)l <= sup |£(0)

2
n= ie[—m,7]

for allm # 0, and that

Z n)exp(int) — f(t)

uniformly as N — oo.

Exercise 11.6.10. Suppose f : R — R is a 27 periodic function with f(x) =
—f(=x) for all x and f(x) = x(m — x) for 0 < x < m. Show that

f(x) _% 2. sin(2m + 1)z

— (2m +1)3
for all x and, by choosing a particular x, show that

m 3

> i
Z: 2m—|— T 32

mO

Exercise 11.6.11. Suppose [ : R — R is a 2w periodic continuous function
with Y7 |nf(n)| convergent. Show that f is differentiable and

o0

f1(t)y =" inf(n)exp(int).

n=—0oo



Chapter 12

Contraction mappings and
differential equations

12.1 Banach’s contraction mapping theorem

This chapter and the next depend on the famous contraction mapping theo-
rem by which Banach transformed a ‘folk-technique’ into a theorem.

Definition 12.1.1. Let (X, d) be a metric space and T : X — X a mapping.
We say that w € X is a fived point of T if Tw = w. We say that T is a

contraction mapping if there exists a positive number K < 1 with d(Tx,Ty) <
Kd(z,y) for allx, y € X.

The next exercise is easy but helps suggest the proof of the theorem that
follows.

Exercise 12.1.2. Let (X,d) be a metric space and T : X — X a contrac-
tion mapping with a fixed point w. Suppose that xo € X and we define x,
inductively by x,41 = Tx,. Show that d(z,,w) — 0 as n — 0.

Theorem 12.1.3. (The contraction mapping theorem.) A contraction
mapping on a non-empty complete metric space has a unique fixed point.

Proof. Suppose 1 > K > 0, (X, d) is a non-empty complete metric space and
T : X — X has the property d(Tx,Ty) < Kd(z,y) for all z, y € X.

We show first that, if 7" has a fixed point, it is unique. For suppose
Tw =w and Tz = z. We have

d(z,w) =d(Tz,Tw) < Kd(z,w)

so, since K < 1, d(z,w) =0 and z = w.

303
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To prove that a fixed point exists, choose any zo € X and define z,
inductively by z,41 = Tz,. (The preceding exercise shows this is a good
idea.) By induction,

d(l’n+1, xn) = d(Txna Tmn—l) S Kd<mna xn—l) S T S Knd(l'l, IO)
and so, by the triangle inequality, we have, whenever m > n

n

1-K

m—1 m—1
d(xpm, x,) < Zd(xj+1,xj) < Z Kid(zy, ) < d(zy,29) — 0
Jj=n J=n
as n — o0o. Thus the sequence z,, is Cauchy. Since (X,d) is complete, we
can find a w such that d(z,,w) — 0 as n — oo.
We now show that w is indeed a fixed point. To do this, we observe that

d(Tw,w) < d(Tw, xy11) + d(Tpi1,w) = d(Tw, Tx,) + d(Tpe1, w)
< Kd(w, x,) + d(zpi1,w) - 0+0=0
as n — 00. Thus d(Tw,w) =0 and Tw = w. |

Wide though the conditions are, the reader should exercise caution before
attempting to widen them further.

Example 12.1.4. (i) If X = {—1,1}, d is ordinary distance and the map
T:X — X is given by Tx = —x, then (X,d) is a complete metric space and
d(Tz,Ty) = d(z,y) for all x, y € X, but T has no fized point.

(1) If X = [1,00), d is Euclidean distance and

Tx =14 x + exp(—x),

then (X, d) is a complete metric space and d(Tx,Ty) < d(z,y) for all x, y €
X, but T has no fixed point.

(111) If X = (0,00), d is ordinary distance and the map T : X — X is
given by Tx = x/2, then (X,d) is a metric space and T is a contraction
mapping, but T has no fized point.

Exercise 12.1.5. Verify the statements made in Example 12.1.4. In each
case, state the hypothesis in Theorem 12.1.3 which is not satisfied. In each
case, identify the point at which the proof of Theorem 12.1.3 fails.

The contraction mapping theorem is not the only important fixed point
theorem in mathematics. Exercise 1.6.5 gives another fixed point result which
can be generalised substantially. (For example, if

B=1{x: x| <1}
is the unit ball in R”, then any continuous map of B into itself has a fixed

point.) However, the standard proofs involve algebraic topology and are
beyond the scope of this book.
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12.2 Existence of solutions of differential equa-
tions

We use the contraction mapping theorem to show that a wide class of differ-
ential equations actually have a solution.
We shall be looking at equations of the form

y = f(t,y).

Our first, simple but important, result is that this problem on differential
equations can be turned into a problem on integral equations. (We shall
discuss why this may be expected to be useful after Exercise 12.2.2.)

Lemma 12.2.1. If f : R?> — R is continuous, ty, yo € R and § > 0, then
the following two statements are equivalent.

(A) The function y : (to —d,to+ ) — R is differentiable and satisfies the
equation y'(t) = f(t,y(t)) for allt € (to—9,to+0) together with the boundary
condition y(to) = Yo-

(B) The function y : (to — d,to + 0) — R is continuous and satisfies the
condition

yw=m+jVWMMMu

forallt € (ty —d,to+9).

Proof. We show that (A) implies (B). Suppose that y satisfies condition (A).
Since y is differentiable, it is continuous. Thus, since f is continuous, ¥y’ is
continuous and one of the standard forms of the fundamental theorem of the
calculus (Theorem 8.3.11) gives

wwmm:[fmwmw

so, since y(ty) = yo,

Mﬂ:m+lfwmmmu

for all £ € (to — d,to + 0) as required.
The fact that (B) implies (A) is an immediate consequence of the funda-
mental theorem of the calculus in the form Theorem 8.3.6. |
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Exercise 12.2.2. If f : R? — R is n times differentiable then any solution
of y'(t) = f(t,y(t)) is n + 1 times differentiable.

Remark: Most mathematicians carry in their minds a list of operations which
are or are not likely to to be troublesome. Such a list will probably contain

the following entries.

less troublesome

more troublesome

multiplication
interpolation
averaging
integration
direct calculation

division
extrapolation
differencing
differentiation
finding inverses

Integration produces a better behaved function, differentiation may well pro-
duce a worse behaved function. The integral of an integrable function is an
integrable function, the derivative of a differentiable function need not be dif-
ferentiable. The contraction mapping theorem concerns a map 7' : X — X,
so to apply it we must be sure that our operation T does not take us out
of our initial space. This is much easier to ensure if T" involves integration
rather than differentiation.

Theorem 12.2.3. Suppose f : R? — R is continuous, to, yo € R and § > 0.
Suppose further that there exists a K > 0 such that Ké <1 and

[f(t,u) = f(t0)] < Klu—v| *

for all t € [ty — d,to + 9] and all uw and v. Then there ezists a unique y :
[to — d,to + 0] — R which is continuous and satisfies the condition

y(t) = yo + / £, y(u)) du

for allt € [ty — 0,0 + 9.

Proof. We know that C([tg — d,to + d]) the space of continuous functions on
[to — 6ty + 9] with the uniform norm || || is complete. Now consider the
map T : C([tg — d,to + 0]) — C([to — I, to + d]) given by

(Tg)(t) = yo +/t f(u, g(u)) du.
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Iftgo+6 >t >ty we have

((Tg)(t) = (Th)(8)] =

/fug — flu, h(u)) du
g/Wﬂmgw»—fwmw»Mu

/Kw ()] du

(t = to) Kllg — hlloo < K0[lg — hl|,
and a similar argument gives
[(Tg)(t) = (Th)(t)] < Kbllg — hllso
for tg >t > tg— 6. Thus
ITg = Thlle < Kdllg = hll

and T is a contraction mapping.
The contraction mapping theorem tells us that 7" has a unique fixed point,
that is there exists a unique y € C([to — 9,ty + 6]) such that

w:%+17mmwMu

for all ¢ € [tog — d,ty + 0] and this is the required result. |
Exercise 12.2.4. Restate Theorem 12.2.3 in terms of differential equations.
Condition % is called a Lipschitz condition.

Exercise 12.2.5. (i) Show that, if f : R*> — R has continuous partial deriva-
tive fo, then given any [a,b] and [c,d] we can find a K such that

[f(tu) = f(t,0)] < Klu — v

for allt € [a,b] and u, v € [c,d].
(1) If f:R?* — R is given by f(t,y) = |y| show that

|f(t,u) = f(E,0)] < Klu — ]
for allt, u and v, but f does not have a partial derivative fo everywhere.

In the absence of a condition like ¥ differential equations can have un-
expected properties.



308 A COMPANION TO ANALYSIS

Exercise 12.2.6. Consider the differential equation

y/ — 3y2/3

with y(0) = 0. Show that it has the solution
y(t)

y(t)

y(t)

(t —a)? fort <a,
0 fora <t <b,
(t —b)3 forb <t

~

whenever a < b.

Exercise 12.2.6 is worth remembering whenever you are tempted to con-
vert the useful rule of thumb ‘first order differential equations involve one
choice of constant’ into a theorem.

Remark: It is easy to write down differential equations with no solution. For
example, there is no real-valued solution to

V)2 +y*+1=0.

However, it can shown that the existence part of Theorem 12.2.3 continues
to hold, even if we drop condition %, provided merely that f is continuous.
The reader may wish to ponder on the utility of an existence theorem in the
absence of a guarantee of uniqueness.

There is no difficulty in extending the proof of Theorem 12.2.3 to higher
dimensions. In the exercise that follows the norm is the usual Euclidean

norm and y'(t) = (y1 (1), y5(t), - - - Y (1))-

Exercise 12.2.7. (i) Suppose f : R""! — R" is continuous, ty € R, yo € R”
and d > 0. Suppose, further, that there exists a K > 0 such that Ko <1 and

£, u) = £(2,v)[| < Klju—v]| *

for allt € [to — 6,tg + 6]. Then there exists a unique 'y : [to — 0,1y + 6] — R"
which is continuous and satisfies the condition

¢
y(t)=vo+ [ uy(w)du
to
for allt € [ty — 0, + 9.
(i) With the notation and conditions of (i), y is the unique solution of
y'(t) =£(t,¥(t)), y(to) = yo.

on (to — 6,to +9).
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Exercise 12.2.7 is particularly useful because it enables us to deal with
higher order differential equations. To see how the proof below works, observe
that the second order differential equation

v'+y=0
can be written as two first order differential equations
y=w, w=-y
or, vectorially, as a single first order differential equation
(y,w)" = (w, —y).

Lemma 12.2.8. Suppose g : R"*t — R is continuous, ty € R, y; € R" for
0<j<n-—1andd > 0. Suppose, further, that there exists a K > 0 such
that (K +1)d < 1 and

l9(t,u) = g(t, v)| < Kllu—v]| *

for allt € [to — d,to + 8]. Then there exist a unique, n times differentiable,
function y : (tog — d,to + 0) — R with

y™ (1) = g(t,y(0),y'(t), .., y" V() and yP (to) = y; for 0<j <n—1.
Proof. This uses the trick described above. We define
£t ur,ug, ... uy) = (Ug, Ugy ooy Uy, gt Uty Uy oo Up—1)).
The differential equation
y'(t) = £(t, y(1))
is equivalent to the system of equations
yi(t) = fit,y(t)  [1<j<n]

which for our choice of f becomes

y;(t) = y;(t) [1<j<n—1]
() = g(t,y(),y' (1), ...y V(D).

Taking y(t) = y(t), this gives us y;(t) =y~ (¢) and

y " (t) = gt y(t),y' (1), ..., y" D (1),
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which is precisely the differential equation we wish to solve. Our boundary
conditions

yD(ty) = yjfor0<j<n-—1
now take the form y(ty) = yo with
Yo = (yOa Yiy - 7yn—1)7

and we have reduced our problem to that studied in Exercise 12.2.7.
To prove existence and uniqueness we need only verify that f satisfies the
appropriate Lipschitz condition. But

Hf(ta l,l) _f(ta V)H
= |[(ug —v1,ug — Vo, ... Uy — Vp1, gt Ur, U, . Uy) — gt V1, V2, 0))]]
S ||u - VH + ’g(tvubu%' .. 7un) _g(t7’U17027 ] 7vn>’ S (K+ 1)”11 _VH7

so we are done. [ |

12.3 Local to global ©

We proved Theorem 12.2.3 for functions f with

|f(t,u) = ft,0)] < Klu— v *
for all t € [tg — d,to + 0] and all u and v. However, this condition is more
restrictive than is necessary.

Theorem 12.3.1. Supposen > 0 and f : [to—n,to+n] X [yo—n,yo+1] — R
1 a continuous function satisfying the condition

|f(t,u)—f(t,v)|§K|u—v| *

whenever t € [to — n,to +n] and u, v € [yo —n,y0 + n]. Then we can find
ad > 0 with n > 0§ such that there exists a unique differentiable function
y: (to — d,to + ) — R which satisfies the equation y'(t) = f(t,y(t)) for all
t € (ty—6,to+ ) together with the boundary condition y(to) = yo.

Proof. This is an easy consequence of Theorem 12.2.3. Define a function
f:R? — R as follows.

f(ty) = f(t,y) if [t —to] <, [y — wol <,
fty) = fto+ny)  ift>to+n ly—wl <n,
flty) = flto—my) it <to—n, ly—yl <n,
fty) = ftyo+m)  ify>yo+n,
fty)=ftyo—mn)  ify<yo—n.
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We observe that f is continuous and

for all t, u and v.

If we choose 6 > 0 with K6 < 1, then Theorem 12.2.3 tells us that there
exists a unique differentiable function § : (ty — 0, %o + ) — R which satisfies
the equation §/(t) = f(t,§(t)) for all t € (to — 6,to 4 0) together with the
boundary condition §(ty) = yo. Since g is continuous, we can find a § > 0
Withnzé,gzéand

9(t) —yol <m
for all t € (to — d,t0 +9). If we set y = y|y—st0+s) (the restriction of y to
(to — 0,tp + 6)), then
(t,y(t) € [to —n.to+ 1] X [yo — 1,50 + 7]

and so

ft () = ftyt))
for all t € (tg — 0,19 + d), so y is the unique solution of

y'(t) = f(ty(t))
as required. [ ]

Exercise 12.3.2. (i) Describe f in words.
(i) It is, I think, clear that f is continuous and

|f(t7u)_f(t7v)| < K|u—2}|

for all t, uw and v. Carry out some of the detailed checking which would be
required if someone demanded a complete proof.

Theorem 12.3.1 tells us, that under very wide conditions, the differential
equation has a local solution through each (tg,y9). Does it have a global
solution, that is, if f: R? — R is well behaved can we find a solution for the
equation y'(t) = f(t,y(t)) which is defined for all t € R? Our first result in
this direction is positive.

Theorem 12.3.3. Suppose f : R? — R is a continuous function satisfying
the following condition. There exists a K : [0,00) — [0, 00) such that

[f(t,u) = f(E,0)] < K(R)[u — vl

whenever |t| < R. Then given any (to,yo) € R? there exists a unique y : R —
R which is is differentiable and satisfies the equation y'(t) = f(t,y(t)) for all
x € R together with the boundary condition y(to) = yo
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Note that it makes no difference how fast K (R) increases.

Proof. This proof is worth studying since it is of a type which occurs in several
places in more advanced work. We refer to the equation y'(t) = f(¢,y(t)) for
all ¢ € R together with the boundary condition y(ty) = yo as ‘the system’.
Our result will follow if we can show that the system has a unique solution
on [tg, 00) and on (—o0, tg]. The proof is essentially the same for the two cases,
so we show that the system has a unique solution on [tg,00). Observe that,
if we can show that the system has a unique solution on [ty,T') for all T' > t,
we shall have shown that the system has a unique solution on [tg, 00). (Write
yr : [to, T) — R for the solution on [ty,T"). If S > T then yg(t) = yr(t) for all
t € [to,T) by uniqueness. Thus we can define y : [ty,00) — R by y(t) = yr(t)
for all t € [to, 7). By construction y is a solution of the system on [tg, 00).
If w : [tg,00) — R is a solution of the system on [tg, 00) then, by uniqueness
on [to,T), w(t) = yr(t) = y(t) for all ts < ¢t < T and all T" > t;. Since T’
was arbitrary, w(t) = y(t) for all t € [tg, 00).) We can thus concentrate our
efforts on showing that the system has a unique solution on [ty,T") for all
T > t.
Existence Let

E = {7 >ty : the system has a solution on [ty,T)}.

By Theorem 12.3.1, E is non-empty. If F is bounded it has a supremum 7§,
say. Choose Ry > |Ty| + 2 and set Ky = K(Ry). By hypothesis,

|[F(t,u) = f(E,0)] < Kolu — vl

whenever |t — Ty| < 2. Choose &y > 0 such that 1 > g, Ty — tg > 2y and
Kpdy < 1. Since Ty is the supremum of E we can find T} € E such that
Ty > Ty —00/3. Let y : [to,T1), — R be a solution of the system and let Ty =
T —do/3. By Theorem 12.3.1, there exists a unique w : (T —dg, To+09) — R
such that

w'(t) = f(t,w(t)), w(Tz) = y(Ta).

The uniqueness of w means that w(t) = y(¢) for all ¢ where both y and w
are defined (that is, on (75 — g, 71)). Setting

g(t) = y(t) for t < T7,
g(t) = w(t) for t < Ty + dy,
we see that 7 : [tg, To+0d09) — R is a solution of the system. Since To+d¢ > T7,

we have a contradiction. Thus, by reductio ad absurdum, F is unbounded
and the system has a solution on [ty,T") for all T' > t,.
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Uniqueness We need to show that if T' > t; and y and w are solutions of the
system on [tg, T) then y(t) = w(t) for all t € [ty, T'). The proof is similar to,
but simpler than, the existence proof just given. Let

E={T>71>ty: y(t) =w(t) for all t € [ty, 7]}

Since tg € E, we know that E is non-empty. By definition, E is bounded and
so has a supremum 7. If Ty = T we are done. If not, Ty < T'. By continuity,
y(Ty) = w(Tp). As before, choose Ry > |Tp| + 2 and set Ky = K(Ry). By
hypothesis,

[f(t,u) = f(t,0)] < Kolu — v

whenever |t — Ty| < 2. Choose dy > 0 such that 1 > &g, To — tg > 20y,
T — Ty > 20y, and Kgdg < 1. By Theorem 12.3.1, there exists a unique
z: (Ty — 9o, To + do) — R such that

2(t) = f(t, 2(1)), 2(To) = y(To).

By uniqueness y(t) = z(t) = w(t) for all t € (Ty — do, To+ o). It follows that
y(t) = w(t) for all t € [ty, Ty + &) and so, by continuity, for all t € [to, To+6].
Thus Ty+0y € F contradicting the definition of Tj. The desired result follows
by contradiction. [ ]

Exercise 12.3.4. Supposen > 0 and f : (a,b) — R is a continuous function
such that, given any t; € (a,b) and any y; € R we can find an n(ty,y,) >0
and a K(t1,y1) such that

[f(tu) = f(E,0)] < K(t, y1)Ju— vl *
whenever
t €t —nlty,y), tr+nty,y)] and u, v € [yr —n(ty, y1), y1 + 0t y1)]-
Show that, if y, w: (a,b) — R are differentiable functions such that
y'(t) = f(ty(t), w'(t) = f(t,w(t)) for all t € (a,b)
and y(to) = w(ty) for some ty € (a,b), then y(t) = w(t) for allt € (a,b).

Exercise 12.3.5. Use Fxample 1.1.3 to show that, in the absence of the fun-
damental axiom, we cannot expect even very well behaved differential equa-
tions to have unique solutions.
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Looking at Theorem 12.3.3, we may ask if we can replace the condition
|f(t,u) — f(t,v)] < K(R)|u — v| whenever |t| < R
by the condition
|f(t,u) — f(t,v)| < K(R)|u — v| whenever |t|, |ul,|v] < R.

Unless the reader is very alert, the answer comes as a surprise followed almost
at once by surprise that the answer came as a surprise.

Example 12.3.6. Let f(t,y) = 1+ y*. Then

whenever |t|, |u|, |[v| < R. However, given ty, yo € R, there does not exist a
differentiable function y: R — R such that y'(t) = f(t,y(t)) for all t € R.

Proof. Observe first that
[f(tu) = f(t,0)] = [u” = v?| = Ju+ vl |u— v < (Ju| + [v])]u — v] < 2RJu — |

whenever [t|, |u|, [v] < R.
We can solve the equation

/:1+y2

formally by considering

dy
1492

=dt

and obtaining
tan™! y=1t+a,

so that y(t) = tan(t+a) for some constant a. We choose v € [tg—7/2, to+7/2]
so that yo = tan(ty — «) satisfies the initial condition and thus obtain

y(t) = tan(t — «)

for « — /2 <t < a+ 7/2. We check that we have a solution by direct
differentiation. Exercise 12.3.4 tells us that this is the only solution. Since
tan(t — o) — oo as t — «a + 7/2 through values of t < a + 7/2, the required
result follows. |
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(An alternative proof is outlined in Exercise K.265.)

Exercise 12.3.7. (i) Sketch, on the same diagram, various solutions of y'(t) =
1+ y(t)? with different initial conditions.

(i1) Identify the point in our proof of Theorem 12.3.3 where the argument
fails for the function f(t,y) =1+ y>.

We may think of local solutions as a lot of jigsaw pieces. Just looking
at the pieces does not tell us whether they fit together to form a complete
jigsaw.

Here is another example which brings together ideas from various parts
of the book. Although the result is extremely important, I suggest that the
reader does not bother too much with the details of the proof.

Lemma 12.3.8. If zp € C\ {0} and wy € C, then the differential equation

Fa) =+

z

has a solution with f(zo) = wq in the set
B(zo, |20|]) = {2z € C : |z — 20| < |20|}-

However, the same differential equation

/ — —
fie)= 1
has no solution valid in C\ {0}.

Proof. Our first steps reflect the knowledge gained in results like Exam-
s

ple 11.5.16 and Exercise 11.5.20. The power series >, W has radius

of convergence 1. We define h : B(0,1) — C by

=

Since we can differentiate term by term within the radius of convergence, we
have

) > o > o 1
W(z) = Z(_l)yﬂzg 1_ Z(_l)azy — T
j=1 J=0

for all |2] < 1. Thus, if we set f(2) = wo+h(1+(2—20)2, ") for 2 € B(zo, |20|),
the chain rule gives

o)==

21+ (z—2)2" =
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as desired. Simple calculation gives f(zp) = wy.

The second part of the proof is, as one might expect, closely linked to
Example 5.6.13. Suppose, if possible, that there exists an f : C\ {0} — C
satisfying the differential equation

f'(z) =

By replacing f by f— f(1), we may suppose that f(1) = 0. Define A: R — C
by A(t) = —if(e™). Writing A(t) = a(t) + ib(t) with a(t) and b(t) real, we
see that A'(t) = a/(t) + V() exists with value

1
=

_Z'f(ez‘(t+5t)) T if(eit)

A(t) = 1i
(t) = lim, 5t
i(tH61)) _ f(pit) pidt _ 1
= lim UG A ) fA(e )¢ (—ie™)
5t—0  eit+at) _ pit ot
R AT e
= f'(e")i(—te ):Ezl

Thus A(t) =t + A(0) = ¢. In particular,
0= A(0) = —if(1) = —if(e*™) = A(27) = 2,
which is absurd. Thus no function of the type desired can exist. [

Exercise 12.3.9. The proof above is one of the kind where the principal
characters wear masks. Go through the above proof using locutions like ‘the
thing that ought to behave like log z if log z existed and behaved as we think
it ought.’

Exercise 12.3.10. Write
Bj={2¢€C:|z—e"3 <1}.
Show that there exists a function fi : U?:o Bj — C with
, 1
A =1 A1) =0
and a function fy U?‘:g B; — C with
, 1
7z = . A1) =0.

Find f, — fo on By and on Bs.
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We have a lot of beautifully fitting jigsaw pieces but when we put too
many together they overlap instead forming a complete picture. Much of
complex variable theory can be considered as an extended meditation on
Lemma 12.3.8.

If the reader is prepared to allow a certain amount of hand waving, here
is a another example of this kind of problem. Consider the circle T obtained
by ‘rolling up the real real line like a carpet’ so that the point 6 is identified
with the point 6 + 27. If we seek a solution of the equation

F1(0) + A2£(9) = 0

where A is real and positive then we can always obtain ‘local solutions’ f(6) =
sin(A\0+0y) valid on any small part of the circle we choose, but only if A is an
integer can we extend it to the whole circle. When we start doing analysis
on spheres, cylinders, tori and more complicated objects, the problem of
whether we can combine ‘local solutions’ to form consistent ‘global solutions’
becomes more and more central.
The next exercise is straightforward and worthwhile but long.

Exercise 12.3.11. (i) State and prove the appropriate generalisation of
Theorem 12.3.3 to deal with a vectorial differential equation

y'(t) = £(t, y (1))

(i1) Use (i) to obtain the following generalisation of Lemma 12.2.8. Sup-
pose g : R"1 — R is a continuous function satisfying the following condition.
There ezists a K : [0,00) — R such that

lg(t, ) — g(t, v)| < K(R)[[u—v]

whenever [t| < R. Then, given any (to,Yo,Y1,---,Yn_1) € R, there exists
a unique n times differentiable function y : R — R with

y"(t) = g(t,y(t),y' (), ....y" ' (t) and y9 (to) =y; for 0 < j<mn— 1.

Exercise 12.3.12. In this book we have given various approaches to the ex-
ponential and trigonometric functions. Using the material of this section, we
can give a particularly neat treatment which avoids the use of infinite sums.

(i) Ezplain why there exists a unique differentiable function e : R — R
such that

e'(x) =e(x) for allz € R, €(0) = 0.

By differentiating the function f defined by f(z) = e(a — x)e(x), show that
e(a —x)e(r) = e(a) for all x, a € R and deduce that e(z + y) = e(x)e(y)
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for all x, y € R. List all the properties of the exponential function that you
consider important and prove them.

(11) Explain why there exist unique differentiable functions s,c: R — R
such that

s'(x) = c(x), d(x) = —s(x) for allz € R, s(0) =0, ¢(0) = 1.

By differentiating the function f defined by f(z) = s(a—x)c(x)+c(a—x)s(z),
obtain an important addition formula for trigonometric functions. Obtain
at least one other such addition formula in a similar manner. List all the
properties of sin and cos that you consider important and prove them.

(111) Write down a differential equation for T'(z) = tanz of the form

T'(z) = g(T(x)).

Explain why, without using properties of tan, we know there exists a function
T with T'(0) = 0 satisfying this differential equation on some interval (—a,a)
with a > 0. State and prove, using a method similar to those used in parts (i)
and (i), a formula for T'(x +y) when x, y, v +y € (—a,a).

12.4 Green’s function solutions ¢

In this section we discuss how to solve the differential equation for real-valued
functions on [0, 1] given as

y'(t) + a(t)y'(t) + b(t)y(t) = (1) *

subject to the conditions y(0) = y(1) = 0 by using the Green’s function. We
assume that a and b are continuous. Notice that we are dealing with a linear
differential equation so that, if y; and yy are solutions and A; + Ay = 1, then
A1y1 + A2y9 is also a solution. Notice also that the boundary conditions are
different from those we have dealt with so far. Instead of specifying y and y’
at one point, we specify y at two points.

Exercise 12.4.1. (i) Check the statement about the solutions.
(11) Explain why there is no loss in generality in considering the interval
[0, 1] rather than the interval [u,v].

Most of this section will be taken up with an informal discussion leading
to a solution (given in Theorem 12.4.6) that can be verified in a couple of
lines. However, the informal heuristics can be generalised to deal with many
interesting problems and the verification cannot.
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When a ball hits a bat its velocity changes very rapidly because the bat
exerts a very large force for a very short time. However, the position of
the ball hardly changes at all during the short time the bat and ball are in
contact. We try to model this by considering the system

y'(t) + a()y'(t) + b(t)y(t) = hy(t), y(0) = y(1) =0

where

v

hy(t) >0 for all ¢,
hy(t) =0 for all t ¢ [s —n,s+n),
s+n
/ hy,(t)dt =1
5=
and n >0, [s —n,s+n] C[0,1]. We have
y'(t) + a()y'(t) + b(t)y(t) = 0 for t < s —n, y(0)
y'(t) +a(t)y'(t) +b(t)y(t) = 0 for t > s+, y(1)

0
0

and

= [ )~ et ~ vty

! s+n s+n
=1 —/ a(t)y'(t) dt —/ b(t)y(t) dt.
51 51

What happens as we make 7 small? Although y' changes very rapidly we
would expect its value to remain bounded (the velocity of the ball changes
but remains bounded) so we would expect f;_t? a(t)y'(t) dt to become very
small. We expect the value of y to change very little, so we certainly expect
f;fnn b(t)y(t) dt to become very small.

If we now allow n to tend to zero, we are led to look at the system of
equations

"(t) + a(t)y' (t) + b(t)y(t) = 0 for t < s, y(0) =0
Y (1) + a(t)y (t) + b(t)y(t) = 0 for t > 5, y(1) =0 *
y(s+) = y(s—) = y(s), ¥'(s+) —y'(s—) =1

Here, as usual, y(s+) = lim;_ ¢~5y(s) and y(s—) = limy_s 1<sy(s). The
statement y(s+) = y(s—) = y(s) thus means that y is continuous at s. We
write the system Y9 more briefly as

y'(t) + a(t)y'(t) + b(t)y(t) = 6:(1), y(0) = y(1) =0,
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where d. may be considered as ‘a unit impulse at ¢’ or ‘the idealisation of
h,(t) for small i’ or a ‘delta function at s’ or a ‘Dirac point mass at s’ (this
links up with Exercise 9.4.11 on Riemann-Stieljes integration).

By the previous section, we know that there exists a unique, twice differ-
entiable, y; : [0,1] — R such that

yi (1) + ay(t) + b()yi () = 0, 12(0) = 0, 11(0) =1,
and a unique, twice differentiable, yo : [0, 1] — R such that
Yo (1) + a(t)ys (1) + b(t)y2(t) = 0, 42(1) =0, y5(1) = 1.
We make the following
key assumption: y1(1) #0

(so that ys cannot be a scalar multiple of y;).
If y is a solution of Y%, the uniqueness results of the previous section
tell us that

y(t) = Ayi(t) for 0 <t < s, y(t) = Bys(t) for s <t <1

for appropriate constants A and B. Since y(s+) = y(s—) = y(s), we can find
a constant C' such that A = Cys(s), B = Cyi(s) and so

y(t) = Cyr(t)ya(s) for 0 <t < s, y(t) = Cya(t)yi(s) for s <t < 1.
The condition y'(s+) — y'(s—) = 1 gives us
Cyr(s)y2(s) = ya(s)ya(s)) =1

and so, setting W(s) = y1(s)ya(s) — v1(s)y4(s), and assuming, without proof
for the moment, that W(s) # 0, we have

y(t) = y1(t)ya(s)W(s) " for 0 <t < s, y(t) = ga(t)yn(s)W(s) " for s <t < 1.

Although we shall continue with our informal argument afterwards, we
take time out to establish that W is never zero.

Definition 12.4.2. If uy and us are two solutions of

y'(t) + a()y'(t) + b(t)y(t) = 0,
we define the associated Wronskian W by W (t) = ' (t)ua(t) — uy (t)ub(t).
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Lemma 12.4.3. (i) If W is as in the preceding definition, then W'(t) =
—a(t)W(t) for all t € [0,1].
(i1) If W is as in the preceding definition, then

W) = Ac fiotoi

for allt € [0,1] and some constant A.
(75i) If y1 and yo are as in the discussion above and the key assumption

holds, then

W(s) = y1(s)y2(s) = ya(s)ya(s) # 0
for all s € 0, 1].
Proof. (i) Just observe that

W) = uy ()ua(t) + uy (H)uy(t) — uy (Huy(t) — ua(B)uy(t) = wy(Hua(t) — u(t)us
= up(t)(—a(t)uy (t) = b(t)ua (1)) — ur (t)(—a()us(t) — b(t)ua(t)) = —a(t)W (t).

(ii) We solve the differential equation formally, obtaining

W)
w(t)

= —aft),

whence
t
log W (t) = —/ a(z) dr + log A
0

and so W(t) = Ae=Jo @@= for some constant A.

We verify directly that this is indeed a solution. The uniqueness results
of the previous section (note that W (0) = A), show that it is the unique
solution.

(iii) Observe that W (1) = vy} (1)y2(1) — y1(1)y5(1) = —y1(1) # 0 by the
key assumption. Since W does not vanish at 1, part (i) shows that it
vanishes nowhere. |

Exercise 12.4.4. Prove part (ii) of Lemma 12.4.3 by considering the deriva-
tive of the function f given by f(t) = W(t) exp(fot a(x)dzx).

A more general view of the Wronskian is given by Exercise K.272.
We write G(s,t) = y(s), where y is the solution we obtained to %%, that
is, we set

G(s,t) = y1(t)y2(s)W(s) ! for 0 < t < s,
G(s,t) = ya()y(s)W(s) ! for s <t < 1.
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The function G : [0,1]? — R is called a Green’s function.
We return to our informal argument. Since G(s,t) is the solution of

y'(8) +a(t)y'(t) + b(t)y(t) = 6:(1), y(0) = y(1) =0,
it follows, by linearity, that y(t) = > A;G(s;,t) is the solution of

m

y' (1) + a(t)y' (t) + b(e)y(t) = Y Ads, (1), y(0) = y(1) = 0.

In particular, if f : [0,1] — R, then yy(t) = N~ Z;VZI f(j/N)G(j/N,t) is
the solution of

y"(1) +a(t)y'(t) + b()y(t) = N7' Y f(/N)3in (1), y(0) = y(1) = 0.

j=1

Now imagine yourself pushing a large object. You could either give a con-
tinuous push, applying a force of magnitude f(¢) or give a sequence of sharp
taps N1 Zjvzl f(G/N)djn(t). As you make the interval between the taps
ever smaller (reducing the magnitude of each individual tap proportionally)
the two ways of pushing the object become more and more alike and

N

Nt Z f(/N)éj/y — f in some way which we cannot precisely define.
j=1

It is therefore plausible that, as N — oo,
YN — Y in some way to be precisely determined later,

where y, is the solution of

Yo () + a()y.(t) + b(t)y.(t) = f(t), y:(0) = y.(1) = 0.
It also seems very likely that

N

gw(t) = NV 57 F(I/N)GGIN, £) — / F(5)G(s, 1) dt

j=1
(We could prove this rigorously, but a chain is as strong as its weakest link
and the real difficulties lie elsewhere.)

We are therefore led to the following plausible statement.
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Plausible statement 12.4.5. The equation

y'(t) +a(t)y'(t) +b()y(t) = f(t), y(0) =y(1) =0

has the solution

y(t) = / F(5)G (5. 1) ds.

We summarise the results of our informal argument in the next theorem
which we then prove formally.

Theorem 12.4.6. Suppose that f, a, b : [0,1] — R are continuous. By

Ezercise 12.53.11, there exists a unique twice differentiable y; : [0,1] — R
such that

yi () + a(t)yy (t) + b(t)y: (t) = 0, 31(0) =0, »4(0) =1
and a unique twice differentiable ys : [0,1] — R such that
Yo (1) + a)ys(t) + b(t)ya(t) = 0, y2(1) =0, w5(1) = 1.
We make the following
key assumption: y1(1) # 0.

If we set W(t) = vyh(t)y1(t) — y2(t)y,(t), then W is never zero and we may
define G : [0,1]> = R by

G(s,t) = y1(O)ya(s)W(s) ™ for0 <t < s,
G(s,t) = ya(®)yr(s)W(s) ™! for s <t < 1.

With this notation, G is continuous so we can define

1
)= | Gls.tnr(s)ds
0
The function y, so defined, is twice differentiable and satisfies

y'(t) +a(t)y'(t) + b(t)y(t) = f(t) *

together with the conditions y(0) = y(1) = 0. Moreover this solution is
unique.



324 A COMPANION TO ANALYSIS

Proof. We have already established the contents of the first paragraph. The
proof of the continuity of G is left to the reader (see Exercise 12.4.7 (iii) for a
general result from which this follows). To show that y is differentiable and
satisfies Y% we observe that

y(t) = /O Gls, ) f(s) ds + /t Gls, 1) f(s) ds
=Amwmmwwvww+[wmmwwwv@w
:wwlywmwrv@w+mw[yﬁM%VV@@

[Experience shows that people get into frightful muddles over this calculation.
At each stage you must ask yourself ‘is s bigger than ¢ or vice versa and what
does this mean for the definition of G(s,t)?’]

We now use the product rule and the fundamental theorem of the calculus
to show that y is twice differentiable with

Mﬂz%ﬂém@W@)V@%+w®m®W@1ﬂﬂ
+muy[yxﬂwwrvwww—m@wxmww*fm

=%@Ay@meV@w+mwlywmmrv@w

¢w=¢wlm@W@ﬂWMMwwmwwwﬂm>
+y«wl‘w@ﬁﬂ@—vwww—mumwa@rV@>

=%@Aymmm>7®w+%®[ymmw>#@@
W) — o ()W (1) (1)
=%@Aywmwr7@@+wm[ymmer@@+ﬂm
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so that
y'(t) +a(®)y'(t) + b(t)y(t)

= (W(1) + a(®y (1) + b(t)yl(t))/t y2(s)W(s) "' f(s) ds

() + altgh(t) + b(E)elt)) / ()W ()™ f(s) ds + £()

0 / ya(5)W (5) "1 f(s) ds + 0 x / yi ()W (s)"Lf () ds + F(t) = F(2),

as required.
To prove uniqueness, suppose that u; and uy are solutions of % satisfying
u1(0) = u2(0) = uy(1) = ug(1) = 0. If we set u = u; — ug then, by linearity,

u"(t) + a(t)u' (t) + b(t)u(t) =0, u(0) =0, u(l) = 0.
Suppose u'(0) = A. Then u and Ay; both satisfy
w"(t) + a(t)w'(t) + b(t)w(t) = 0, w(0) =0, w'(0) =\

so, by the uniqueness results of the previous section, u = Ay;. But y1(1) # 0
and u(1) =0,s0 A =0 and u = 0. Thus u; = uy as required. [ |

Exercise 12.4.7. Let A and B be subsets of some metric space and consider
a function f: AUB — R.
(i) Show that, if f is not continuous at x, then at least one of the following
two statements must be true
(o) We can find a,, € A with a,, — x and f(a,) - f(x).
(B) We can find b, € B with b, — z and f(b,) - f(z).
(i1) Give an example where f|4 and f|g are continuous, but f is not.
(11i) Show that, if A and B are closed, then the continuity of f|4 and f|p
implies the continuity of f.
[For further remarks along these lines see Exercise K.178.]

The proof of Theorem 12.4.6 is rather disappointing, since it uses only
rather elementary results and gives no hint as to how proceed in more general
circumstances. (In Exercise K.278, T outline proof which involves slightly
less calculation and slightly harder theorems but it still does not get to the
heart of the matter.) However the general idea of using ‘delta functions’ or
‘impulses’ to study ordinary and, particularly, partial differential equations
is very important in both pure and applied mathematics. (The acoustics
of concert halls are tested by letting off starting pistols and recording the
results.)
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From the point of view of the pure mathematician, one of the chief ad-
vantages of the Green’s function method is that it converts problems on
differentiation to problems on integration with the advantages pointed out
on page 306.

In the terminology of more advanced work, we have shown how differential
operators like y — Sy, where

Sy(t) = y"(t) + a(t)y'(t) + d(t)y(t),

can be linked with better behaved integral operators like

fe=Tf WithTf(t):/O G(s,t)f(s)ds.

Note that we have shown ST f = f for f continuous, but note also that, if f
is merely continuous, S'f need not be defined. The Green’s function G is an
example of an integral kernel’ More formally, if we write

Jf(s) = / K (s,8)f(s) ds,

then J is called an integral operator with kernel K.
We end with an example to show that things really do go awry if our key
assumption fails.

Example 12.4.8. The equation

y'(t) +rly(t) =t
has no solution satisfying y(0) = y(1) = 0.
Proof. Suppose that y satisfies the equation

y'(t) + my(t) =t

'We shall not discuss these matters much further but most of the new words in this
last paragraph are well worth dropping.

You must lie among the daisies and discourse in novel phrases of your com-
plicated state of mind,

The meaning doesn’t matter if it’s only idle chatter of a transcendental kind.

And everyone will say,

As you walk your mystic way,

‘If this young man expresses himself in terms too deep for me

Why, what a very singularly deep young man this deep young man must be!’

. (Gilbert and Sullivan Patience)
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and satisfies y(0) = 0. If we set

y'(0) — 72

t) =72t
w(t) =rnt+ -

then, by direct calculation,
w'(t) + mPw(t) =t

and w(0) = 0 = y(0), w'(0) = ¥/(0) so, by the uniqueness results of the
previous section, y = w. In particular, y(1) = w(1) # 0. |






Chapter 13

Inverse and implicit functions

13.1 The inverse function theorem

We start with an exercise giving a very simple example of a technique that
mathematicians have used for centuries.

Exercise 13.1.1. We work in R.
(i) Suppose x and y are close to 1. If (x +n)* =y show that

n=(y—a°)/2.

(ii) This suggests the following method for finding the positive square root
of y. Take xq close to the square root of y (for example xqg = 1) and define
T, inductively by x, = x, 1+ (y —22_,)/2. We expect x,, to converge to the
positive square root of .

(a) Try this for y = 1.21 and for y = 0.81.
(b) Try this for y = 100.

(111) Sketch x — x*/2 for 1/2 < x < 3/2. Show that if |y — 1] < 1/2 and

we define T'x by

Tr=2x+ (y —2?)/2

then |Tx — 1| < 1/2 whenever |z — 1| < 1/2. Show that T : [1/2,3/2] —
[1/2,3/2] is a contraction mapping and deduce that the proposed method for
finding square roots works if |y — 1] < 1/2.

(iv) Find a reasonable approzimation to the positive square root of 150 by
observing that

(150)1/2 = 12(150/144)*/2

and using the method proposed in part (ii).

329
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The discussion that follows may be considered as a natural extension of
the ideas above. We work in R™ with the usual Euclidean norm.

Lemma 13.1.2. Consider a function £ : R™ — R™ such that £(0) = 0.
Suppose there exists a 6 > 0 and an n with 1 > n > 0 such that

[(E(x) = £(y) = x =yl < nl(x =y

for all ||x||, |lyl| < 6. Then, if ||yl < (1 —n)d, there exists one and only one
solution of the equation

f(x) =y *
with ||x|| < 6. Further, if we denote this solution by g(y), we have
lg(y) = yIl < n(1 =)~ Iyl

Since Lemma 13.1.2 is most important to us when 7 is small there is no
harm in concentrating our attention on this case. Lemma 13.1.2 is then an
instance of the

Slogan: Anything which is close to the identity has an inverse.

(This is a slogan, not a theorem. See, for example, Exercise 13.1.7.) The
inequality

1(£(x) — £(y)) = (x =yl < nllx =y
is then seen as a perturbation of the trivial equality
I(Z(x) —I(y)) — (x = y)[ = [l0]| = 0[|(x — y)I|.

If we try to solve equation % by the method of Exercise 13.1.1, we are
led to the observation that, if such a solution exists, with value u, say, then,
if x is close to u,

u—x~f(u) —f(x)=y—f(x),
and so
u~rx+(y—f(x)).

This suggests that we should start with an xy close to the solution of equa-
tion % (for example x, = y) and define x,, inductively by x, = Tx,_;
where

Tx =x+ (y — f(x)).

If we add the contraction mapping as a further ingredient, we arrive at the
following proof of Lemma 13.1.2.
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Proof of Lemma 13.1.2. We set
X =B(0,6) = {x e R™ : ||x|| < §}.

Since X is closed in R™, we know that (X, | ||) is complete.
Let |ly]] < (1 —n)d. If we set

Ix=x+(y - f(x)),
then (since f(0) = 0)

17| < lyll + [Ix — £(x)||
< lyll + [I(f(x) — £(0)) — (x — 0)]]
< lyll +nlx— 0]
< (1 =n)d+nlx[l <4,

whenever x € X. Thus 7T is a well defined function 7": X — X.
If x, x' € X, then

1% = Tx'[| = [[(x = x') = (f(x) = £ < nllx =1,

by the hypotheses of the lemma. Thus 7T is a contraction mapping and has
a unique fixed point u € X such that

u=Tu=u+(y—f(u)),
or, equivalently,
flu)=y

as required. To obtain the final inequality, we return to the original proof
of the contraction mapping theorem (Theorem 12.1.3). Observe, as we did
there, that, if x € X,

[T = T" x| < | T ' = T"72x]| <" 7| Tx — x]|
and so
1T — x| <> T =T %) <> 0/ Tx — x| < (1—n) | Tx —x]|.
j=1 j=1
Since T"x — u,

Ju = x| < flu=T"x[| + |T"x — x]|
<fu=7"x] + @ =) Tx = x| = (1 =) "ITx —x]|
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as n — 00, it follows that
lu—x|| < (1 —n)7"Tx—x|.
If we take x =y, the last inequality takes the form

lu—y| <@ =n) Ty -yll=0=n)""y—f)]
L—n)"(y —0) = (f(y) — f(0)]
<L —n)"y =0l =n—n)"yl,

as required. [ |

Exercise 13.1.3. Let (X,d) be a metric space (not necessarily complete)
and T : X — X a mapping such that d(Tx,Ty) < Kd(x,y) for allx, y € X
and some K < 1. Suppose that T has a fixed point w. If vy € X and we
define x,, inductively by x, 1 = Tx,, show that d(zy,w) < (1—K) td(xg, ).

Lemma 13.1.2 provides the core of the proof of our next result. Here, and
for the rest of the chapter, we use, in addition to the Euclidean norm on R™,
the operator norm on the space of linear maps L(R™, R™).

Lemma 13.1.4. Consider a function f : R™ — R™ such that £(0) = 0 and
there exists a 6o > 0 such that £ is differentiable in the open ball B(0,dy). If
Df is continuous at 0 and Df(0) = I (the identity map), then we can find a
0y with 8o > 61 > 0 and a p > 0 such that, if ||y|| < p, there ezists one and
only one solution of the equation

fx)=y *

with ||x|| < 61. Further, if we denote this solution by g(y), the function g is
differentiable at 0 with Dg(0) = 1.

Proof. Since Df is continuous at 0 and Df = I, we can find a §; > 0 such
that dg > d; > 0 and

|1Df(w) — 1| < 1/2

for ||w|| < d;. Applying the mean value inequality to the function h = f — I,
we obtain

I(f(x) = £(y)) = (x = ¥)|| = [h(x) = h(y)| < [x = y| sup [[Dh(w)]|

lw<d1

=[x =yl sup [[Df(w)—I]| < x—yl/2

[wl[<é1
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for all ||x||, |ly]| < 1. Setting p = §;/2, we see, by Lemma 13.1.2, that, if
lly|| < p, there exists one and only one solution of the equation

fx)=y *

with ||x|| < ;. For the rest of the proof we denote this solution by g(y).

To discuss the behaviour of g near 0, we echo the discussion of the first
paragraph. Let n > 0 be given. Since Df is continuous at 0 and Df = I, we
can find a d(n) > 0 such that §; > §(n) > 0 and

[DE(w) = 1]l <
for [[w|| < d(n). By exactly the same reasoning as in the first paragraph,
1£(x) = (£(y) = (x = ¥) | < nllx =yl

for all [|x]|, |ly|l < d(n). The last sentence of Lemma 13.1.2 now tells us that,
if ly]| < (1 —n)d(n), the unique solution of the equation

fx)=y *

with ||x|| < é(n), which we have already agreed at the end of the previous
paragraph to denote by g(y), satisfies

lg(y) =yl < —n~"llyll.

In less roundabout language,

lg(y) =yl <n(l—n) "yl

whenever |ly|| < (1 —n)d(n). Since f(0) = 0, we have g(0) = 0 and

g(y) —g(0) = Iy + e(y)[yl

with ||e(y)|| — 0 as [|y|| — 0. Thus g is differentiable at 0 with derivative
I. |

Exercise 13.1.5. In the second paragraph of the proof just given it says ‘By
exactly the same reasoning as in the first paragraph’. Fill in the details.

Exercise 13.1.6. The only point of proving Lemma 13.1.2 was to expose the
inner workings of the proof of Lemma 13.1.4. Prove Lemma 15.1.4 directly.
(The proof is essentially the same but combining the proofs of the two lemma
is more economical.)
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The next exercise shows that simply knowing that f is differentiable at 0
with derivative I is not enough to give the existence of a local inverse.

Exercise 13.1.7. (i) Let f : R — R be given by f(z) = x + 2?sin(1/x)
for x # 0, f(0) = 0. Show, by using the definition of differentiability, or
otherwise, that [ is differentiable at 0 with f'(0) = 1. By considering the
mazima and minima of f, or otherwise, show that there exist a sequence
of non-zero y, — 0 such that the equation f(x) = y, has more than one
solution.

(11) Let f : R — R be given by

flz)=1 forz > 1,

flz)=1/n for1/n>ax>1/(n+1), n a strictly positive integer,
f(0)=0

flz)=—f(-x) forx <0.

Show that f is differentiable at O with f'(0) = 1 but that there exist a sequence
of non-zero y, — 0 such that the equation f(x) =y, has no solution.

It might be thought that Lemma 13.1.4 refers to a very special situation,
but we can now apply another
Slogan: Anything which works for the identity will work, in a suitable form,
for invertible elements. Moreover, the general case can be obtained from the
special case of the identity.

Lemma 13.1.8. Consider a function f : R™ — R™ such that £(0) = 0 and
there exists a dg > 0 such that £ is differentiable in the open ball B(0,d).
If Df is continuous at 0 and Df(0) is invertible, then we can find a §; with
do > 01 >0 and a p > 0 such that, if ||y|| < p, there exists one and only one
solution of the equation

flx)=y *

with ||x|| < 61. Further, if we denote this solution by g(y), the function g is
differentiable at O with Dg(0) = Df(0)~!.

Proof. Set o = Df(0) and
F(x) = a 'f(x).

The proof now runs along totally predictable and easy lines.
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By using standard chain rules (or simple direct calculations), the function
F : R™ — R™ satisfies F(0) = 0 and F is differentiable in the open ball
B(0, ) with derivative DF given by
DF(x) = a ' Df(x).
Thus DF is continuous at 0 and DF(0) = I. It follows, by Lemma 13.1.4,

that there exists a §; with §o > d; > 0 and a p > 0 such that if ||y|| < dy,
there exists one and only one solution of the equation

Fix)=y * %

with ||x|| < p. Further, if we denote this solution by G(y), the function G
is differentiable at 0 with DG(0) = I.
Equation %% can be rewritten as

a H(x)=7y.
Taking y = ay, and writing
g(t) = G(a™'t),

we can rewrite the conclusion of the last paragraph as follows. If ||a " ly|| < 5
there exists one and only one solution of the equation

fx)=y *

with [|x|| < ;. Further, if we denote this solution by g(y), the function g is
differentiable at 0 with Dg(0) = o~ = Df(0)"".
If we set p = ||a!|~!p, then, whenever ||y|| < p, we have

oyl < lle Hlllyll < 5
and we have obtained all the conclusions of the lemma. ]

A simple translation argument transforms Lemma 13.1.8 to an apparently
more general form.

Lemma 13.1.9. Consider a function f : R™ — R™ and a w € R™ such that
there exists a g > 0 such that £ is differentiable in the open ball B(w,dy). If
Df is continuous at w and Df(w), is invertible then we can find a &, with
do > 01 >0 and a p > 0 such that, if ||y — f(w)|| < p, there exists one and
only one solution of the equation

f(x)=y *

with ||x — w|| < d1. Further, if we denote this solution by g(y), the function
g is differentiable at f(w) with Dg(f(w)) = Df(w)~L.
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Exercise 13.1.10. Prove Lemma 13.1.9 from Lemma 13.1.8.

We have now done most of the hard work of this section but Lemma 13.1.9
can be made much more useful if we strengthen its hypotheses.

Slogan: Analysis is done not at points but on open sets.

Our first two results are preliminary.

Lemma 13.1.11. (i) We write v for the identity map ¢ : R* — R". If
a:R" — R™ is linear and ||t — «f| < 1, then a is invertible.

(i1) Suppose B, v : R™ — R™ are linear and (3 is invertible. If || — 7| <
18741, then v is invertible.

(111) Consider a function f : R™ — R™ which is differentiable on an open
set U. If Df is continuous and invertible at a point uy € U, then we can find

an open set B C U with uy € B such that Df is invertible at every point of
B.

Proof. (i) Since we are working with finite dimensional vector spaces, « is

invertible if and only if it is injective and « is injective if and only if ker o =
{0}. If x # 0 then

lox[| = flx = (¢ = a)x[| = [lx|| = [[(¢ = c)x[| = [|]x[| = [lo = elIx][ > 0,

and so ax # 0. The result follows.
(ii) Observe that

le =B A =187 B =< 187IB -] <1

and so 717 is invertible. Write § = (37'v)~! and observe that (§371)y =
0(3~1v) = 1. Thus, since we are dealing with finite dimensional spaces, v is
invertible with inverse 657!.

(iii) By the continuity of Df we can find an open set B C U with ug € B
such that

1D (uo) — DE(u)|| < [|Df (uo) [~
The stated result follows from part (ii). |

(Both Lemma 13.1.11 and its proof may be classified as ‘quick and dirty’. A
more leisurely approach, which reveals much more of what is actually going
on, is given in Exercise K.281.)

Lemma 13.1.12. Consider a function f : R™ — R™ which is differentiable
on an open set U. If Df is continuous and invertible at every point of U,
then £(U) is open.
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Proof. Suppose w € U. Since U is open, we can find a dg > 0 such that
the open ball B(w,dy) is a subset of U. By hypothesis, Df is continuous at
w and Df(w) is invertible. Thus, by Lemma 13.1.9, we can find a §; with
do > 01 > 0 and a p > 0 such that, if ||y — f(w)|| < p, there exists a solution
of the equation

fx) =y *
with ||[x — w|| < d;. It follows that
B(f(w), p) € £(B(w,d)) € £(U).
We have shown that f(U) is open |

Theorem 13.1.13. (Inverse function theorem.) Consider a function
f: R™ — R™ which is differentiable on an open set U. Suppose, further, that
Df is continuous at every point of U, that w € U and Df(w) is invertible.
Then we can find an open set B C U with w € B and an open set V' such
that

(i) f|p : B — V is bijective,

(i) £|5' - V — B is differentiable with

Df|5 (f(w)) = (Df(w)) ™
for allu € B.

Proof. Suppose w € U. By Lemma 13.1.11, we can find a Jy > 0 such that
the open ball B(w,dy) is a subset of U and Df(u) is invertible at every point
u € B(w, ).

We now use the same argument which we used in Lemma 13.1.12. We
know that Df is continuous at w and Df (w) is invertible. Thus, by Lemma 13.1.9,
we can find a §; with dg > §; > 0 and a p > 0 such that if ||y — f(w)| < p
there exists one and only one solution of the equation

fx)=y *

with ||x — w|| < 6;. Set B = B(w,d;) and apply Lemma 13.1.12 and
Lemma 13.1.9. |

A slight strengthening of Theorem 13.1.13 is given in Exercise K.288. The
following cluster of easy exercises is intended to illuminate various aspects of
the inverse function theorem.
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Exercise 13.1.14. Suppose U andV are open subsets of R™ andf : U — V,
g :V — U are such that g of is the identity map on U. Show that if £ is
differentiable at w € U and g is differentiable at f(u) then (Df)(u) and
(Dg)(f(u)) are invertible and

-1
(Dg)(f(u)) = ((Df)(w)) .
Exercise 13.1.15. (A traditional examination question.) Let f: R — R be
given by f(x) = x®. Show that f is bijective but f'(0) = 0 (so the derivative
of f at 0 is not invertible).
Exercise 13.1.16. Consider the open interval (—4,4). Find f((—4,4)) for
the functions f : R — R given by

(i) f(x) =sinz,

(ii) f(x) =sin102z,
(iti) f(x) = ?,

(iv) f(x) =23 —x.

In each case comment briefly on the relation of your result to Lemma 15.1.12.

Exercise 13.1.17. Let
U={(z,y) eR* : 1 <2®+y* <2}
and define f : U — R by

¢ 22 — 9 2y
(z,y) = (22 + )12 (22 + y2) 1/

(1) Show that U is open.

(11) Show that £ is differentiable on U and that Df is continuous and
wnwertible at every point of U.

(11i) By using polar coordinates discover why f is defined as it is. Show
that £(U) = U but £ is not injective.

Once the ideas behind the proof of the inverse function theorem are un-
derstood, it can be condensed into a very short argument. In Dieudonné’s
account the essential content of both this section and the next is stated and
proved in more general form in about two pages ([13] Chapter X, Theo-
rem 10.2.1). We leave it to the reader to undertake this condensation®. The
usual approach to the inverse function theorem uses the contraction map-
ping theorem in a rather more subtle way than the approach adopted here.
I outline the alternative approach in Appendix F.

!There is a Cambridge story about an eminent algebraic geometer who presented his
subject entirely without diagrams. However, from time to time, when things got difficult,
he would hide part of the blackboard, engage in some rapid but hidden chalk work, rub
out the result and continue.
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13.2 The implicit function theorem ©

The contents of this section really belong to a first course in differential ge-
ometry. However, there is an old mathematical tradition called ‘pass the
parcel’ by which lecturers assume that all the hard but necessary prelimi-
nary work has been done ‘in a previous course’?. In accordance with this
tradition, lecturers in differential geometry frequently leave the proof of the
implicit function theorem in the hands of an, often mythical, earlier lecturer
in analysis. Even when the earlier lecturer actually exists, this has the ef-
fect of first exposing the students to a proof of a result whose use they do
not understand and then making them use a result whose proof they have
forgotten.

My advice to the reader, as often in this book, is not to take this section
too seriously. It is far more important to make sure that you are confident of
the meaning and proof of the inverse function theorem than that you worry
about the details of this section.

Consider the function i : R* — R given by h(z,y) = 22 + y*>. We know
that the contour (or level) line

Pyt =1
can represented by a graph
7= (1-y2)?

close to the point (x,y) = (0,1). We also know that this representation fails
close to the point (z,y) = (1,0) but that near that point we can use the
representation

y=(1-2"

Leaping rapidly to a conclusion, we obtain the following slogan
Slogan: If f: R? — R behaves well in a neighbourhood of a point (g, y)
then at least one of the following two statements must be true.

(a) There exists a ¢ > 0 and a well behaved bijective function ¢ :
(—0,0) — R such that g(0) = yo and f(z + zo,9(x)) = f(zo,yo) for all
x € (—0,0).

(b) There exists a 6 > 0 and a well behaved bijective function g :
(—9,6) — R such that ¢g(0) = zo and f(g9(y),y + yo) = f(z0,y0) for all
y € (—9,9).

2Particular topics handled in this way include determinants, the Jordan normal form,
uniqueness of prime factorisation and various important inequalities.
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Figure 13.1: Problems at a saddle

Exercise 13.2.1. Consider the contour x® — y* = 0. Show that we can find
g1 :R— R and g5 : R — R such that

2 —gi(x)? =0 foralz€eR,
92(y)* —y* =0 forally €R,

but g, is differentiable everywhere and go is not. Ezxplain in simple terms why
this is the case.

One way of looking at our slogan is to consider a walker on a hill whose
height is given by f(x,y) at a point (x,y) on a map. The walker seeks to walk
along a path of constant height. She is clearly going to have problems if she
starts at a strict maximum since a step in any direction takes her downward.
A similar difficulty occurs at a strict minimum. A different problem occurs
at a saddle point (see Figure 13.1). It appears from the picture that, if f
is well behaved, there are not one but two paths of constant height passing
through a saddle point and this will create substantial difficulties®. However,
these are the only points which present problems.

Another way to look at our slogan is to treat it as a problem in the
calculus (our arguments will, however, continue to be informal). Suppose
that

f(z,9(x)) = f(z0,90)-

Assuming that everything is well behaved, we can differentiate with respect
to z, obtaining

fa(z,g9(x)) + g (x) falz, g(x)) =0

3Remember Buridan’s ass which placed between two equally attractive bundles of hay
starved to death because it was unable to find a reason for starting on one bundle rather
than the other.
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and so, provided that f(x,y) # 0,

/ _ _fJ(JI,g(ZL’))
9 =5 e g@)

Thus, provided that f is sufficiently well behaved and

f1(zo,90) # 0,

our earlier work on differential equations tells us that there exists a local
solution for g.

The two previous paragraphs tend to confirm the truth of our slogan and
show that there exist local contour lines in the neighbourhood of any point
(w0, yo) where at least one of f1(xg,yo) and fa(xo,yo) does not vanish. We
shall not seek to establish the global existence of contour lines*. Instead we
seek to extend the ideas of our slogan to higher dimensions.

We argue informally, assuming good behaviour as required. Consider a
function f : R™ x R” — R". Without loss of generality, we may suppose that
£(0,0) = 0. An appropriate generalisation of the questions considered above
is to ask about solutions to the equation

f(x,gn(x)) = h (1)

where h is fixed. (Note that x € R™, gu(x) € R" and h € R™. Since
everything is local we suppose ||h|| is small and we only consider (x, g, (x))
close to (0,0).) Before proceeding to the next paragraph the reader should
convince herself that the question we have asked is a natural one.

The key step in resolving this problem is to rewrite it. Define f, g :
R™ x R® — R™ x R"™ by

=

(x,¥) = (x,f(x,y))
g<X7 y) = (X7 g}’<x))

If equation (1) holds, then

£(g(x,h)) = f(x, gn(x)) = (x.f(gn(x),x)) = (x,h),

and so

f(g(x> h)) = (X7 h) (2)

4Obviously the kind of ideas considered in Section 12.3 will play an important role in
such an investigation. One obvious problem is that, when we look at a contour in one
location, there is no way of telling if it will not pass through a saddle point at another.
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Conversely, if equation (2) holds, then equation (1) follows.

To solve equation (2) we need to use the inverse mapping results of the
previous section and, to use those results, we need to know if Df (x,y) is
invertible at a given point (x,y). Now

Df(x,y)(u,v) = Df(x,y)(u,v) + u,

and so Df(x,y) is invertible if and only if the linear map a : R” — R", given
by

av = Df(x,y)(0,v),

is invertible. (We present two proofs of this last statement in the next two
exercises. Both exercises take some time to state and hardly any time to do.)

Exercise 13.2.2. In this exercise we use column vectors. Thus we write

() =) 5(0) = ()

X

Yy
why C is an n x (n +m) matriz which we can therefore write as

C = (B A),

Suppose that Df( ) has matriz C'" with respect to the standard basis. Explain

with A an n X n matriz and B an n x m matriz.

Show that Df (X) has matriz

Yy
I 0
o= (5 4)
where 0 is the n X m matriz consisting of entirely of zeros and I is the m xm

identity matriz. By considering det E, or otherwise, show that E s invertible
if and only if A is. Show that A is the matrix of the linear map o : R® — R”

Exercise 13.2.3. Let W be the direct sum of two subspaces U and V. If
v : W — V is a linear map, show that the map o : V. — V, given by
av =~v for allv € V, is linear.

Now define 4 : W — W by y(u+v) =y(u+v)+u forue U, veV.
Show that 4 is a well defined linear map, that ker(y) = ker(a) and that
AW) =U + a(V). Conclude that 4 is invertible if and only if « is.
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We can now pull the strands together.

Theorem 13.2.4. (Implicit function theorem.) Consider a function f :
R™ x R™ — R™ which is differentiable on an open set U. Suppose further that
Df is continuous at every point of U, that (Xxo,yo) € U and that the linear
map o : R™ — R™ given by

at = Df(x0,y0)(0,t)

s wnvertible. Then we can find an open set By in R™, with x € By, and an
open set By in R™, with £(X¢,y0) € Ba, such that, if z € By, there exists a
differentiable map g, : By — R™ with (x,8,(x)) € U and

f(x,8.(x)) = 2
for allx € B;.

(We give a slight improvement on this result in Theorem 13.2.9 but The-
orem 13.2.4 contains the essential result.)

Proof. Define f : R™ x R" — R™ x R" by

f(x,y) = (x,f(x,)).

If (x,y) € U then Df(x,y) exists and

Df(x,y)(s,t) = Df(x,y)(s,t) + s.

In particular, since «, is invertible Df (x0,y0) is invertible. It follows, by the
inverse function theorem (Theorem 13.1.13), that we can find an open set
B C U with (x0,y0) € B and an open set V' such that

(i) f’]B : B — V is bijective, and

(i) f|5! : V — B is differentiable.

Let us define G: V — R™ and g : V — R" by

f3'(v) = (G(v).g(v))

for all v. € V. We observe that g is everywhere differentiable on V. By
definition,
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and so
G(x,z) = x,
and

z = f(x,g(x,2))

for all (x,z) € V.

We know that V' is open and (xg, f(x0,y0)) € V, so we can find an open
set By in R™, with xq € By, and an open set By in R", with f(xg,yq) € Bo,
such that By x By C V. Setting

g.(x) = g(x,2)

for all x € By and z € By, we have the required result. |

Remark 1: We obtained the implicit function theorem from the inverse func-
tion theorem by introducing new functions f and g. There is, however, no
reason why we should not obtain the implicit function directly by following
the same kind of method as we used to prove the inverse function theorem.
Here is the analogue of Lemma 13.1.2

Lemma 13.2.5. Consider a function f : R™ — R™ such that £(0,0) = 0.
Suppose that there exists a 6 > 0 and an n with 1 > n > 0 such that

[(£(x,t) — f(x,8)) = (s = t)[| <nll(s = )]

for all |[x||, [Isll, [|t]] < ¢ [x € R™, s, t € R"]. Then, if [|h < (1 —n)d,

there exists one and only one solution of the equation
f(x,u)=h *
with |[u|| < &. Further, if we denote this solution by gn(x), we have
lgn(x) = h[l < n(1 —n)~"|h.

Exercise 13.2.6. Prove Lemma 13.2.5. Sketch, giving as much or as little
detail as you wish, the steps from Lemma 153.2.5 to Theorem 13.2.4. You
should convince yourself that the inverse function theorem and the implicit
function theorem are fingers of the same hand.
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Remark 2: In the introduction to this section we obtained contours as the
solutions of an ordinary differential equation of the form

_f,l(xag(x))
fa(z, g(2))
The situation for the general implicit function theorem is genuinely more

complicated. Suppose, for example that we have a function f : R* — R? and
we wish to find (u,v) : R? — R? so that (at least locally)

g'(x) =

f<m7 y? u(‘r7 y)? /U($7 y)) - h7
that is

fl(x,y,u(x,y),v(x,y)) = hb
fQ(x>yv u(*% y),’U(-T, y)) = h2‘

On differentiating, we obtain

0
flvl(m,y,u(x,y),v(x,y)) + fl,3<x7y7u($7y)’v($7y))a_z + f174($,y,u(:v,y),v(:v,y))

du

fl,l(xa y,u(x,y), U(.%',y)) + fl,S(xayv U(LE, y),v(a:, y))ay + f1,4($a y,u(x,y),v(x,y))

0
f;ﬂx,y,u(m,y},v(m,y)) + f2,3(l’,y,u($,y>,v($,y))8_z + f274(x,y,u(a:,y),v(x,y))

0
fg,l(x,y,u(x,y),v(x,y)) + f2,3(x7yvu($ay)7v(xay))a_z + f2,4(x,y,u(x,y),v(x,y))

so we are faced with a system of simultaneous partial differential equations.
(For a very slightly different view of the matter see Exercise E.2.)

Remark 3: We proved Theorem 13.2.4 under the assumption the linear map
a: R" — R” given by

at = Df(x0,y0)(0,t)

is invertible.
This condition gives unnecessary prominence to the last n coordinates.
To get round this, we introduce a new definition.

Definition 13.2.7. We say that a linear map 3 : R"™ — R"™ has full rank
if B is surjective.

The next, very easy, lemma gives some context.
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Lemma 13.2.8. Suppose that a linear map 3 : R™™ — R" has matriz B
with respect to standard coordinates. (We use column vectors.) Then the
following conditions are equivalent.

(i) B has full rank.

(11) B has n linearly independent columns.

(11i) By permuting the coordinate azes, we can ensure that the last n
columns of B are linearly independent.

(iv) By permuting the coordinate axes, we can ensure that the linear map
a: R — R" given by

at = ((0,t)
15 invertible.
Proof. To see that (i) implies (ii), observe that
rank 3 = dim SR"™ = dimspan{by, ba, , ..., byim}

where b; is the jth column of B. If § has full rank then, since any spanning
set contains a basis, n of the b; must be linearly independent.

It is clear that (ii) implies (iii). To see that (iii) implies (iv), observe that,
if o has matrix A with respect to standard coordinates after our permutation,
then A is an n x n matrix whose columns are the first n columns of B and
so linearly independent. Thus A is invertible and so « is.

To see that (iv) implies (i), observe that

{bla b27 PRI bn+m}2{al7 az, , ..., an}

where by, is the kth column of A, the matrix of o with respect to standard
coordinates. Thus

R"™ D span{by, by, , ..., by} 2 span{ay, as, , ..., a,} =R",
so BR"™ = R™ and 3 has full rank. |

The appropriate modification of Theorem 13.2.4 is now obvious.

Theorem 13.2.9. Consider a function £ : R™" — R™ which is differen-
tiable on an open set U. Suppose further that Df is continuous at every point
of U, that wo € U and that Df(wyq) has full rank. Then we can permute the
coordinate axes in such a way that, if we write wo = (X0,yo) € R™ x R",
we can find an open set By in R™, with xg € By, and an open set By in
R™ with f(wo) € By such that, if z € By, there exists a differentiable map
g, : By — R™ with (x,g,(x)) € U and

f(x,8.(x)) =z
for all x € B;.
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Remark 4: In Appendix C, I emphasised the importance of a large stock of
examples, but I talked mainly about examples of badly behaved functions.
It is also true that mathematicians find it hard to lay their hands on a
sufficiently diverse collection of well behaved functions. In this book we
started with the polynomials. To these we added the function z — 1/z
and got the rational functions x +— P(x)/Q(z) with P and @ polynomials.
We then added power series and solutions of differential equations. The
inverse function theorem gives us a new collection of interesting functions and
the implicit function theorem greatly extends this collection. The implicit
function theorem is particularly important in giving us interesting examples
of well behaved functions f : R® — R when n > 2.

13.3 Lagrange multipliers ¢

Suppose that t : R* — R and f : R* — R? are well behaved functions and we
wish to maximise ¢(x) subject to the condition f(x) = h.

This will involve a fair amount of calculation, so it seems reasonable to
simplify our task as much as possible. One obvious simplification is to trans-
late so that h = (0,0) and £(0,0,0,0) = (0,0). We now wish to investigate
whether x = (0,0, 0,0) maximises #(x) subject to the condition f(x) = (0, 0).
A more interesting simplification is to observe that, since we are assuming
good behaviour, Df(0) will have full rank. We can therefore find invertible
linear maps « : R* — R* and 3 : R? — R? such that 8Df(0)a has matrix

100 0
=010 0)
with respect to the standard basis (and using the column vector representa-

tion).
If we set

F(x) = f(f(ax)), T(x) = t(ax)

then our problem becomes that of investigating whether x = (0, 0,0, 0) max-
imises 7'(x), subject to the condition F(x) = (0,0). By the implicit function
theorem, we can find well behaved u, v : R — R? such that ©(0,0) = v(0,0) =
(0,0) and (at least if  and y are small)

F(u(z,w),v(z,w), z,w) = (0,0).
By the chain rule Df(0) has matrix J with respect to the standard basis
(using the column vector representation) and so

u,1(07 0) = u,2<0a O) = v,l(()? O) = U,Q(O7 0) =0.
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Before proceeding further the reader should do the next exercise.

Exercise 13.3.1. Explain why our conditions on F tell us that near (0,0, 0,0)
F(x,y,z,w) = (z,y).

Suppose that, in fact, F(x,y,z,w) = (x,y) exactly. Find v and v. What
conditions on T ensure that x = (0,0,0,0) mazimises T(x) subject to the
condition F(x) = (0,0)?

Since (at least locally) F(u(z,w),v(z,w), z,w) = (0,0), our problem re-
duces to studying whether (z, w) = (0,0) maximises 7(z, w) = T'(u(z,w),v(z,w), z, w).
Since every maximum is a stationary point we first ask if (z,w) = (0,0) is a
stationary point, that is, if

or or
By the chain rule,
or ou ov
a(z,w) =T1(u(z,w),v(z,w), z, w)&(z,w) + To(u(z,w),v(z,w), z, w)a(z, w)
+ Ta(u(z,w),v(z,w), z,w),
and so
or
9700,0) =T .
ER (0,0) 5(0,0,0,0)

A similar calculation gives

g—;(0,0) =1T14(0,0,0,0),

so (0,0) is a stationary point of 7 if and only if
T5(0,0,0,0) = T4(0,0,0,0) = 0.

We have found a necessary condition for (0,0, 0,0) to maximise T'(x) subject
to F(x) = 0, and so for (0,0,0,0) to maximise #(x) subject to f(x) = 0.

In order to make this condition usable, we must translate it back into the
terms of our original problem and this is most easily done by expressing it
in coordinate-free notation. Observe that if we write

I(x) = T(x) — T1(0)Fy(x) — T(0) Fy(x)
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then
11(0) =T1(0) — T4 (0) Fy,1(x) — T2(0) F21(0) = T'1(0) — T1(0) = 0,
12(0) = T2(0) — T'1(0) Fi 2(x) — T'2(0) F22(0) = T)2(0) — T2(0) = 0,
13(0) =T3(0) — T'1(0)F13(x) — T2(0) F2,3(0) = T3(0),
14(0) = T4(0) — T'1(0) F1 4(x) — T'2(0) F2,4(0) = T'4(0),

so, if (0,0,0,0) is a maximum,
D(T —T,(0)F1 — T2(0)F3)(0) = 0.

Thus, if (0,0,0,0) gives a maximum and 6 : R? — R is the linear map
given by 6(z,y) = T1(0)x + T2(0)y, we have

D(T — 0F)(0) = 0.
Using the definitions of 7" and F, this gives
D(ta — 65f(a))(0) = 0,
so by the chain rule
(Dt(0) — 5D£(0))a = 0.
Since « is invertible, this is equivalent to saying
(Dt(0) — 65Df(0)) = 0,

and, since (3 is invertible, this, in turn, is equivalent to saying that there
exists a linear map ¢ : R?> — R such that

(DL(0) — 6DE(0)) = 0,
s0, using the chain rule once again,
D(t — ¢f)(0) = 0.

Writing ¢(z, y) = Az + Aoy, we see that that x = (0, 0,0, 0) maximises T'(x),
subject to the condition F(x) = (0,0), only if we can find A\; and Ay such
that ¢ — A\{ F} — Ao F3 has (0,0,0,0) as a stationary point.

The argument generalises easily to any number of dimensions.

Exercise 13.3.2. Prove Lemma 13.5.35.
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Lemma 13.3.3. (Lagrangian necessity.) Consider functions f : R™*t" —
R™ and t : R™™™ — R which are differentiable on an open set U. Suppose
further that Df is continuous and of full rank at every point of U. Ifh € R",
then, if z € U 1is such that

(i) £(z) = h, and

(11) t(z) > t(x) for all x € U such that £(x) = h,
then it follows that there exists a A € R™ such that the function t — X - f :
R™*" — R has z as a stationary point.

Exercise 13.3.4. Suppose that f : R? — R and t : R> — R are very well
behaved. Convince yourself that, in this case, Lemma 13.3.3 reads as follows.
A man takes the path f(x,y) = h over a hill of height t(x,y). He reaches the
highest point of the path at a point (xq,yo) where the path and the contour line
t(z,y) = t(xo,y0) have a common tangent. Generalise to higher dimensions.

Lemma 13.3.3 gives us a recipe for finding the maximum of ¢(x), subject to
the conditions x € U and f(x) = h, when ¢ : R"™™ — R and f : R"*™ — R"
are well behaved functions and U is open.

(1) Set
LA x) =t(x) — X-f(x)

with A € R". (L is called the Lagrangian.)

(2) For each fixed A, find the set () of stationary points of L(A, ) lying
within U. (The previous sentence uses the notational convention described
in the paragraph labled Abuse of Language on Page 4215.)

(3) Now vary A and find all A* and x* € E(A*) such that f(x*) = h. The
maximum, if it exists, will lie among these x*.

Put like this, the whole procedure has the same unreal quality that in-
structions on how to ride a bicycle would have for someone who had only
seen a photograph of a bicycle. I suspect that the only way to learn how to
use Lagrange’s method is to use it. I expect that most of my readers will
indeed be familiar with Lagrange’s method and, in any case this is a book on
the theory of analysis. However, I include one simple example of the method
in practice.

Example 13.3.5. Find the circular cylinder of greatest volume with given
surface area. (That is, find the optimum dimensions for tin of standard
shape.)

5This convention was thoroughly disliked by several of the readers of my manuscript
but, as one of them remarked, ‘No really satisfactory notation exists’. The reader should
feel free to use her own notation. In particular she may prefer to use a placeholder and
write L(A, ")
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Calculation. Let the height of the cylinder be h and the radius be r. We
wish to maximise the volume

V(r,h) = 7r?h,
subject to keeping the surface area
A(r,h) = 2mr? 4 27rh

fixed, with A(r,h) = A [r, h > 0], say.
The instructions for step (1) tell us to form the Lagrangian

L\, h) =V (r,h) — M(r, h) = wr*h — X\(2wr? + 277h).

The instructions for step (2) tell us to seek stationary values for L(JA, , )
when ) is fixed. We thus seek to solve

oL OL
E()\,T, h) = 0, %()\,7', h) = O,

that is
27rh — M(4nr — 27h) = 0, 7 — 2\ = 0,
or, simplifying,
rh—A2r+h)=0, r—2X\=0 *

Thus, if A is fixed and positive, L(\, , ) has a unique stationary point given
by r =1y =2\, h = hy, = 4\. (If A < 0, there are no stationary points
consistent with our restrictions » > 0, h > 0.)

We now proceed to step (3) which requires us to find A such that

A= A(T,\, h)\)
that is
A= A2\, 4)) = 247)2,

This has unique solution with A > 0. We know, on general grounds (see
Exercise 13.3.6), that a maximum exists so, since Lagrange’s method must
produce the maximum point, and produces only one point in this case, this
point must be the maximum.

The neatest way of writing our solution (and one that we could have
obtained directly by eliminating A from equation %) is that the cylinder of
maximum volume with given surface area has height twice its radius. |
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It must be admitted that the standard tin does not follow our prescription
very closely. (Presumably the cost of materials is relatively small compared
to other costs. We must also remember that near a maximum small changes
produce very small effects so the penalties for deviating are not high.)
Exercise 13.3.6. We work with the notation and hypotheses introduced in
the calculations in Example 13.3.5. Choose ro and hg such that ro, hg > 0
and A(ro, ho) = A. Show that there exists an R > 1 such that, if r > R or
RY>7r>0and A(r,h) = A, then V(r,h) < V(ro, hg)/2. Show that

K={(r,h) : A(r,h)=A, R>r>R" h>0}

is a closed bounded set in R?. Deduce that V (r,h) attains a mazimum on K
and conclude that V (r, h) attains a mazimum on

{(r,h) : A(r,h)=A, r>0, h > 0}.

Exercise 13.3.7. Suppose that f : R? — R and t : R> — R are given by
flx,y) =y and t(z,y) = y*> — 22 . We seek the mazimum value of t(x,y)
subject to f(x,y) = a. Show that L(\, ) =t — \f is stationary at (0, \/2),
and that the only value of A which gives f(0,\/2) = a is A = 2a. [We again
use the notation described on Page 421.]

(1) Show that (0,a) does indeed maximise t(x,y) subject to f(x,y) = a.

(i1) Show, however, that L(2a, ) =t —2af does not have a mazimum at
(0,a).

(ii1) Draw a diagram in the manner of Exercise 13.3.4 to illustrate what
1 happening.

Exercise 13.3.8. Suppose that f : R? — R and t : R> — R are given by
f(z,y) =2 —ay® and t(x,y) = (x — 1)* + y*. We seek mazima and minima
of t subject to f(x,y) = 0. Show that L(\, ) = t — \f is stationary at
(14 X/2,0), and that the only value of X\ which gives f(0,0) =0 is A = —2.

(1) Show that, if a > 1/2, (0,0) minimises t(x,y) subject to f(z,y) = 0.
Show, moreover, L(—2, ) =t — 2f has a strict minimum at 0.

(11) Show that, if o = 1/2, (0,0) minimises t(x,y) subject to f(x,y) = 0.
Show that L(—2, ) has a minimum at 0 but this is not a strict minimum.

(111) Show that, if « < 1/2, (0,0) mazimises t(z,y) subject to f(x,y) = 0.
Show, however, that L(—2, ) does not have a mazimum at 0.

(itv) Draw a diagram in the manner of Ezercise 13.3.4 to illustrate (as far
as you can, do not overdo it) what is happening.

The following remark is entirely trivial but extremely useful.
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Lemma 13.3.9. (Lagrangian sufficiency.) Consider a set X and func-
tionsf: X — R" andt: X — R. Set

L\ z)=t(z)— X -f(z)

forall X e R" and x € X.
Suppose h € R", X* € R", and z* € X are such that f(z*) = h and

L(X*,z") > L(A*, x)
forallx € X. Then
t(z®) = i(x)
for all x € X such that f(x) = h.

Proof. The proof is shorter than the statement. Observe that, under the
given hypotheses,

t(z*) = t(z*) = X - f(z") + A*-h = L(A",2") + A* - h
> LA, 2) + A" h = t(z) — X\ £(z) + A - h = t(2)

for all x € X such that f(z) = h, as required. [

It is worth noting that Lemma 13.3.9 (our Lagrangian sufficiency condition)
does not require f or t to be well behaved or make any demands on the un-
derlying space X. This is particularly useful since, if the reader notes where
Lagrange’s method is used, she will find that it is often used in circumstances
much more general than those envisaged in Lemma 13.3.3 (our Lagrangian
necessity condition).

However, the very simple examples given in Exercises 13.3.7 and 13.3.8
show that there is a very big gap between our Lagrangian necessity and suf-
ficiency conditions even when we restrict ourselves to well behaved functions
on finite dimensional spaces. In the first three chapters of his elegant text
Optimization Under Constraints [48] Whittle considers how this gap can be
closed. It turns out that in certain very important practical cases (in partic-
ular those occurring in linear programming) the sufficient condition is also
necessary but that, from the point of view of the present book, these cases
have very special features.

In general, the Lagrangian method is very effective in suggesting the
correct answer but when that answer has been found it is often easier to
prove correctness by some other method (compare the treatment of geodesics
in Section 10.5 where we found Theorem 10.5.11 by one method but proved
it by another).
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The alternative strategy, once the Lagrangian method has produced a
possible solution is to claim that ‘it is obvious from physical considerations
that this is indeed the correct solution’. This works well provided at least
one of the following conditions apply:-

(1) you are answering an examination question, or

(2) you have genuine physical insight, or

(3) you are reasonably lucky.

It is, of course, characteristic of bad luck that it strikes at the most inconve-
nient time.



Chapter 14

Completion

14.1 What is the correct question?

We cannot do interesting analysis on the rationals but we can on the larger
space of real numbers. On the whole, we cannot do interesting analysis on
metric spaces which are not complete. Given such an incomplete metric
space, can we find a larger complete metric space which contains it? Our
first version of this question might run as follows.

Question A: If (X, d) is a metric space, can we find a complete metric space
(Z,0) such that Z 2O X and d(u,v) = 0(u,v) for all u, v € X7

Most mathematicians prefer to ask this question in a slightly different
way.

Question A': If (X, d) is a metric space, can we find a complete metric space
(Y,d) and a map 0 : X — Y such that d(0u,0v) = d(u,v)?

Question A asks us to build a complete metric space containing (X, d).
Question A’ asks us to build a complete metric space containing a perfect
copy of (X, d). Since mathematicians cannot distinguish between the original
space (X, d) and a perfect copy, they consider the two questions to be equiv-
alent. However, both from a philosophical and a technical point of view, it
is easier to handle Question A’.

Exercise 14.1.1. Convince yourself either that Question A is equivalent to
Question A’ or that Question A’ is more appropriate than Question A.

For the moment, we stick to Question A. A little thought shows that it
does not have a unique answer.

Exercise 14.1.2. Consider the open interval X = (0,1) on R with the usual
metric d.
(i) Show that (X, d) is not complete.

355
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(11) Show that, if we take Z = [0, 1] with the usual metric 6, then (Z,06)
answers Question A.

(111) Show that, if we take Y = R with the usual metric §, then (Z,0)
answers Question A.

We therefore reformulate Question A as follows.
Question B: If (X, d) is a metric space, can we find a most economical com-
plete metric space (Z, p) such that Z O X and d(u,v) = p(u,v) for all u,
veX?

We can formulate an appropriate meaning for ‘most economical’ with the
aid of the notion of density.

Definition 14.1.3. If (X,d) is a metric space, we say that a subset E is
dense in X if, given any x € X, we can find x,, € E with d(x,,x) — 0 as
n — oo.

Exercise 14.1.4. Show that the following statements about a subset E of a
metric space (X, d) are equivalent.
(1) E is dense in X.
(i1) Given x € X and € > 0, we can find a y € E such that d(z,y) < e.
(i1i) If F is a closed subset of X with F' O E, then ' = X.

The notion of density is widely used in analysis since, in some sense,
a dense subset of a metric space acts as a ‘skeleton’ for the space. For
the moment, let us see why it provides the appropriate definition of ‘most
economical” in the context of this chapter.

Lemma 14.1.5. Suppose (X,d), (Y,p) and (Y',p') are metric spaces with
the following properties.

(1) (Y,p) and (Y',p') are complete,

(11) There exist maps 0 : X — Y and 0’ : X — Y’ such that p(Ou,0v) =
P (0w, 0'v) = d(u,v).

(111) 0X is dense in'Y and 6'X is dense in Y'.

Then we can find a bijection ¢ 1 Y — Y such that 0 = 0" and p'(pw, ¢pz) =
p(w, z) for allw, z €Y.

Exercise 14.1.6. (i) Convince yourself that Lemma 14.1.5 can be roughly
restated in terms of Question A as follows. Suppose (X,d) is a metric space
and (Z,98) and (Z',8") are complete metric spaces such that X C Z, X C Z,
d(u,v) = 0'(u,v) = d(u,v) for all u, v € X and X is dense in (Z,8) and in
(Z',8"). Then (Z,6) and (Z',¢") have the same metric structure and X sits
in both metric spaces in the same way. [Note, you must be able to describe
the purpose of the statement ¢ = 0’ in this account.]
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(ii) Convince yourself that the questions involved in Lemma 14.1.5 are
better treated in the language of Question A’ than in the language of Ques-
tion A.

Proof of Lemma 14.1.5. If y € Y, then, since X is dense in (Y, p), we can
find x, € X with p(6z,,y) — 0. Since Oz, converges, it forms a Cauchy
sequence in (Y, p). But

00z, 0 r,,) =dx, ) = p(0x,,0,),

so 0'z, is a Cauchy sequence in (Y’, p') and so converges to a limit z, say.

Suppose z, € X with p(6z,,y) — 0. By the argument of the previous
paragraph, 'z, is a Cauchy sequence in (Y’, p') and so converges to a limit
Z, say. We wish to show that £ = z. To do this, observe that

Pz, 2)

IN

02,0 w,) + p' (2,0 2,) + p' (02, 0'2,)
p(2,0x,) + p'(2,0'2,) + p(0xn,02,)
pI(Z,0'2n) + p'(2,0'20) + p(02, y) + p(02n, )
L 04+04+0+0=0,

IN

as n — oo. Thus p/(Z,2) = 0 and & = Z. We have shown that we can define
¢y unambiguously by ¢y = .

We have now defined ¢ : Y — Y’. To show that p'(¢w, ¢z) = p(w, 2),
choose w, € X and z, € X such that p(Qw,,w), p(6z,,2) — 0 as n — oc.
Then p(0z,, 0w,) — p(z,w) as n — oo. (See Exercise 14.1.7 if necessary.)
By definition, p/'(0'z,,¢2z) — 0 and p'(6'w,, pw) — 0, so p'(0'z,,0w,) —
p'(¢z, pw). Since

00 2, 0'w,,) = d(zp, wy) = p(0z,, 0w,),

it follows that p'(¢w, ¢z) = p(w, z).

To show that ¢f = ', choose any = € X. If we set x,, = = for each n,
we see that p(0zx,,0x) =0 — 0 and p'(0'z,,0'x) = 0 — 0 as n — oo so, by
definition, ¢fx = 6’z. Since x was arbitrary, it follows that ¢f = 6.

Finally, we must show that ¢ is a bijection. There are several ways of
approaching this. We choose an indirect but natural approach. Observe that,
interchanging the roles of Y and Y’, the work done so far also shows that
there is a map ¢ : Y/ — Y such that ¢9’ = f and p(¢w ¢z) = p/(w, z) for all
w, z €Y', Since

(60)0 = ¢(¢0) = 0’ = 0,
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we have éqb(y) =y for all y € AX. Now X is dense in Y, so, if y € Y, we
can find y, € 60X such that p(y,,y) — 0. Thus

p(0d(y),y) < p(6d(y), b(Yn)) + PGS (Yn), Yn) + P(Yns Y)

= p(68(y), 90(Yn)) + p(Yn,y) = P/ (S(Y), d(Yn)) + p(Yn, )
= p(4, Yn) + PWn,¥) = 2p(Yn,y) — 0

as n — oo. Thus op(y) = y for all y € Y. Similarly, ¢p¢(y’) = y' for all
y' € Y’. Thus ¢ is the inverse of ¢, and ¢ must be bijective. [ |

Exercise 14.1.7. Let (X,d) be a metric space.
(1) Show that

d(&?, y) - d(“’a U) < d<x7 U,) + d(y7 U)7
and deduce that
‘d(.ﬁC, y) - d(“v U)| < d(&?, 'LL) + d<y7 U)

forallz, y, u, veX.
(i1) If x,, — x and y,, — vy, show that d(x,,y,) — d(x,y) as n — oo.

Exercise 14.1.8. The proof of Lemma 14.1.5 looks quite complicated but the
difficulty lies in asking the right questions in the right order, rather than an-
swering them. Qutline the questions answered in the proof of Lemma 14.1.5,
paying particular attention to the first two paragraphs.

We can now repose question B more precisely.

Question C: If (X, d) is a metric space, can we find a complete metric space
(Z, p) such that Z O X, X is dense in (Z, p) and d(u,v) = p(u,v) for all u,
veX?

Question C': If (X,d) is a metric space, can we find a complete metric
space (Y,d) and a map 6 : X — Y such that #X is dense in (Y, CZ) and
d(0u, 0v) = d(u,v) for all u, v e X?

We shall leave these questions aside for the moment. Instead, we shall
give some examples of how behaviour on a dense subset may force behaviour
on the whole space. (Note, however that Exercise 5.7.1 and its preceeding
discussion shows that this need not always be the case.)

Lemma 14.1.9. Suppose (X,d) is a complete melric space with a dense
subset E. Suppose that E is a vector space (over F where F =R or F =C)
with norm || ||g such that d(z,y) = ||z —gy||e for all z, y € E. Then X can
be given the structure of a normed vector space with norm || || such that E is
a vector subspace of X and d(z,y) = ||z —y|| for all z, y € X.
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Proof. Suppose! that (E, +g, *g, || |z, F) is a normed vector space with ad-
dition denoted by +p and scalar multiplication denoted by x*p.

Suppose z, y € X. We can find x,,, y, € E such that d(z,, z), d(yn,y) —
0. We know that z,, and y, must be Cauchy sequences, and so

d(TntgYn, Tm +8 Ym) = [|(@n +2Yn) =5 (@n +2Ym)l e
= d(l’n, :L‘m) + d(y’m ym) — 0
as n, m — oo. Thus z,+y, is a Cauchy sequence in X and must have a limit
z, say. Suppose now that z,, y/, € E are such that d(z},x), d(y,,y) — 0.

As before, 2!, + y,, must have a limit 2/, say. We want to show that z = 2’.
To do this, observe that, since

d(z,2") < d( ) n B Yo, Ty FE Y,) + AT, + 8 Y, 2)
= d( ) )+ (@0 45 yn) —£ (2, +5 Y,
= d(2,Tn +E Yn) )+ (@0 = 2y) 45 (Yo —£y)|lE
< d(z,2n +E Yn) +E Yn) t 10 =5 20l + lyn —p Ul &
=d(z ) / n)
< d( )

Z2,Tn +E Un

Z,T +E Yn

s Tn +E YUn z CL’ +E Yy +d(xn>x;1>+d<ymy;z)
2, +Eyn) +d(Z 2, +e ) + d(n, ) +d@), ) + d(yn, y) + d(Y,, y)
—-04+04+0+0+04+0=0

as n — 00, it follows that z = z’. We can, therefore, define x + y as the limit
of ,, +g y, when z,, y, € E and d(z,,x), d(y,,y) — 0. Observe that, if
x, y € E, then, setting z,, = x, y, = vy, it follows that z +gy =2 + v.

We leave it as an exercise for the reader to show that if A € F and x € X,
we can define Az unambiguously as the limit of A xg x,, when z,, € E and
d(x,,x) — 0 and that, with this definition, A xp x = Az whenever \ € F and
rekb.

Now we must check that X with the newly defined operations is indeed
a vector space. This is routine. For example, if z, y € X and A € F we can
find z,, y, € E such that x,, — = and y, — y. Since E is vector space,

A*g (Tn +EYn) = A*E T +5 A *g Un

But, by our definitions, z,+ gy, — T4y, S0 Axp(z,+EY,) — A(z+y). Again,
by definition, Axgxz, — Ax and Axgy, — Ay, SO0 A\xgZ,+EA*gy, — Ar+Ay.
The uniqueness of limits now gives us

Mz +y) =+ A\y.

! This proof with its plethora of subscript E’s may help explain why mathematicians
are prepared to put up with some ambiguity in order to achieve notational simplicity.
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The remaining axioms are checked in the same way.

Finally, we must check that there is a norm || || on X such that d(z,y) =
|z — yl||. First, observe that, if x, y € X, we can find z,, vy, € E such that
xn, — x and y, — y. We have

where 0 is the zero vector in E (and so in X). Since
Tn —EYn =Tn+E (—1)xyy 2+ (-)y=2—y,

we have d(z, —g Yn,0) — d(z — y,0). But d(z,,y,) — d(x,y) and the limit
is unique, so we have

We now set ||a|]| = d(a,0) and check that || || is indeed a norm. |

Exercise 14.1.10. Fill in the gaps in the proof of Lemma 14.1.9.

(i) Show that, if A € F and x € X, we can define Az unambiguously
as the limit of \ *g x, when z, € F and d(x,,z) — 0 and that, with this
definition, X\ xg x = Az whenever A € F and x € E.

(11) If you are of a careful disposition, check all the axioms for a vector
space hold for X with our operations. Otherwise, choose the two which seem
to you hardest and check those.

(111) Check that || || defined at the end of the proof is indeed a norm.

Lemma 14.1.11. Let (X, d) be a complete metric space with a dense subset
E. Suppose that E is a vector space (over F where F =R or F = C) with
inner product ( , )g such that d(z,y) = ||z —g y||g for all z, y € E, where
| ||z is the norm induced by the inner product. Then X can be given the
structure of a vector space with inner product ( , ) such that E is a vector
subspace of X and (x,y)p = (z,y) for all x, y € E.

Proof. By Lemma 14.1.9, X can be given the structure of a normed vector
space with norm || || such that F is a vector subspace of X and d(x,y) =
|z —yl|| for all z, y € X. We need to show that it can be given an inner
product consistent with this norm.

First, observe that, if x, y € X, we can find z,,, y, € F such that z,, — x
and y, — y. Automatically, x, and y, form Cauchy sequences. Since any
Cauchy sequence is bounded, we can find a K such that ||z,||, ||y.| < K for
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all n. Thus, using the Cauchy-Schwarz inequality,

I Ty Yn) B = { T Ym) Bl = [{ s Yn — Ym) 2 + { Tn — Tiny Ym) B
< ‘( TpyYn — ym>E‘ + |< Tp — xmvym>E’
< zallllyn = ymll + [|2n = | |yl
< K|lyn = ym|| + Kl|zp — 2| = 04+0=0

and the ( x,,y,)g form a Cauchy sequence in F converging to t.

Suppose now that =/, y, € E are such that x), — x and y/, — y. As
before, ( z!,y,)r must have a limit ¢, say. We want to show that ¢ = ¢'.
Note that, also as before, we can find a K’ such that ||/ ||, [|v.] < K’ for
all n. Thus, using the Cauchy-Schwarz inequality again,

[ @y yn) B — ( Ty Y Bl = [ Ty Yo — Y B + ( 0 — 230, Y ) B

< @0 Yn — Yp) el + 1 20 — 23, 40) B

< N @allllyn = ynll + 20 — 27l 1yn ]

< Kllyn =yl + K'flzn — 2]l = 0+0 =0,
so t =t'. We can thus define (z,y) unambiguously by choosing z,, vy, € E
such that =, — x and y, — y and taking (z,y) to be the limit of (x,,y,)E.
Setting x, = x, y, = y for all n we see that (x,y) = (x,y)r whenever
x, ye k.

We observe that, if + € X and we choose z,, € E such that z,, — x, then

Han2 = < xn7xn>E - < .T,35>
and
|0 = d(xn,0)* — d(z,0)* = [Jz]*

so, by the uniqueness of limits, ||z||* = (z,z). The verification that ( , ) is
an inner product on X is left to the reader.

(An alternative proof which uses an important link between inner prod-
ucts and their derived norms is oulined in Exercises K.297 and K.298.) W

Exercise 14.1.12. Complete the proof of Lemma 14.1.11 by showing that
(', ) is an inner product on X.

By now the reader should have the formed the opinion that what seemed
to be a rather difficult proof technique when first used in the proof of Lemma 14.1.5
is, in fact, rather routine (though requiring continuous care). If she requires
further convincing, she can do Exercise K.299.
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14.2 The solution

In this section we show how, starting from a metric space (X, d), we can
construct a complete metric space (Y, cz) and amap 6 : X — Y such that 6X
is dense in (Y,d) and d(Qu, fv) = d(u,v) for all u, v € X. We give a direct
proof which can serve as a model in similar circumstances. (Exercise K.300
gives a quick and elegant proof which, however, only applies in this particular
case.)

We start by considering the space X of Cauchy sequences x = (x,,)22 ;.
We write x ~ y if x, y € X and d(z,,y,) — 0 as n — oo. The reader should

verify the statements made in the next exercise.

Exercise 14.2.1. Suppose x, y, z € X. Then
(1) x ~ x.
(i) If x ~y, then y ~ x.
(i) If x ~y andy ~ z, then x ~ z.

We write [x] = {y : y ~ x} and call [x] the equivalence class of x. We
take Y to be the set of all such equivalence classes. The reader should verify
the statement made in the next exercise.

Exercise 14.2.2. FEach x € X belongs to exactly one equivalence class in'Y .

We now want to define a metric on Y. The definition follows a pattern
which is familiar from the previous section. Suppose a, b € Y. If a = [x] and
b = [y], then

(T, Yn) — ATy Ym))| <A (@, Yn) — (@, Y)| + (T, Ym) — AT, Y|
< d(Yn, Ym) + d(@n, ) = 0+0=0

asn, m — oo. Thus d(x,,y,) is a Cauchy sequence in R and tends to a limit
t, say. Suppose now that a = [x’] and b = [y’]. Since

A0, y0) = A, )| < 10 ) — . )] + |, o]) — d(z,, 0,
< d(Yn,y,,) + d(zn, 2,) — 0+0 =0,

we have d(z/,,y.) — t as n — co. We can thus define d([x], [y]) unambigu-
ously by

d([x], [y]) = lim d(zn, yn)-

n—0o0o

The reader should verify the statements made in the next exercise.
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Exercise 14.2.3. (i) (Y,d) is a metric space.

(i) If we set 0(x) = [(z,x,x,...)], then 0 is a map from X toY such
that d(Qu, 0v) = d(u,v).

(iii) If a € Y, then a = [x] for some x € X. Show that d(6(x,,),a) — 0

as n — 00, and so 0(X) is dense in (Y,d).

Lemma 14.2.4. If we adopt the hypotheses and notation introduced in this

section, then (Y, d) is complete.
Proof. Suppose [y(1)], [y(2)], ... is a Cauchy sequence in (Y, d). Since 0(X)
is dense in (Y,d), we can find z; € X such that d(0(z;),[y(j)]) < j ' We

observe that

and so the z; form a Cauchy sequence in (X, d).
We now wish to show that d([y(n)], [x]) — 0 as n — oco. Let € > 0 be
given. Since the sequence [y(n)] is Cauchy, we can find an M such that

d([y (7)) [y(k)]) < ¢/2 for all j, k> M.

We now choose N > M such that N7 < € /6 and observe that the inequality
proved in the last paragraph gives

d(z;,x)) < 5e/6 for all j, k> N.
Thus
d([x],0(z1)) < 5€/6 for all k > N,

and

d([x], [y(k)]) < d([x],6(xx)) + d(0(zx), [y (k)]) < 5e/6 + k™ < 5e/6+ N~ < e
for all £ > N, so we are done. [ |

Combining the results of this section with Lemma 14.1.5, we have the
following theorem.

Theorem 14.2.5. If(X,d) isa metric space, then there exists an essentially
unique complete metric space (Y,d) such that X is dense in (Y,d) and d
restricted to X? is d.
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We call (Y, d) the completion of (X, d). Lemma 14.1.9 and Lemma 14.1.11
now give the following corollaries.

Lemma 14.2.6. (i) The completion of a normed vector space is a normed
vector space.

(1) The completion of an inner product vector space is an inner product
vector space.

Exercise 14.2.7. Readers of a certain disposition (with which the author
sometimes sympathises and sometimes does not) will find the statements of
Theorem 14.2.5 and Lemma 14.2.6 unsatisfactorily lax. Redraft them in the
more rigorous style of Lemma 14.1.5 and Lemmas 14.1.9 and 14.1.11.

Exercise 14.2.8. If (X,d) is already complete, then the uniqueness of the

completion means that (essentially) (X, d) = (Y, d). Go through the construc-

tion of (Y, d) in this section and explain in simple terms why the construction
does indeed work as stated.

14.3 Why do we construct the reals?

Mathematicians know from experience that it is usually easier to ask ques-
tions than to answer them. However, in some very important cases, asking
the correct question may represent a greater intellectual breakthrough than
answering it.

From the time the study of Euclid’s Flements was reintroduced into Eu-
rope until about 1750, few of those who studied it can have doubted that it
described the geometry of the world, or, accepting that it did describe the
geometry of the world, asked why it did so. Amongst those who did was the
philosopher Kant who proposed the following interesting answer. According
to Kant, there exist certain a prior: principles such that our minds are bound
to interpret the world in terms of these a priori principles. The constraints
imposed by the axioms of Euclidean geometry provided an example of such
a priori principles.

Some mathematicians felt that the axioms stated by Euclid were not
yet in the best form. In particular, they believed that the so called parallel
axiom? was unsatisfactory and they sought to prove it from the other axioms.

Between 1750 and 1840 a number of independent workers saw that the
questions.

(A) Why is the parallel aziom true?

2This is now usually stated in the following form. Given a line [ and a point P not on
the line, there exists one and only one line I’ through P which does not intersect [.
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(B) Why is Euclid’s geometry true?

should be replaced by the new questions

(A") Do there exist mathematical systems obeying all the azioms of Fuclid
except the parallel axiom and disobeying the parallel axiom?

(B') Does Euclid’s geometry describe the world?

Although Gauss did not publish his views, he asked both of these new
questions and answered yes to the first and no to the second. He even tried
to check the validity of Euclidean geometry by physical experiment®. In a
private letter he stated that geometry should not be classed ‘with arithmetic,
which is purely a priori, but with mechanics’.

Gauss, Bolyai, Lobachevsky and Riemann developed the theory of various
non-Euclidean geometries but did not show that they were consistent. Thus
although they believed strongly that the answer to question (A’) was no,
they did not prove it. (Certainly they did not prove it explicitly.) However,
in the second half of the 19th century mathematicians (notably Beltrami)
showed how to construct models for various non-Euclidean geometries using
Euclidean geometry. In modern terms, they showed that, if FEuclid’s axioms
(including the parallel axiom) form a consistent system, then the same set
of axioms with the parallel axiom replaced by some appropriate alternative
axiom remains consistent.

Finally, in 1917, Einstein’s theory of general relativity confirmed the sus-
picion voiced from time to time by various farsighted mathematicians that
question (B’) should be replaced by
(B") Is Euclid’s geometry the most convenient description of the world?
and that the answer to the new question was no.

In 1800, Euclid’s geometry was the only rigorously developed part of
mathematics. Initially, those, like Cauchy and Gauss, who sought to rigorise
the calculus, took the notion of magnitude (or as we would say real number)
as implicit (or, as Kant would say, a priori) but it gradually became clear that
the rigorous development of the calculus depended on (or was identical with)
a close study of the real numbers. However, as I tried to show in Chapter 2,
the properties of the real line that we want are by no means evident.

Faced with this problem, the natural way forward is to show that the
complicated system constituted by the real numbers can be constructed from
the simpler system of the rationals. Thus, if we believe that the rationals
exist, we must believe that the reals exist. (Gauss and others had already
shown how to construct C from R showing that, if the real numbers are

3Euclid uses the parallel axiom to prove that the sum of the angles of a triangle add up
to 180 degrees. Gauss used surveying instruments to measure the angles of a triangle of
mountain peaks. To within the limits of experimental error, the results confirmed Euclid’s
prediction.
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acceptable, then so are the complex numbers.) Simpler constructions enabled
mathematicians to obtain the rationals from the integers and the integers
from the positive integers.

In the next sequence of exercises we outline these simpler constructions.
The full verification of the statements made is long and tedious and the
reader should do as much or little as she wishes. Nothing in what follows
depends on these exercises. I have felt free to use notions like equivalence
relations, integral domains and so on which I have avoided in the main text.

Exercise 14.3.1. (Obtaining Z from N.) Here N=1{0, 1, 2, ...}. We
take (N, +, X) with its various properties as given. Show that the relation

(r,s) ~(r',s) ifr+s =1"+s

is an equivalence relation on N2.
We write Z = N2/ ~ for the set of equivalence classes

[(r,8)] = {(+',&) € N* : (r,s) ~ (+,5)}.
Show that the following give well defined operations
[(r, )] + [(u,v)] = [(r +u,s+v)], [(r,s)] X [(u,v)] = [(ru+ sv, su+ rv)].

Ezplain why you think we chose these definitions. Show that (Z, +, X) obeys
the algebraic rules that it should (in more formal terms, that (Z, 4+, X) is an
integral domain). If you just wish to prove a selection of results, you might
choose

(a) There exists a unique 0 € Z such that x +0 = x for all x € Z.

(b) If x € Z, then we can find a y € Z such that v +y = 0 (we write
y=—x).

(c) If v,y,z €Z, thenx X (y+2) =x X y+x X 2.

(d) There ezists a unique 1 € Z such that x x 1 = x for all x € Z.

(e) If z#0 and x X z =y X z, then © = y.

Show that the mapping 6 : N — Z given by 8(n) = [(n,0)] is injective
and preserves addition and multiplication (that is 6(n +m) = 0(n) + 6(m)
and O(n x m) = 0(n) x 0(m)). Explain briefly why this means that we may
consider N as a subset of Z.

Show that, if P = O(N), then P obeys the appropriate version of axioms
(P1) to (P3) in Appendiz A. We write x >y if x + (—y) € P.

Exercise 14.3.2. (Obtaining Q from Z.) We take (Z,+, X) with its var-
tous properties as given. Show that the relation

(r,s) ~ (r',s') if r x s =sx7r'
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is an equivalence relation on Z x (Z \ {0}).
We write Q = Z x (Z\ {0})/ ~ for the set of equivalence classes

[(r,9)] ={(r',s") € Zx(Z\{0}) : (r,5) ~ (', s)}.
Show that the following give well defined operations
[(r, 8)] + [(u, 0)] = [(rv + su, sv)], [(r;8)] X [(u,v)] = [(ru, sv)].

Ezplain why you think we chose these definitions. Show that (Q,+, x) obeys
the algebraic rules (A1) to (A4), (M1) to (M4) and (D) set out in Appendixz A
(in algebraists’ terms (Q, +, X) is a field). If you just wish to prove a
selection of results you might choose

(a) There exists a unique 0 € Q such that x + 0 = x for all z € Q.

(b) If x € Q, then we can find a y € Q such that x +y = 0 (we write
y=—x).

(c) Ifx,y,2€ Q, thenx X (y+z2)=xXy+z X2z

(d) There exists a unique 1 € Z such that x x 1 = x for all x € Q.

(e) If x # 0, then we can find a y € Q such that xy =1 .

Define an appropriate P which obeys the appropriate version of axioms
(P1) to (P3) in Appendiz A. [If you cannot do this, you do not understand
what is going on.] We write x > y if x + (—y) € P. In algebraists’ terms,
(Q, +, x, >) is an ordered field.

Define an injective map 0 : Z — Q which preserves addition, multiplica-
tion and order (thus n > m implies 6(n) > 6(m)) and show that it has the
stated properties. Explain briefly why this means that we may consider Z, as
a subset (more strictly as a sub-ordered integral domain) of Q.

Exercise 14.3.3. (Obtaining C from R.) This is somewhat easier than
the previous two exercises, since it does not involve equivalence classes and
it is obvious that the definitions actually work. We take (R, +, x) with its
Various properties as given.

We write C = R? and define the following operations on C.

(r,s) + (u,v) = (r+u,s+v), (r,s) x (u,v) = (ru — sv,rv + su).

Ezplain why you think we chose these definitions. Show that (C, +, X)
obeys the algebraic rules (A1) to (A4), (M1) to (M4) and (D) set out in
Appendiz A (in algebraists’ terms (C, +, X) is a field). If you just wish to
prove a selection of results you might choose

(a) There exists a unique 0 € C such that z+ 0 = z for all z € C.

(b) If z € C, then we can find a w € C such that z +w = 0 (we write
w=—2z).
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(c) If zyw,u € C, then z X (w+u) =2z X w+ 2z X u.
(d) There exists a unique 1 € C such that z x 1 = z for all z € C.
(e) If =z # 0, then we can find a w € C such that zw =1 .

Define an appropriate injective map 0 : R — C which preserves addition
and multiplication (thus 0 is a field morphism) and show that it has the
stated properties. Fxplain briefly why this means that we can consider R as
a subfield of C.

Show that (0,1) x (0,1) = 6(—1). Show that, if we adopt the usual con-
vention of considering R as a subfield of C and writing i = (0,1), then every
element z of C can be written as z = a+bi with a, b € R in exactly one way.

Show also that (0,—1) x (0, —1) = 6(—1). [This corresponds to the ambi-
guity introduced by referring to i as ‘the square root of —1’. In C there are

two square roots of —1 and there is no reason to prefer one square root rather
than the other.]

Mathematicians and philosophers have by now become so skilled in doubt
that, whatever their private beliefs, few of them would care to maintain in
public that the system of the positive integers (often called the ‘natural
numbers’) is given a priori®. None the less, most mathematicians feel that,
in some sense, the system of the positive integers is much more ‘basic’ or
‘simple’ or ‘natural’ than, say, the system of the complex numbers. If we can
construct the complex numbers from the integers we feel that much more
confident in the system of the complex numbers.

Much of mathematics consists in solving problems and proving theorems,
but part of its long term progress is marked by changing and extending the
nature of the problems posed. To a mathematician in 1800, the question ‘Can
you construct the reals from the rationals?” would be incomprehensible. One
of the many obstacles to understanding the question would be the nature of
the object constructed. Let us look at our construction of Z from N in
Exercise 14.3.1. We say, in effect, that ‘the integer 1 is the equivalence
class of ordered pairs (n,m) of natural numbers such that their difference
n —m is the natural number 1’. The non-mathematician is entitled to object
that, whatever the integer 1 may be, it is certainly not that. To this, the
mathematician replies that the system constructed in Exercise 14.3.1 has
exactly the properties that we wish the integers to have and ‘if it looks like

41t is all very well to maintain that one plus one must always make two but this fails
when the one plus one are rabbits of different sexes or rain drops which run together.
A stronger objection deals with statements like n +m = m + n. This statement might,
perhaps, be a priori true if n =2 and m = 3 but can it really be a priori true if n and m
are integers so large that I could not write them down in my lifetime?
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a duck, swims like a duck and quacks like a duck then it is a duck®’. To this,
the philosopher objects that she can construct a clockwork toy that looks like
a duck, swims like a duck and quacks like a duck. The mathematician replies
that, if all that we want from a duck is that it should look like a duck, swim
like a duck and quack like a duck, then, for our purposes, the clockwork toy
is a duck.

14.4 How do we construct the reals? ©

As the reader no doubt expects, we model the construction of the reals from
the rationals on the completion arguments in Sections 14.1 and 14.2. As the
reader, no doubt, also expects, the construction will be long and relatively
easy with a great deal of routine verification left to her. However, it is impor-
tant not to underestimate the subtlety of the task. Our earlier completion
arguments used the existence and properties of the real numbers, our new
arguments cannot. The reader should picture a street mime juggling non-
existent balls. As the mime continues, the action of juggling slowly brings
the balls into existence, at first in dim outline and then into solid reality.

We take the ordered field (Q, +, x, >) as given. We recall that our
definitions of convergence and Cauchy sequence apply in any ordered field.
If x, € Q and x € Q, we say that x,, — z if, given any ¢ € Q with ¢ > 0, we
can find an N(e) > 0 such that

|z, — x| < eforalln > N(e) > 0.

We say that a sequence z,, in Q is Cauchy if, given any € € Q with € > 0, we
can find an N(e) > 0 such that

|2y, — | < € for all n, m > N(e) > 0.

We start by considering the space X of Cauchy sequences x = (z,)%, in
Q. We write x ~y if x, y € X and z,, — y, — 0 as n — oo. The reader
should verify the statements made in the next exercise.

Exercise 14.4.1. Suppose x, y, z € X. Then
(i) x ~ x.
(i) If x ~ 'y, then'y ~ x.
(i) If x ~y andy ~ z, then x ~ z.

>This should be contrasted with the position in medical diagnosis. ‘If it looks like a
duck, swims like a duck and barks like a dog, then it is a duck. Every case presents atypical
symptoms.’
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We write [x] = {y : y ~ x} and call [x] the equivalence class of x. We
take R to be the set of all such equivalence classes. The reader should verify
the statements made in the next exercise.

Exercise 14.4.2. Each x € X belongs to exactly one equivalence class in R.

Lemma 14.4.3. (i) Ifx, y € X, then, taking x+y to be the sequence whose
nth term is x, + yn, we have x +y € X.

(i) If x, y, X, y,eRandx ~x', y ~y, thenx+y ~x' +y'.

(111) If x, y € X, then, taking x X y to be the sequence whose nth term
18 Ty X Yp, we have X Xy € X.

(w) Ifx, y, X', y,€ERandx ~x', y ~y', then x xy ~x' Xy

Proof. 1 leave parts (i) and (ii) to the reader.
(iii) Since x and y are Cauchy sequences they are bounded, that is we
can find a K such that |z,|, |y,| < K for all n. Thus (writing ab = a x b)

|$nyn—xmym| < |xnyn - xnym| + |xnym - xmym|

= |Tnl|Yn = Ym| + Ym0 — 2| < K(|Yn — Ym| + |20 — Zml),

and so the x,y, form a Cauchy sequence.
(iv) Asin (iii), we can find a K such that |z,|, |y,| < K for all n, and so
|TnYn =20 Y| < [Tl — TaYnl + [Ty, — 2,95]

= [znllyn = Yol + lwnllzn — 20 < K(lyn — | + |z — 23,[) — 0
as n — 00, as required. |

Lemma 14.4.3 tells us that we can define addition and multiplication of real
numbers by the formulae

x|+ [yl =x+y], X x[y]=[xxy]

Lemma 14.4.4. The system (R, +, X) is a field (that is to say, it satisfies
the rules (A1) to (A4), (M1) to (M4) and (D) set out in Appendiz A.)

Proof. 1 claim, and the reader should check, that the verification is simple
except possibly in the case of rule (M4). (We take 0 = [a] with a; = 0 for all
j and 1 = [b] with b; =1 for all j.)
Rule (M4) states that, if [x] € R and [x]| # [a] (where a; = 0 for all j),
then we can find a [y] € R such that [x] x [y] = [b] (where b; =1 for all j).
To prove this, observe that, if [x] # [a], then z,, = z, —a, - 0 asn — 0.
Thus we can find an € € Q with € > 0 such that, given any N, we can find
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an M > N such that |x,| > €. Since the sequence z,, is Cauchy, we can find
an N(0) such that

|zy, — x| < €/2 for all n, m > N(0) > 0.
Choose N(1) > N(0) such that |zy()| > €. We then have
[zl 2 e = 20 —2n@)| > €/2

for all n > N(0).
Set y; = 1 for j < N(0) and y; = z; " for j > N(0). If n, m > N(0) we
have

Yn — Ym| = |Tn — Tm||Tn| | Tm| ~ < 4€ 7|2y — T,
| | = |~ | < 472 |

so the sequence y,, is Cauchy. Since z;y; = 1 = b; for all j > N(0), we have
[x] x [y] = [b], as required. |

We now introduce an order on R. This is an essential step before we
can introduce distance and limits. We shall need the result of the following
exercise.

Exercise 14.4.5. (i) Let a; = 0 for all j. By adapting the argument of
the third paragraph of the proof of Lemma 14.4.4, show that, if [x] € R and
[x| # [a], then either

(a) there exists an N > 0 and an ¢ € Q with ¢ > 0 such that x,, > €
for alln > N, or

(b) there ezists an N > 0 and an € € Q with € > 0 such that —x,, > €
for alln > N.

(ii) Suppose that [x] € R and there exists an N > 0 and an € € Q with

e > 0 such that x, > € for all n > N. Show that, if [y| = [x], then there
exists an N' > 0 such that y, > €/2 for alln > N'.

Lemma 14.4.6. The set P of [x] € R such that there exists an N > 0 and
an € € Q with € > 0 such that x,, > € for alln > N is well defined. It has
the following properties.

(P1) If [x], [y] € P, then [x] + [y] € P.

(P2) If x|, ly] € P, then x| x [y] € P.

(P3) If [x] € R, then one and only one of the following three statements
is true [x] € P, —[x] € P or [x] = [a] where a; =0 for all j.

Proof. The fact that PP is well defined follows from part (ii) of Exercise 14.4.5.
Ife,€Q,60>0,2, >€¢ forn> Ny and e, € Q, €5 >0, y, > €5 for n > Ny,
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then z, +y, > €1 +¢€ > 0 and x, X y,, > €1 X €2 > 0 for all n > max(Ny, Ny),
so conclusions (P1) and (P2) follow.

By part (i) of Exercise 14.4.5, we know that, if [x] € R, then at least
one of the three statements [x] € P, —[x]| € P or [x] = [a] is true. Since the
statements are exclusive, exactly one is true. |

As usual, we write [x] > [y] if [x] — [y] € P. If [x] € R then, as we have just
shown, either [x] € P and we define |[x]| = [x] or —[x] € P and we define
|[x]| = —[x] or [x] = [a] (where a; = 0 for all j) and we set |[x]| = [a].

If we Q, we set w, = w for all n and write f(w) = [w]. We leave it to
the reader to verify the next lemma.

Lemma 14.4.7. The map 0 : Q — R is injective and preserves addition,
multiplication and order.

Note that 6(0) = [a] where a; = 0 for all j.

We have now shown that (R, +, x, >) is an ordered field and so our
definitions of convergence and Cauchy sequence apply. If [x(n)] € R and
[x] € R, we say that [x(n)] — [x], if given any [e] € R with [e] > 0(0), we
can find an N([e]) > 0 such that

[[x(n)] — [x]| < [€] for all n > N([€]).

We say that a sequence [x(n)] in R is Cauchy if, given any [e] € R, with
[€] > 0(0) we can find an N([€]) > 0 such that

I[x(n)] — [x(m)]| < [€] for all n, m > N([e]).

Lemma 14.4.8. Given any [€] € R with [€] > 6(0), we can find a y € Q
with y > 0 such that [€] > 0(y).

Proof. This follows from our definition of > via the set PP and part (ii) of
Exercise 14.4.5. |

Lemma 14.4.9. Given any [x], [y] € R with [x] > [y], we can find a z € Q
such that [x] > 6(z) > [y].

Proof. By definition, [x] — [y] > 6(0) so, by Lemma 14.4.8, we can find a
v € Q with v > 0 such that [x] — [y] > 0(v) > 0(0). Setting u = v/5, we
obtain a v € Q with v > 0 such that [x] —[y]| > 0(5u) > 6(0). It follows that

we can find an M such that

x; —y; > 4u for all j > M.
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Now choose an N > M such that |y; — yx| < u and so, in particular,
y; —yr > —u for all j, k> N.
Set z = yy + 2u. By the displayed inequalities just obtained, we have
x> 4du—+yp = (yv +2u) + (yx —yn) +2u > 24 u
and
e <yntu<z-—u
for all £ > N. Thus [x] > 6(z) > [y] as required. |

Up to now, our arguments have only used the fact that (Q, +, x, >)is
an ordered field. We now use the fact specific to (Q, 4, x, >) that every
rational > 0 can be written as x = p/q with p and ¢ strictly positive
integers. Since p/q > 1/q, Lemma 14.4.8 implies the axiom of Archimedes.

Lemma 14.4.10. We have 8(1/n) — 6(0) as n — oo.
Exercise 14.4.11. Give the details of the proof of Lemma 14.4.10.

We now show that every Cauchy sequence in (R, 4, X, >) converges.
The proof runs along the same lines as the proof of Lemma 14.2.4

Lemma 14.4.12. If [y(1)], [y(2)], [y(3)], ... is a Cauchy sequence in R,
then we can find an [x] € R such that [y(j)] — [x] as j — oo.

Proof. Since [y(j)] +6(;7") > [y(4)], it follows from Lemma 14.4.9 that we
can find an z; € Q such that

(DI +0G™) > 0(x)) > [y(5)]

and so

10(x;) — Iy (DIl <57

We observe that

0|z — ax|) = |0(z;) — 0(x)]
<|0(x;) = [yDI +10(xx) — [y ()] + [y ()] = [y (B)]]
<0G+ k) + [[y(h)] — [y(k)]]-
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Given any € € Q, we can find an N such that N™' < ¢/3 and |[y(j)]—[y(k)]] <
0(e/3) for all j, k > N. The results of this paragraph show that

|z, — x| <€/3+€/3+€/3=¢

for all j, K > N, and so the z; form a Cauchy sequence.
We now wish to show that [y(n)] — [x] as n — oco. Let [€] > 0(0) be
given. Since the sequence [y(n)] is Cauchy, we can find an M such that

y(@)] = Iy (Rl < 0(1/2)[¢] for all j, k > M.
We now use the axiom of Archimedes (Lemma 14.4.10) to show that we can

pick an N > M such that §(N~1) < 6(1/6)[€] and observe that the inequality
proved in the last paragraph gives

0(z;) — O(xx)| < 0(1/2)[e] for all j, k > N.
Thus
I[x] — 0(xx)| < 0(1/2)[€] for all k > N,
and
[x] = [y(®)]] < [[x] = O(xx)| + 10(zr) — [y(B)]| < 0(1/2)[e] +O(NT") < [¢]

for all kK > N, so we are done. [ |

Exercise 4.6.22 shows that the general principle of convergence and the axiom
of Archimedes together imply the fundamental axiom of analysis. We have
thus proved our desired theorem.

Theorem 14.4.13. (R, +, X, >) is an ordered field satisfying the funda-
mental axiom of analysis.

As we remarked earlier, most of the construction given in this section
applies to any ordered field. In Appendix G we push this idea a little further.
As might be expected from Lemma 14.1.5 and the accompanying discussion,
the real number system is unique (in an appropriately chosen sense). The
details are given in Appendix A.
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14.5 Paradise lost? QQ

Morris Kline once wrote that ‘A proof tells us where to concentrate our
doubts.” Our construction of the reals from the rationals is such a remarkable
result that it merits further examination. We know that the rationals are
countable and the reals are uncountable. Where in the proof does the switch
from countable to uncountable occur? Inspection of the proof shows that
the switch happens right at the beginning with the sentence ‘We start by
considering the space X of Cauchy sequences x = ()22, in Q.” If pressed
to justify this step I might split it into two:-

(a) Consider the set QN of all sequences x = (,)°°, in Q (that is all
functions x : N — Q, where N is the set of strictly positive integers).

(b) Consider the subset X of QN consisting of all sequences which satisfy
the Cauchy condition.

Unfortunately my justification resembles the following pair of definitions.

(a") Consider the set 2 of all sets.

(b") Consider the subset @ of 2 consisting of all A € Q such that A ¢ A.
As the reader no doubt knows, the definition of ® leads to a contradiction.
If ® € ® then ® ¢ ¢, but if & ¢ & then ¢ € .

There are two schools of thought regarding this paradox. The radical
school wishes to ban all definitions of the form (a) and (b) from mathematics.
At first sight this seems an easy task — a return to the simpler and healthier
practices of our ancestors. However, a householder who investigates a trace of
dry rot in one room may well discover that her whole house is so riddled with
fungus that the whole structure must be torn down and rebuilt. It turns out
that classical mathematics (that is the kind of mathematics discussed in this
book) depends so much on definitions and arguments which are unacceptable
to the radicals that they have to rebuild mathematics from scratch.

The various schemes for rebuilding restrict mathematics to the study
of ‘constructible objects’ and break decisively even at the most elementary
level with the traditional practices of mathematicians. A striking example of
this break is that, in the rebuilt structure, all functions are continuous. In
Appendix H, I try to indicate why this is so.

The conservative school, to which most mathematicians belong, says that
there are ‘natural rules’ which bar at least one of (a’) and (b’) whilst al-
lowing both (a) and (b). Just as there are different radical theories with
different criteria as to what is a ‘constructible object’, so there are different
systems of conservative ‘natural rules’. The standard system of rules (the
Zermelo-Fraenkel system) is set out with great charm and clarity in Hal-
mos’s little masterpiece Naive Set Theory [20]. Halmos also shows how the
system of positive integers can be constructed in a rather natural way using
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the Zermelo-Fraenkel axioms. The axioms for set theory must be supple-
mented by a system of rules setting out what kind of statements are allowed
in mathematics® and what laws of inference we may use. Once you have read
Halmos, then Johnstone’s Notes on Logic and Set Theory [26] provide an
excellent short” but rigorous account of all that the interested non-specialist
needs to know.

All of the analysis in this book and almost all of mathematics that
is presently known can be deduced from the small collection of Zermelo-
Fraenkel axioms in the same way and with the same standard of rigour® as
Euclid deduced his geometry from his axioms”?. However, plausible as the
Zermelo-Fraenkel axioms seem, their plausibility is based on our experience
with finite sets and to construct classical mathematics we must apply these
axioms to infinite sets which lie outside our physical and mental experience.
We cannot therefore be sure that the axioms may not lead to some subtle
contradiction'?. Kline quotes Poincaré, a witty, though not very profound,
critic of set theory as saying ‘We have put a fence around the herd to protect
it from the wolves but we do not know whether some wolves were not already
within the fence.’

Few mathematicians of the conservative school seem worried by this.
Partly, this is because in nearly a century of continuous scrutiny no one
has produced a contradiction. (Personally, I am less convinced that the hu-
man race will survive the next hundred years than that the Zermelo-Fraenkel
system will survive the century.) Partly it is because, if a contradiction ap-
peared in the Zermelo-Fraenkel system, we could simply use one of the rival
conservative systems of axioms or, if the worst came to the worst, we could
admit that the radicals were right, after all, and study one of their recon-
structed systems. (Modern mathematics thus appears as a ship towing a
long line of lifeboats. If the ship sinks we move to the first lifeboat. If the
first lifeboat sinks we move to the second and so on.) Partly it is because
the failure of the Zermelo-Fraenkel system would be one of the most inter-

8Thus excluding ‘This sentence is false or meaningless’, ‘The smallest positive integera
not definable in less than fifty English words’, ‘When does the next train leave for London?’
and so on.

"I emphasise the word short. The path from the Zermelo-Fraenkel axioms to the
positive integers can be traversed easily in a 24 hour course.

81 choose my words carefully. Modern mathematicians have found gaps in Euclid’s
reasoning but none of these is large enough to invalidate the work.

9The massive Bourbaki volumes constitute a proof of this statement.

10Hilbert tried to avoid this problem by finding a model for the Zermelo-Fraenkel system
inside some system like those proposed by the radicals which would be ‘obviously’ free
of contradiction. Most mathematicians agree that Godel’s theorem makes it extremely
unlikely that such a programme could be successful.
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esting things that could happen to mathematics. And finally, we have come
to accept that no really interesting part of mathematics can be proved free
of contradiction'!.

So far in this section, I have tried to give a fair representation of the
thoughts of others. For the short remainder of this section, I shall give my
own views. Mathematics changes slowly. After ten years, some problems
have been solved and some new problems have arisen, but the subject is
recognisably the same. However, over a century it changes in ways which
mathematicians at the beginning of that century could not conceive. The
20th century has, for example, seen special and general relativity, quan-
tum mechanics, the electronic computer, the theorems of Godel and Turing
and Kolmogorov’s axiomatisation of probability. The 19th century saw non-
Euclidean geometry, complex variable theory, quaternions and Cantor’s set
theory. The 17th and 18th century saw the invention of the calculus.

Given this, it seems presumptuous to seek a permanent foundation for
mathematics. It is a happy accident that almost all of mathematics, as we
now know it, can be deduced from one set of axioms but, just as history has
taught us that there is not one geometry but many, so it is not unlikely that
the future will present us with different mathematics deduced from radically
different axiom schemes. The art of the mathematician will still consist in
the rigorous proof of unexpected conclusions from simple premises but those
premises will change in ways that we cannot possibly imagine.

1A hungry fox tried to reach some clusters of grapes which he saw hanging from a vine
trained on a tree, but they were too high. So he went off and comforted himself by saying
‘They weren’t ripe anyhow’. (Aesop)






Appendix A

The axioms for the real
numbers

Axioms for an ordered field. An ordered field (F, +, x, >) is a set F,
together with two binary operations + and X and a binary relation >, obeying
the following rules. (We adopt the notation ab=a x b.)
(A1) a+ (b+c¢)=(a+b) +c.
(A2) a+b="b+a.
(A3) There is a unique element 0 € F such that a+0 = a for alla € F.
(A4) If a € F, then we can find an —a € F such that a + (—a) = 0.
[Conditions (A1) to (A4) tell us that (F, +) is a commutative group. We
write a — b= a+ (=b)./
(M1) a(bc) = (ab)c.
(M2) ab = ba.
(M3) There is a unique element 1 € F such that al = a for all a € F.
(M}) If a € F and a # 0, then we can find an a=* € F such that
aa"! =1.
[Conditions (M1) to (M4) tell us, among other things, that (F\ {0}, x)
is a commutative group.]
(D) a(b+ ¢) = ab+ ac.
[Condition (D) is called the distributive law./
If we write P ={a € F : a > 0}, then
(P1) If a, b € P, then a + b € P.
(P2) If a, b € P, then ab € P.
(P3) If a € F, then one and only one of the following three statements
15 true: a € P, —a € P ora=0.
We call P the set of strictly positive elements of F and write a > b if and
only ifa—b e P.

379
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Note that, although we state the axioms here, we shall not use
them explicitly in this book. Fuverything depending on these azxioms 1is,
so far as we are concerned, mere algebra.

The following series of exercises show that, up to the appropriate iso-
morphism, the reals are the unique ordered field satisfying the fundamental
axiom. Although the reader should probably go through such a proof at some
time, it will become easier as she gets more experience (for example if she
has read the first four sections of Chapter 14) and is not needed elsewhere in
this book.

Exercise A.1. We work in an ordered field (F, +, x, >). You should cite
explicitly each of the axioms from the list given on page 379 that you use. We
write 1g for the unit of F (that is, for the unique element of F with 1pa = a
for all a € F) and Op for the zero of F (that is, for the unique element of F
with Op + a = a for all a € F).

(i) By considering the equality

ab+ (a(=b) + (—a)(=b)) = (ab+ a(=b)) + (—a)(-b),

show that (—a)(—b) = ab for all a, b € F.

(ii) By (i), we have, in particular, a* = (—a)?. By applying axiom (P3),
show that a®> > O whenever a # Of.

(11i) Deduce that 1y > Op.

Exercise A.2. We continue with the discussion of Exercise A.1. If n is a
strictly positive integer, let us write

n

np=1lp+1p+---+ 1p.

Show, by induction, or otherwise, that ng > O, and so in particular ny # Op.

In the language of modern algebra, we have shown that an ordered field
has characteristic co. It is a standard result that any field of characteristic
oo contains a copy of the rationals.

Exercise A.3. We continue with the discussion of Exercise A.2. If n is a
strictly negative integer, let us write ng = —(—n)p.

(i) Show that if we set T(n) = ng, then 7 : Z — F is a well defined
imjective map with

T(n+m)=71(n) + 7(m),
T(nm) = 7(n)7(m),

7(n) > Op whenever n > 0,
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for alln, m € Z.
(ii) If n, m € Z and m # 0, let us set p(n/m) = 7(n)7(m)~'. Show
that ¢ : Q — T is a well defined (remember that rn/rm = n/m for r #0)

imjective map with

oz +y) = () + o(y),
o(zy) = ¢(2)o(y),

o(x) > Op whenever z > 0,

forall z, y € Q.

So far we have merely been doing algebra.

Exercise A.4. We continue with the discussion of Ezercise A.3, but now
we assume that F satisfies the fundamental axiom. Let us write K = ¢(Q)
(informally, K is a copy of Q in F). Prove the following slight improvement
of Lemma 1.5.6. If v € F, we can find x; € K with x; < zy < ... such that
Tj — T as j — 00.

Exercise A.5. We continue with the discussion of Exercise A.4, so, in par-
ticular, we assume that F satisfies the fundamental axiom.

(1) If x € R, then, by Exercise A.4, we can findz; € Q withxy <y < ...
such that x; — x. Show, by using the fundamental aziom, that there is a
a € F such that ¢(x;) — a as j — oo.

(i4) Show further that, if 2, € Q and z; — x, then ¢(x;) — a as j — oco.

(i1i) Conclude that we may define 0 : R — F by adopting the procedure of
part (i) and setting 0(x) = a.

() Show that 6 : R — T is a bijective map.

(v) Show that, if x, y € R, then

0(z +y) = 0(z) +6(y),
O(zy) = 6(x)0(y),
0(z) > Op whenever x > 0.






Appendix B

Countability

Most of my readers will already have met countability and will not need to
read this appendix. If you have not met countability this appendix gives a
‘quick and dirty’ introduction®.

Definition B.1. A set E is called countable if E = () or the elements of E
can be written out as a sequence e; (possibly with repetition), that is, we can
find ey, eg, ... such that

E:{el, €9, 63‘..}

Lemma B.2. A set E is countable if and only if E is finite or the elements
of E can be written out as a sequence e; without repetition, that is, we can
find ey, es, ... all unequal such that

E:{el, €9, 63}

Proof. If the elements of E can be written out as a sequence e; (possibly
with repetition), then either E is finite or we can obtain E as a sequence
without repetition by striking out all terms equal to some previous one.

If F is finite, then either £/ = (3, so E is countable by definition or we can
write £ ={e; : 1 <j < N}. Setting e, = ey for n > N, we have

E:{617 €9, 63...}

Exercise B.3. Show that any subset of a countable set is countable.

!The standard treatment via injectivity gives more flexible methods which are easily
extended to more general situations

383



384 A COMPANION TO ANALYSIS

bi bz bs bio ... 11 A2 a13 Q14
bg b5 bg e Q21 Q22 G23

b4 bg c. a3z as2

b7 N Q4,1

Figure B.1: A sequence of sequences set out as a sequence

The key result on countability, at least so far as we are concerned, is given
in the next theorem.

Theorem B.4. If A;, Ay, ... are countable, then so is U;; A;.
In other words, the countable union of countable sets is countable.

Proof. We leave it to the reader to give the proof when all of the A; are empty
(easy) or not all the A; are empty but all but finitely many are (either modify
the proof below or adjoin infinitely many copies of one of the non-empty A;).

In the remaining case, infinitely many of the A; are non-empty and, by
striking out all the empty sets, we may assume that all of the A; are non-
empty. Let us write

Aj = {ajvl, Cl,j72, ajvg, }
If we write
Nr)y=1424---+(r—-1)=r(r—-1)/2

and set by(ry4r = Gr_pr1,6 [L <k <7, 1 < 1] (so that we follow the pattern
shown in Figure B.1), we see that

A= (b1, b, bs .3
j=1

and so [J;2, A; is countable. |

Exercise B.5. Carry out the proofs asked for in the first sentence of the
proof of Theorem B.4

Theorem B.4 forms the basis for an argument? known as the ‘hamburger
argument’. (Consider the set A; of hamburgers to be found in a sphere

2Marianna Csornyei claims that this is taught in Hungarian primary schools, but she
may exagerate.
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radius j kilometres with centre the middle of Trafalgar square. Clearly A;
is finite and so countable. But the set A of all hamburgers in the universe
is given by A = U]oil A; so, since the countable union of countable sets
is countable, A is countable. We can enumerate all the hamburgers in the
universe as a sequence.)

Lemma B.6. The set Q of rational numbers is countable.

Proof. Let
Aj=A{r/s : [r|+|s| <j, s #0, 1,5 € Z}.

The set A; is finite and so countable. But Q = U]o’;l A; so, since the countable
union of countable sets is countable, QQ is countable. |

In Exercise 1.6.7 we showed that the closed interval [a, b] with a < b is not
a countable set and so (by Exercise B.3) R is uncountable. Lemma B.6 thus
provides an indirect but illuminating proof that R # Q.

Exercise B.7. (Existence of transcendentals.) A real number x is called
algebraic if

n

Zarxr =0

r=0

for somea, € Z [0 <r <n|, a, #0 andn > 1, (in other words x is a root of
a non-trivial polynomial with integer coefficients). The first proof that not all
real numbers are algebraic was due to Liouville (see Exercise K.12). Cantor
used the idea of countability to give a new proof of this.

Let A; be the set of all real roots of all polynomials P(t) = > ""_, a,t" such
that a, € Z [0 <r <nl, a, #0 andn > 1 and

n -+ Z la,| < j.
r=0

By considering properties of the A;, show that the set of algebraic numbers
18 countable. Deduce that not all real numbers are algebraic.

Exercise B.8. (i) A set S of non-negative real numbers is such that there
exists a positive constant K such that

Zx<K
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for every finite subset T' of S. Prove that the set of non-zero elements of S
15 countable.

(11) A set S of real numbers is such that, whenever aq, as, ... are distinct
members of S,

00
E Ayp CONVETGES.

n=1

Show that we can find by, be, ... such that >~ b, is absolutely convergent
and

SC{o}tuU{b, : n>1}.

Exercise B.9. Consider a function f : (a,b) — R. Recall that we say that
c is a strict mazimum (or strict local mazimum) of f if we can find o and 3
such that a < a < ¢ < 3 <b such that

f(z) < f(e) for all x € (o, B) with x # c.

By associating each such ¢ with an interval with rational end points, or oth-
erwise, show that the set E of strict maxima is countable.

Give an example to show that E can be infinite.

Does the result remain true if we replace (a,b) by the real line R? Does an
appropriate version of the result (to be stated) remain true if we replace (a,b)
by R%? Does the result remain true if we replace ‘strict mazima’ by ‘mazima’

(that is, replace f(z) < f(c) in the defining condition by ‘f(x) < f(c)’)?
It is worth remarking that Exercise B.7 reflects a general principle.

Plausible statement B.10. The set of real numbers that we can describe
m any way is countable.

Plausible argument. 1 have only a finite number N of symbols on my type-
writer. Thus the set A; of real numbers that I can describe using j keystrokes
has at most N7 members. Since A; is finite and so countable, we see that
the set U;il A; of real numbers that I can describe in any way is countable.

A

The reader should be warned that there are severe philosophical and math-
ematical obstacles in the way of any attempt to make precise the statement
and argument above. Never the less, most mathematicians are inclined to
accept the general thrust of the argument. When we talk about R we are
talking about a set most of whose members we can not describe.
Here is another reason to prefer rigour to intuition.



Appendix C

The care and treatment of
counterexamples

Mathematics students dislike questions beginning ‘find a proof or counterex-
ample’. They know that it is much harder to prove or disprove a result if
you are not sure which of the two possible outcomes will occur.

In research we are faced with many uncertainties. We do not know
whether our problem is easy, hard or beyond our capabilities (whereas in
an exam we know that the problems will not exceed a certain level of dif-
ficulty). We often do not know if the solution of a particular problem will
open a path to further progress or turn out to be a dead end. And, whatever
our suspicions or hopes, we do not know whether the result we seek is true
or false.

In these circumstances, mathematicians often adopt a two pronged attack.
First they try to prove the result. When their attack fails, they try to identify
the point where it fails and try to construct a counterexample centred round
the point of failure. If they cannot construct a counterexample they try to
identify the reason why they cannot do so and this may give them a hint
as to how get round their previous difficulty in the proof. By alternating
between determined attempts to seek a proof and determined attempts to
find a counterexample they hope to arrive at a useful result.

If their attack ends in a counterexample, the counterexample may suggest
how to strengthen hypotheses or weaken conclusions so as to produce a true
theorem.

If the attack ends in a theorem the matter does not finish there. Ex-
amination questions and exercises such as are found in this book are made
easier by the fact that we know that all the information supplied is relevant.
We know that, in real life, problems are made much harder by an excess

387
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of irrelevant information'. We expect, sometimes wrongly but often rightly,
that a proof which depends on unnecessary hypotheses will be less clear
than one which only uses the essential hypotheses. Thus, once a theorem
is established, we usually embark on a systematic programme of weakening
hypotheses and strengthening conclusions, not only in the hope of obtaining
a stronger theorem but also in the hope of obtaining a better proof. A the-
orem is therefore frequently accompanied by a collection of counterexamples
showing that hypotheses cannot be weakened or conclusions strengthened.

What I have said so far is probably obvious to the reader and to most
students of mathematics. However many students fail to draw the obvious
moral. Since counterexamples are not ends in themselves but objects which
we study in the hope of obtaining positive results,

counterexamples should be as simple as possible.

Let me illustrate this slogan by considering the notion of continuity. The
first question we must ask after defining the notion of a continuous function
is whether all functions are continuous. Here is the simplest counterexample
I can think of.

Example C.1. If we define f : R — R by

J)=0  fort#0
Fo)=1,

then f is not continuous at 0.

The reader may feel that this is artificial since f can be redefined at one
point (by setting f(0) = 0) in such a way as to make it continuous. We may
therefore ask for a function which cannot be so defined.

Example C.2. If we define H: R — R by

H(t)=0 fort <0
H(t)=1 fort >0
H(0) = a,

then, whatever the value of the real number a, H is not continuous at 0.

!'Remember the old riddle. A bus sets out from a depot with only the driver on board.
At the first stop two people get on. At the next, three get on and one gets off. At the
next, five get on and two get off. At the next, four get off and two get on. At the next
three get off and two get on. At the next five get on and two get off. How many stops has
the bus made?
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Proof. 1f f : R — R is continuous at 0 then
f(/n) = f(=1/n) — f(0) = f(0) = 0O
as n — 00. Since
H(l/n)—H(-1/n)=1-»0
as n — 00, H is not continuous at 0. |

The discontinuity exhibited by H is of a particularly simple kind since the
right and left limits

H(O+)= lim H(t)and H(0—) = lim H(?)

t—0, t>0 t—0, t<0

exist. We may, therefore, ask if there exist functions without such left and
right limits.

Example C.3. If we define f : R — R by

ft) =1/t fort#0
f(0) =0,

then f has neither a left limit nor a right limit at 0.

We may feel that this is unsatisfactory and ask whether this phenomenon
can occur for a bounded function.

Example C.4. If we define f : R — R by

f(t) =sin(1/t) fort+#0
f(0) =0,

then f is bounded and has neither a left limit nor a right limit at 0.

Proof. Observe that f(1/(2nm)) =0 — 0 but f(1/((2n+ $)7) =1 — 1 as
n — oo. Thus f(t¢) does not tend to a limit as t — 0 through values of ¢ > 0.
Similarly, f(¢) does not tend to a limit as t — 0 through values of t <0. W

Exercise C.5. Find a bounded function f : R — R such that f(t) — f(0)
as t — 0 through values of t > 0 but f(t) does not tend to a limit ast — 0
through values of t < 0.

The next exercise is a trivial complementary observation with a one line
proof.
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Exercise C.6. Show that if f : R — R is such that f(t) — f(0) ast — 0
through values of t > 0 and f(t) — f(0) as t — 0 through values of t < 0
then f is continuous at 0.

In view of Exercise C.6 we may ask if a function F' : R? — R is such
that F'(ut) — F(0) as t — 0 for all unit vectors u then F' is continuous at
0 = (0,0). This is a harder question and, instead of sitting around trying
to think of a function which might provide a counterexample, we actively
construct one ‘by hand’.

Exercise C.7. (i) Let r, = 1/n and 0,, = w/(2n) and take
X, = (ry cos O, 1, sinf,).
Show that we can find 6, > 0 such that ||x,]|/2 > 0, > 0 and, writing
By =A{y : lxn = yll < 0},

we know that the following statement is true. If u is any unit vector, the line
{tu : t € R} intersects at most one of the B,,. Give a sketch to illustrate
your result.

(i1) Show that there exists a continuous function g, : R" — R such that

gn(xn) = 17
gn(y) =0 forally ¢ B,.

Ezxplain why setting F(x) = Y7, gn(X) gives a well defined function. Show
that F(ut) — F(0) ast — 0 for all unit vectors u but F is not continuous
at 0.

Exercise C.8. (This exercise requires material from Chapter 6.)
(1) Show that we can find a twice continuously differentiable function h :
R — R such that

h(0) =1,
h(t) =0 for all |t| > 1/2
1>h(t) >0 for all t.

If 5§ > 0 and z € R? sketch the function g : R? — R given by g(x) =
h(6~H |z — x|)).

(i) By taking F =Y " n~'g, with appropriately chosen g, (you will
need to be more careful in the choice than we were in the previous exercise),
show that there exists a continuous function F : R?> — R with directional
derivative zero in all directions at O but which is not differentiable at 0.

(111) Why is the result of Exercise C.8 stronger than that of Example 7.3.14¢
[We give a slight strengthening of this result in Ezercise K.314.]



Please send corrections however trivial to twk@dpmms.cam.ac.uk 391

Exercise C.9. Consider a function f :R? — R.

(i) Show that f is continuous at 0 = (0,0) if and only if, whenever we
have a sequence x, — 0, it follows that f(x,) — f(0) as n — co.

(i1) Show that f is continuous at O if and only if, whenever we have a
continuous function = : [0,1] — R? with v(0) = 0, it follows that f(~(t)) —
f(0) as t — 0 through values of t > 0.

Thus, if f(x) tends to f(0) along every path leading to O, then f is
continuous. However, as we have seen, the result fails if we replace ‘every
path’ by ‘every straight-line path’.

If we wish to understand the ways in which a function can fail to be
continuous at a point, it is surely more instructive to begin with the simple
Example C.1 rather than rush to the complicated Exercise C.7. In the same
way, if we wish to give an example of a continuous function which fails to
be differentiable it is surely best to look at the function f : R — R given
by f(x) = |z|, rather than the fairly intricate construction of a continuous
nowhere differentiable function given in Exercise K.223.

Proceeding from the simple to the complex as we did in studying dis-
continuity at a point has a further advantage that it gives us a number of
examples of functions to think about rather than just one. To quote Halmos

If I had to describe my conclusions [on how to study mathe-
matics] in one word, I'd say ezamples. They are to me of paramount
importance. Every time I learn a new concept (free group, or
pseudodifferential operator, or paracompact space) I look for ex-
amples — and, of course, non-examples. The examples should
include, whenever possible, the typical ones and the extreme de-
generate ones. Yes, to be sure, R? is a real vector space, but so
is the space of all real polynomials with real coefficients and the
set of all analytic functions defined on the open disc — and what
about the O-dimensional case. Are there examples that satisfy
all the conditions of the definition except 1x = x? Is the set of
all real-valued monotone increasing functions defined on, say, the
unit interval a real vector space? How about all the monotone
ones, both increasing and decreasing . ..

A good stock of examples, as large as possible, is indispens-
able for a thorough understanding of any concept and when I
want to learn something new, I make it my first job to build one.
Sometimes to be sure, that might require more of the theory than
the mere definition reveals. When we first learn about transcen-
dental numbers, for instance, it is not at all obvious that such
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things exist. Just the opposite happens when we are first told
about measurable sets. There are plenty of them, there is no
doubt about that; what is less easy is to find a single example of
a set that is not like that?. [The quotation is from I Want to be
a Mathematician[21], a book well worth reading in its entirety.|

This quotation brings me to my second point. Halmos talks about typical
examples and illustrates his remarks with the idea of a vector space. In some
sense typical vector spaces exist since we have the following classification
theorem from algebra.

Theorem C.10. A finite dimensional vector space over R is isomorphic to
R™ for some positive integer n.
[There is a similar but duller result for infinite dimensional vector spaces.]

There is no such result for continuous functions and I suspect that, to
misquote Haldane ‘The typical continuous function is not only odder than we
imagine, it is odder than we can possibly imagine’®. This is why mathemati-
cians demand so much rigour in proof. When we showed, in Theorem 4.3.4,
that every real-valued continuous function on a closed bounded set in R" is
bounded and attains its bounds we proved a result which applied not only to
all continuous functions that we know but to all continuous functions that
the human race will ever know and to continuous functions which nobody
will ever know and, if my belief is right, to continuous functions which are
so wild as to be literally unimaginable?.

Even if we restrict ourselves to well behaved functions, I would argue that
it is much harder than it looks to obtain a sufficiently large library of typical
functions. (See Remark 4 on page 347.)

On the other hand, when we talk about an example or a counterexample
we are talking about a single object and we do not need the obsessive rigour
demanded by a proof which will apply to many objects. To show that a
unicorn exists we need only exhibit a single unicorn. To show that no unicorn
exists requires much more careful argument.

2The set considered in Exercise 8.1.4 is an example. (T.W.K.)

3In spite of Theorem C.10, this may be true of vector spaces as well. Conway used to
say that one dimension is easy, two harder, three very hard, four still harder, ..., that
somewhere about twenty eight things became virtually impossible but once you reached
infinite dimensions things became easier again.

4Since the 1890’s it has been known that there exist everywhere differentiable functions
which take a strict local maximum value at a dense set of points. Until you read this
footnote, did you imagine that such a thing was possible? Can you imagine it now? For
a modern proof see [27].
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Demonstrations involving a single known object can be much
simpler than those involving a multitude of unknown objects.






Appendix D

A more general view of limits

One of the more tedious parts of the standard treatment of analysis given in
this book is the repeated definition of various kinds of limits. Here is a small
selection.

Definition D.1. If a, is a sequence of real numbers and a is a real number,
we say that a,, — a as n — oo if, given any € > 0, we can find an ng(€) such
that |a — a,| < € for all n > ng(e).

Definition D.2. If a, is a sequence of real numbers and a is a real number,
we say that a,, — 0o as n — oo if, given any K, we can find an ng(K) such
that a, > K for all n > no(K).

Definition D.3. If f : (a,b) — R is a function and t € (a,b), we say that
f(z) — ¢ as x — t if, given any € > 0, we can find an 0y(e) such that

|f(z) —c| <€ for all x € (a,b) with 0 # |t — x| < do(e).

Definition D.4. If f : (a,b) — R is a function and t € (a,b), we say that
f(x) — ¢ as © — t through values of x >t if, given any € > 0, we can find
an do(€) such that and |f(x) —c| < € for all x € (a,b) with 0 <z —1t < Jp(€).

In theory, each of these definitions should be accompanied by a collection
of lemmas showing that each limit behaves in the way every other limit
behaves. In practice, such lemmas are left to the reader. (In this book I have
tended to look most carefully at definitions of the type of Definition D.1.)
Experience seems to show that this procedure works quite well, both from
the pedagogic and the mathematical point of view, but it is, to say the least,
untidy.

In his book Limits, A New Approach to Real Analysis [2], Beardon pro-
poses an approach based on directed sets which avoids all these difficulties®.

!The notion of a directed set goes back to E. H. Moore in 1910 but Beardon’s is the
only elementary text I know which uses it.

395
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Figure D.1: A family tree for division

For a mixture of reasons, some good and some not so good, the teaching of
elementary analysis is extremely conservative? and it remains to be seen if
this innovation will be widely adopted.

Definition D.5. A relation >= on a non-empty set X is called a direction if
(1) whenever x =y and y > z, then x > z, and
(11) whenever z, y € X, we can find z € X such that z = x and z > y.
We call (X, >) a directed set.

Notice that we do not demand that ‘all points are comparable’, that is,
we do not demand that, if z # y, then either x > y or y = x. (You should
reread Definition D.5 bearing this in mind.) We will use this extra liberty in
Exercises D.14 and D.16.

Exercise D.6. Consider the set Nt of strictly positive integers. Write n =
m if m diwides n. In Figure D.1, I draw a family tree of the integers 1 to
6 with n connected to m by a descending line if n = m. FExtend the tree to
cover the integers 1 to 16.

Show that > is a direction.

Give an example of two incomparable integers (that is, integers n and m
such that it is not true that n =m or m > n orn > m).

We can use the notion of direction to define a limit.

Definition D.7. If = is a direction on a non-empty set X and f is a func-
tion from X to F (where F is an ordered field such as R or Q), we say that
f(z) — a, with respect to the direction >, if a € F and, given any € > 0, we
can find an xo(€) € X such that |f(z) — a| < € for all x = xo(€).

The reader should have no difficulty in proving the following version of
Lemma 1.2.2.

2Interestingly, both [11] and [5] though radical in style are entirely standard in content.
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Exercise D.8. Let = be a relation on a non-empty set X, let f, g be func-
tions from X to F and let a, b, ¢ be elements of F. Prove the following
results.

(i) The limit is unique. That is, if f(x) — a and f(x) — b, with respect
to the direction >, then a = b.

(7i) Suppose Y is a non-empty subset of X with the property that if when-
everx, y €Y, we can find z € Y such that z = x and z = y. Then, if =y
is the restriction of the relation = to'Y, =y s a direction on 'Y .

Suppose, in addition, that, given any x € X we can find ay € Y such that
y > x. If f(z) — a, with respect to the direction >, and fy is the restriction
of f toY, then fy(x) — a, with respect to the direction =y .

(iii) If f(x) = ¢ for allx € X, then f(x) — ¢, with respect to the direction
—.

() If f(x) — a and g(x) — b, with respect to the direction -, then,
f(@) +g(x) —a+b.

(v) If f(x) — a and g(x) — b, with respect to the direction >, then
f(@)g(x) — ab.

(vi) Suppose that f(x) — a, with respect to the direction ». If f(x) # 0
for each x € X and a # 0, then f(x) ™' — a %

(vii) If f(z) < A for each x € X and f(x) — a, with respect to the
direction >, then a < A. If g(x) > B for each x € X and g(z) — b, with
respect to the direction >, then b > B.

As one might expect, we can recover Lemma 1.2.2 from Exercise D.8.

Exercise D.9. (i) If NT is the set of strictly positive integers, show that >
(with its ordinary meaning) is a direction on NT. Show further that, if f is
a function from Nt to F (an ordered field) and a € F, then f(n) — a, with
respect to the direction >, if and only if f(n) — a as n — oo in the sense of
Definition 1.2.1.

(i1) Deduce Lemma 1.2.2 from Ezercise D.8.

(i1i) Show that (i) remains true if we replace > by >. Show that (i)
remains true if we replace > by > with n > m if n > 10m + 4. Thus
different succession relations can produce the same notion of limit.

The real economy of this approach appears when we extend it.

Exercise D.10. (i) Let a, t and b be real with a <t < b. Show that, if we
define the relation = on (a,b) \ {t} by x = y if |[v —t| < |y —¢t|, then >
is a direction. Suppose f : (a,b) — R is a function and ¢ € R. Show that
f(z) — ¢ with respect to the direction >, if and only if f(x) — ¢ as x — t,
in the traditional sense of Definition D.3.
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(11) Deduce the properties of the traditional limit of Definition D.3 from
Ezercise D.S.

(111) Give a treatment of the classical ‘limit from above’ defined in Defi-
nition D.4 along the lines laid out in parts (i) and (ii).

Exercise D.11. Obtain a multidimensional analogue of Definition D.7 along
the lines of Definition 4.1.8 and prove a multidimensional version of Ezxer-
cise D.8 along the lines of Lemma 4.1.9.

A little thought shows how to bring Definition D.2 into this circle of ideas.

Definition D.12. If »=x is a direction on a non-empty set X, =y is a di-
rection on a non-empty set'Y and f is a function from X toY, we say that
f(x) — %y as © — xx if, giveny € Y, we can find xo(y) € X such that
f(z) =y y for all x = xo(y).

Exercise D.13. (i) Show that if we take X = N > to be the usual rela-
tion > on X, Y =R and >y to be the usual relation > on'Y, then saying that
a function f: X — Y has the property f(x) — xy as x — xx is equivalent
to the classical statement f(n) — oo as n — oo.

(ii) Give a similar treatment for the classical statement that a function
f R — R satisfies f(x) — —o0 as x — o0.

(11i) Give a similar treatment for the classical statement that a function
f: R — R satisfies f(z) — a as x — oo.

In all the examples so far, we have only used rather simple examples of
direction. Here is a more complicated one.

Exercise D.14. This exercise assumes a knowledge of Section 8.2 where we
defined the Riemann integral. It uses the notation of that section. Consider
the set X of ordered pairs (D,E) where D is the dissection

D ={xg,x1,...,0p} witha=x¢g<x; <9 <--- <1, =D,
and

£ = {to,tl, R ,tn} with Tj-1 < tj < Zj.

If f :[a,b] — R is a bounded function, we write

o(f,D,€) = Zf — Tj-1).
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Show that, if we write (D',E") = (D,E) when D' O D, then = is a
direction on X . (Note that we place no conditions on € and E'.) Show that
not all dissections are comparable.

Using the results of Section 8.2, show that f is Riemann integrable, in
the sense of Section 8.2, with integral I if and only if

o(f, D, &) =1
with respect to the direction ».

Here is another example, this time depending on the discussion of metric
spaces in Section 10.3. If we wish to define the notion of a limit for a func-
tion between two metric spaces the natural classical procedure is to produce
something along the lines of Definition 10.3.22

Definition D.15. Let (X,d) and (Z,p) be metric spaces and f be a map
from X to Z. Suppose that x € X and z € Z. We say that f(y) — z as
y — x if, given € > 0, we can find a 6(e,x) > 0 such that, if y € X and
d(z,y) < (e, x), we have

p(f(y),2) <e.

Here is an alternative treatment using direction.

Exercise D.16. Let (X,d) and (Z,p) be metric spaces and x € X and z €
Z. We take X to be the collection of open sets in X which contain x and Z
to be the collection of open sets in Z which contain z.

Show that if we define a relation on X by U = V if V D U, then =y 1is
a direction on X. Is it always true that two elements of X are comparable?

Let >z be defined similarly. If f is a map from X to Z, show that
f(y) — z as y — x in the sense of Definition D.15 if and only if f(y) — *z
as v — *yx in the sense of Definition D.12.

The advantage of the approach given in Exercise D.16 is that it makes
no reference to the metric and raises the possibility of of doing analysis on
more general objects than metric spaces.

We close with a couple of interesting observations (it will be more conve-
nient to use Definition D.7 than our more general Definition D.12).

Exercise D.17. Suppose that = is a direction on a non-empty set X and f
1s a function from X to R.

Suppose that there exists an M € R such that f(z) < M for allz € X and
suppose that f is ‘increasing’ in the sense that © = y implies f(x) < f(y).
Show that there ezists an a € F such that that f(x) — a with respect to the
direction > .

[Hint. Think about the supremum.]
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If the reader thinks about the matter she may recall points in the book
where such a result would have been useful.

Exercise D.18. Prove Lemma 9.2.2 using using Lemma D.17.

Exercise D.19. The result of Lemma D.17 is the generalisation of the state-
ment that every bounded increasing sequence in R has a limit. Find a similar

generalisation of the general principle of convergence. Use it to do Ezer-
cise 9.2.10.

If the reader wishes to see more, I refer her to the elegant and efficient
treatment of analysis in [2].



Appendix E

Traditional partial derivatives

One of the most troublesome culture clashes between pure mathematics and
applied is that to an applied mathematician variables like x and ¢ have mean-
ings such as position and time whereas to a pure mathematician all variables
are ‘dummy variables’ or ‘place-holders’ to be interchanged at will. To a pure
mathematician, v is an arbitrary function defined by its effect on a variable
so that v(t) = At> means precisely the same thing as v(z) = Ax® whereas,
to an applied mathematician who thinks of v as a velocity, the statements
v = At3 and v = Az® mean very different (indeed incompatible) things.

v v
The applied mathematician thinks of 7 as representing — ‘when every-

thing is so small that second order quantities can be neglected’. Since

ov ot ov
5t oz ox’
it is obvious to the applied mathematician that

dv  dvdx

o T o T (A)

dt  dzdt
but the more rigid notational conventions of the pure mathematicians prevent
them from thinking of v as two different functions (one of ¢ and one of z) in
the same formula. The closest a pure mathematician can get to equation (A)

is the chain rule

d ! /
ow(t) = o (2(2)' (1)

Now consider a particle moving along the x-axis so its position is x at
time ¢. Since

ox ot )

5t ox
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it is obvious to the applied mathematician that

do dt _
dt de
and so
dt dx
—=1/= B
dz dt (B)

dz
What does equation (B) mean? In the expression o e treat x as a function

t
of ¢, which corresponds to common sense, but in the expression — we treat t

as a function of x, which seems a little odd (how can the position of a particle
influence time?). However, if the particle occupies each particular position
at a unique time, we can read off time from position and so, in this sense, t
is indeed a function of x. A pure mathematician would say that the function
z : R — R is invertible and replace equation (B) by the inverse function
formula

d . 1
a” U= oy

One of the reasons why this formula seems more complicated than equa-

s
tion (B) is that the information on where to evaluate pr and . has been
T

suppressed in equation (B), which ought to read something like

dt dx
@(1‘0) = 1/E(t0) ;

dx

e 1 _

_ / dt
T=x0

where the particle is at xq at time .

The clash between the two cultures is still more marked when it comes
to partial derivatives. Consider a gas at temperature 7', held at a pressure
P in a container of volume V and isolated from the outside world. The
applied mathematician knows that P depends on 7" and V' and so writes P =
P(T,V)or P=P(V,T). (To see the difference in conventions between pure
and applied mathematics, observe that, to a pure mathematician, functions
f:R?* = Rsuch that f(z,y) = f(y, ) form a very restricted class!) Suppose

or

ﬁ
dz

3
t=to
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that, initially, T' = Ty, P = F,, V = V4. If we change Ty to Ty + 61 whilst
keeping V fixed, then P changes to Fy + 6 P and the applied mathematician

thinks of — as representing — ‘when everything is so small that
o' |y _y, 7=, oT

second order quantities can be neglected’. In other words, — is
8T V=V, T=Top
the rate of change of P when T varies but V' is kept fixed. Often applied

mathematicians write

or _ oP
or 0T |y_y, r—r,
but you should note this condensed notation suppresses the information that
V' (rather than, say, V 4 T') should be kept constant when T is varied.
There is good reason to suppose that there is a well behaved function
g : R? — R such that, if a particular gas is at temperature 7', held a pressure
P in a container of volume V| then the temperature, pressure, volume triple

(T, P, V) satisfies
g(T,P,V)=0

(at least for a wide range of values of 7', P and V). We may link the pure
mathematician’s partial derivatives with those of the applied mathematician
by observing that, if (To, Py, Vo) and (T + 6T, Py + 0P, Vi) are possible
temperature, pressure, volume triples, then, to first order,

0:g(T0+5T,P0+5P,VO)
= g<T07 P07 %) + g,l(T07 P07 %)6T + 9,29(T07 P07 ‘/0)6P
= g1(To, Po, Vo)oT + g2(To, Po, Vo)O P

and so, to first order,

or . 9,1(T0, Po, Vo)

6T 92(To, Po, Vo)
It follows that

oP

or _9,1(T0,P0,V0)
oT

V=Vo,T=Tp 92(Ty, Py, Vo)

Essentially identical calculations show that

8_T _ _9,3(T0>P07 Vo)
OV | p—py v=vi 9.1(To, Po, Vo)
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and

ov

oV 92T, By, Vo)
oP

T=Ty,P=P, B 9,3(T07P07 VE)).

Putting the last three equations together, we obtain

oP or ov

— — — = —1.
or V=V, =T, ov P=Py, V=V op

T=To,P=PFo

This is a very beautiful equation. It can be made much more mysterious by
leaving implicit what we have made explicit and writing

OP 0T oV

If we further neglect to mention that 7', P and V are restricted to the surface
g(T,P,V) = 0, we get ‘an amazing result that common sense could not
possibly have predicted ... It is perhaps the first time in our careers, for
most of us, that we do not understand 3-dimensional space’ ([34], page 65).

Exercise E.1. Obtain the result corresponding to equation (C) for four vari-
ables. Without going into excessive details, indicate the generalisation to n
variables with n > 2. (Check that if n = 2 you get a result corresponding to
equation (B).)

The difference between the ‘pure’ and ‘applied’ treatment is reflected in
a difference in language. The pure mathematician speaks of ‘differentiation
of functions on many dimensional spaces’ and the applied mathematician of
‘differentiation of functions of many variables’. Which approach is better de-
pends on the problem at hand. Although (7, P, V) is a triple of real numbers,
it is not a vector, since pressure, volume and temperature are quantities of
different types. Treating (7, P,V) as a vector is like adding apples to pears.
The ‘geometric’ pure approach will yield no insight, since there is no ge-
ometry to consider. On the other hand theories, like electromagnetism and
relativity with a strong geometric component, will benefit from a treatment
which does not disguise the geometry.

I have tried to show that the two approaches run in parallel but that, al-
though statements in one language can be translated ‘sentence by sentence’
into the other, there is no word for word dictionary between them. A good
mathematician can look at a problem in more than one way. In particular a
good mathematician will ‘think like a pure mathematician when doing pure
mathematics and like an applied mathematician when doing applied math-
ematics’. (Great mathematicians think like themselves when doing mathe-
matics.)
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Exercise E.2. (In this exercise you should assume that everything is well

behaved.) Rewrite the following statement in pure mathematics notation and

prove it using whichever notation (pure, applied or mized) you prefer.
Suppose that the equations

f('xﬁy?Z’w) :O
g(nyWZJw) :0

can be solved to give z and w as functions of (x,y). Then

0f 09 _ Of 9g
az_(axaw 8w817>

N 0f 99 _ 9f g
O 0z Ow ow 0z
D) 9f 99 _ 9f 9g
_Z__ Jy Ow ow Oy

o 0f9g9 _ 9fdg |-
ay 0z Ow ow Oz

Exercise E.3. Fach of the four variables p, V, T and S can be regarded as a
well behaved function of any two of the others. In addition we have a variable
U which may be regarded as a function of any two of the four variables above
and satisfies

ouy _p UL _
as|, ~ oav|, T
(i) Show that
ov| _or
S|, Oplg
2
) B . . .
(ii) By finding two expressions for —8p8V’ or otherwise, show that
os| or| _as| or| _,
ov, dply Oply, OV,

Exercise E.4. You should only do this exercise if you have met the change
of variable formula for multiple integrals. Recall that, if (u,v) : R? — R? is
a well behaved bijective map, we write

Ou  Ou
p= G —aer (& %)
8(1‘7 y) oz oy
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and call J the Jacobian determinant'. Recall the the useful formula

O(u,v
O,y

~—
QD

(z,9)
(u,v)

=1

o5

Restate it in terms of Df and Df ™' evaluated at the correct points. (If you

can not see what is going on, look at the inverse function theorem (Theo-

rem 13.1.13 (ii)) and at our discussion of equation (B) in this appendiz.)
Restate and prove the formula

in the same way.

1J is often just called the Jacobian but we distinguish between the Jacobian matrix
(see Exercise 6.1.9) and its determinant.



Appendix F

Another approach to the
inverse function theorem

The object of this appendix is to outline a variant on the approach to the
inverse function theorem given in section 13.1.
We begin with a variation on Lemma 13.1.2.

Lemma F.1. Consider a function £ : R™ — R™ such that £(0) = 0. Sup-
pose that there exists a 0 > 0 and an n with 1 > n > 0 such that

I(£(x) = £(y)) — (x =y)ll < nllx - ¥

for all [|x[|, |ly|l < 4. Then there exists one and only one continuous function
g : B(0,(1—mn)d) — B(0,9) such that g(0) = 0 and

flgy) =y *
for all y € B(0, (1 —n)d).

Proof. This is a clever modification of the proof of Lemma 13.1.2. Let X =
B(0, (1 —n)d). Consider the space C' of continuous functions h : X — R™
with the uniform norm

bl = sup (o) |
We know that (C || ||e) is complete. Let
E ={h : ||h||x < and h(0) = 0}.
Since F is closed in C, we know that E is complete under the uniform norm.
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Let h € E. We define Th as a function on X by
Th(y) = h(y) + (y — £(h(y)))

so (following exactly the same calculations as in Lemma 13.1.2, but with
h(y) in place of x)

[Th(y)|l < Iyl + [h(y) — £(h(y))]
= |yl + [[(f(h(y)) — £(0)) — (h(y) — O)|
< [lyll +nlh(y) - 0
< (1 =n)d +nlh(y)l| <o
whenever y € X. It is easy to check that, in addition, Th(0) = 0. Thus
Th € X and T is a well defined function 7": X — X.

If h, k € X then (following exactly the same calculations as in Lemma 13.1.2,
but with h(y) and k(y) in place of x and x’) we have

ITh(y) — Tk(y)|l = [|(h(y) — k(y)) — (£(h(y)) — f(k(y)))| < nlh(y) —k(y)|
for all y € X. Thus
ITh — Tkl|oe < nllh — kil

and T is a contraction mapping. If follows that 7" has a unique fixed point
g € E such that

g="Tg,
and so
g(y) =Tg(y) =g(y) + (v — f(g(y)),
that is,
fgly) =y
for all y € X, as required. |

The new version of Lemma 13.1.2 gives rise to a new version of Lemma 13.1.4.

Lemma F.2. Consider a function f : R™ — R™ such that £(0) = 0 and
there exists a 69 > 0 such that f is differentiable in the open ball B(0,dy). If
Df is continuous at 0 and Df(0) = I (the identity map), then we can find
a 01 with 09 > 01 > 0 and a p > 0 such that there exists one and only one
continuous function g : B(0, (1 —n)8) — B(0, p) with g(0) = 0 and

flg(y) =y *
for all y € B(0, (1 —n)J).
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We leave the proof to the reader.

The reader will note that, though Lemma F.2 is stronger in some ways
than Lemma 13.1.4, it is weaker in others. In particular, we have not shown
that g is differentiable at 0. We deal with this by proving the following
lemma.

Lemma F.3. Consider a function f : R™ — R™ such that £(0) = 0 and f is
differentiable at O with Df(0) = I. Suppose that U is an open set containing
0 and g : U — R™ is function such that g(0) =0, f(g(y)) =y forally € U
and g 1is continuous at 0. Then f is differentiable at 0 with Df(0) = I.

Proof. Observe that
f(h) = h + e(h)||h[],
where ||e(h)|| — 0 as ||h|| — 0. Thus, if k € U,
f(g(k)) = g(k) + e(g(k))[lgX)||
and so

k = g(k) + e(g(k))[g(k)[- (t)

Since g is continuous at 0, we know that ||e(g(k))| — 0 as ||k|| — 0. In
particular, we can find an open set V' C U with 0 € V such that

le(g))ll < 1/2

whenever k € V| and so, using (1),

k[l > lle(k)[| - [lg()ll/2 = [[gk)[l/2

forallk e V.
Using (1) again, we see that

g (k) — k|| < [e(g)lla(k)[] < 2[[e(gk))||[/k]

for all k € V. Thus, since, as already noted above, |le(g(k))|| — 0 as
k|| — 0, it follows that

g(k) =k +n(k)[k],
where ||[n(k)|| — 0 as ||k|| — 0. The result is proved. |

Combining this result with Lemma F.2 we obtain the following version of
Lemma 13.1.4
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Lemma F.4. Consider a function f : R™ — R™ such that £(0) = 0 and
there exists a 69 > 0 such that f is differentiable in the open ball B(0,dy). If
Df is continuous at 0 and Df(0) = I (the identity map), then we can find a
01 with 69 > 61 > 0 and a p > 0 such that there exists a unique continuous
function g : B(0, (1 —n)d) — B(0, p) with g(0) =0 and

flgly) =y *

for ally € B(0,(1—n)d). Moreover, g is differentiable at O with Dg(0) = I

We can now rejoin the path taken in Section 13.1 to obtain the inverse
function theorem (Theorem 13.1.13).



Appendix G

Completing ordered fields

In section 14.4 we constructed the reals from the rationals. However, our
arguments, up to and including the proof Lemma 14.4.9, made no use of
specific properties of the rationals. In fact, we can push our arguments a
little further and prove the general principle of convergence (Lemma 14.4.12)
without using specific properties of the rationals.

If we examine our proof of Lemma 14.4.12, we see that it makes use of
the sequence 6(j7') and the fact that 6(j') > 6(0) and 6(;~1) — 6(0). The
fact that 6(;7') — 60(0) is the axiom of Archimedes and required specific
properties of the rationals in its proof. To provide a proof of Lemma 14.4.12
independent of the properties of the rationals, all we need is a sequence
n(5)] > 6(0) with [n(j)] — 6(0) as j — oo. The situation is clarified by the
following observation.

Lemma G.1. Let (F, +, x, >) be an ordered field. Then at least one of
the two following statements is true.

(A) If z,, is a Cauchy sequence in F, then there exists an N such that
Tp=2apy foralln > N.

(B) We can find a sequence n,, in F with n, # 0 for all n but with n, — 0
asn — oo.

Proof. 1f (A) is false, we can find a Cauchy sequence x,, such that, given any
N we can find an M > N, with x); # zy. We can thus find n(1) < n(2) <
n(3) < ... such that z,(j41) # Tng). Setting 1; = |Ty(j+1) — Tn(j)|, We obtain
a sequence with the properties required by (B). |

Exercise G.2. (i) Explain why any (F, +, X, >) satisfying alternative (A)
in Lemma G.1 automatically satisfies the general principle of convergence.

(i1) Show that we can replace the words ‘at least one’ by ‘exactly one’ in
the statement of Lemma G.1.
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Proof of Lemma 14.4.12 without using the axiom of Archimedes. If alterna-
tive (A) of Lemma G.1 applies, the result is automatic. If not, then alter-
native (B) applies and we can find [7(j)] € R such that [n(j)] > 6(0) and
m(5)] — 6(0) as j — oo. By Lemma 14.4.9, it follows that we can find an
x; € Q such that

()] + ()] > 0(z;) > [y(7)].

From now on the proof follows the same path as our original proof. More
specifically, we first show that z; is Cauchy in Q and then that [y(j)] —
[x]. [ |

Exercise G.3. Fill in the details of the proof just given.

Taken together, the parts of the construction of R which only used the
fact that Q is an ordered field yield a more general construction.

Lemma G.4. Given any ordered field (F, +, X, >) we can find an ordered
field (H, +, x, >) and an injective map 0 : F — H which preserves addition,
multiplication and order with the following properties.

(i) The general principle of convergence holds for H.

(i1) If a, b € H and b > a, we can find an x € F with b > 0(z) > a.

In Exercise 1.5.11 we constructed an object whose properties we restate
in the next lemma.

Lemma G.5. There ezists an ordered field (F, 4+, x, >) and and an injec-
tive map ¢ : Q — F which preserves addition, multiplication and order such
that there exists ann € F with n > 0 and ¢(1/n) > n for alln > 1 [n € Z).

Applying Lemma G.4 to the field of Lemma G.5, we obtain the following
result.

Lemma G.6. There exists an ordered field (H, +, x, >) obeying the gen-
eral principle of convergence and an injective map v : Q — H which preserves
addition, multiplication and order such that there exists an n € F with n > 0
and ¥(1/n) >n for alln > 1 [n € Z|.

Thus we cannot deduce the axiom of Archimedes from the general prin-
ciple of convergence and so we cannot deduce the fundamental axiom of
analysis from the general principle of convergence.

The reader may ask whether there actually exist ordered fields satisfy-
ing alternative (A) of Lemma G.1. She may also remark that, since any
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convergent sequence is a Cauchy sequence, it follows that the only conver-
gent, sequences for such a field are constant from some point on. Since the
treatment of analysis in this book is based on sequences, she may therefore
enquire if it is possible to do analysis on a space where there are no inter-
esting convergent sequences. The answers to her questions are that there do
exist ordered fields satisfying alternative (A) and that it is possible to do
analysis without using sequences. Analysis without sequences and without
metrics is the subject of general topology. But that, as they say, is another
story.






Appendix H

Constructive analysis

The purpose of this appendix is to try and give the reader a vague idea of how
a radical reconstruction of analysis might work. It is based on the version
proposed by Bishop. (A follower of Bishop might well call it a caricature. If
so, it is not intended as a hostile caricature.)

In classical analysis we often talk about objects that we cannot program
a computer to find. In our new analysis the objects that we consider must
have a ‘meaning as a calculation’. The old notion of a real number x has no
such meaning and is replaced by the following version. A real number x is
a computer program, which, given a positive integer n, produces a rational
number x,, subject to the consistency condition, that if we consider the effect
of trying our computer program on two integers n and m we have

|ty — 2| < 107"+ 107™. *

An unreconstructed classical analyst or unsophisticated computer scientist
would say that ‘given a positive integer n’ our program provides a rational
x, correct to within 107" of the true answer’” but to the radical analyst there
is no such object as the ‘true answer’!.

Here are some examples.

(a) If p is a rational number, we define define p* = x by z,, = p.

(b) We define e by e, = Z;ﬁgo 1/40.
Exercise H.1. Verify that 1* and e satisfy the consistency condition % .

We can add two real numbers as follows. Given the programs for x and
y, we construct a program for x + y as follows. Given a positive number n,

LOf course we can imagine the true answer but we can also imagine unicorns. Or we
can say that the true answer exists but is unknowable, in which case we might be better
off doing theology rather than mathematics.

415
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we use the old programs to give us x, 2 and y,2. We set 2, = T2 + Ynao
and write z =x +y.

Exercise H.2. Verify that x +y satisfies the consistency condition .

Multiplication is slightly more complicated. Given the programs for x
and y, we construct a program for x x y as follows. Given a positive number
n, we first use the old programs to give us zy and yy. We find the smallest
positive integers m; and mgy such that 10™ > |zo| and 10™* > |y,| and take
N =my +my+n+ 8 We now set w, =y X yy and write w = x X y.

Exercise H.3. Verify that x X y satisfies the consistency condition .

We say that x =y if we can prove, by looking at the programs involved,
that |z, — y,| <2 x 107" for all n. We say that x # y if we can find an N
such that |z —yn| > 2 x 107V,

Exercise H.4. (i) Show that 1* 4+ 1* = 2*.

(11) Show that if x andy are real numbers, then x +y =y + X.

(111) We define € by el = Z?:g 1/4!. Show that € is a real number and
e =e.

(1v) Show that e X e # e.

Notice that, given two real numbers, the radical analyst will say that
there are three possibilities

(a) x =y,

(b) x #,

(c) neither (a) nor (b) is true.
Notice that for a radical analyst the nature of equality changes with time
since new knowledge may enable us to move a pair of real numbers from
class (¢) to one of class (a) or class (b). The conservative analyst, in contrast,
believes that, given real numbers = and y, it is true that x = y or x # y
even though it may be true that nobody will ever know which?. In general the
radical analyst replaces the dichotomy

true/false
of the conservative analyst by the much more careful trichotomy

proved true/proved false/not proved true or false.

2Compare someone who believes that he is being spied on by invisible aliens using
undetectable rays.
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The physicist who feels that this is too cautious might care to ask the opinion
of Schrodinger’s cat.

It is, I hope, clear what we should consider a function to be in our new
analysis. A function f : R — R is a program such that, when we give it a
real x as a callable sub-routine, we obtain a real number f(x).

Thus, for example we can define a function m corresponding to the classi-
cal ‘modulus’ function m with m(x) = |z| as follows. Given x and n compute
Tpaa. Set z, = |T,12|. We take m(x) = z.

Exercise H.5. Define a function exp corresponding to the classical exp. [It
would be a good idea for your program to look first at xy ‘to gain some idea

of the size of x.]

Suppose now that a conservative analyst, anxious to be helpful, tries to
define a function H corresponding to the classical Heaviside function H :
R — R given by H(z) = 0 for x < 0, H(z) = 1 for x > 0. We need a
program such that, when we give it a real x as a callable sub-routine, we
obtain a real number z = H(x). Suppose we ask our program for the value
of zo. Our program cannot ask for the value of x,, for all n, so it must ask for
some subset of xg, x1, ... , xxy where N may depend on xq, x1, ...,z but M
itself must be fixed (otherwise the program might not terminate). Suppose
xg=x1 = -+ =axn = 0. We know that H(x) = 0* or H(x) = 1%, so, by
the definition of equality, either zo > 3/4 and H(x) = 1* or 2 < 1/4 and
H(x) = 0*. But the next term in our sequence might be xy; = —10~"+1 /2
(in which case H(x) = 0% and 2z, < 1/4 ) or zyy; = 100+ /2 (in which
case H(x) = 1* and 25 > 3/4) so our program does not produce the required
answer>.

The reader will now remember that our basic counterexample, given in
Example 1.1.3, to which we returned over and over again, depended on being
able to construct functions of Heaviside type. Someone who believes that
mathematical intuition comes only from the physical world might rush to
the conclusion that every function in our new analysis must satisfy the inter-
mediate value theorem. However the surest source of intuition for our new
analysis is the world of computing (or, more specifically, numerical analysis)

3The classical analyst now tells the radical analyst that all functions in the new analysis
must be continuous. (This is what the present author, a typical sloppy conservative
analyst, said on page 375.) However, the classical analyst’s proof (which is a development
of the argument just given) depends on classical analysis! The radical analyst’s views
on such a ‘proof’” are those of an anti-smoking campaigner on a statement by a tobacco
company executive. In some radical reconstructions of analysis it is possible to prove that
all functions are continuous, in others (such as the one given here) there is, at present, no
proof that all functions are continuous and no example of a function which is not.
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and anyone who has done numerical analysis knows that there is no universal
‘zero-finding’ program.

What would be the statement of the intermediate value theorem in our
new analysis? Surely, it would run something like this. We have a program
P which, when given a function f with £f(0*) = 1* and f(1*) = —1* as a
callable subroutine and a positive integer n, produces a rational number z,
with 0 < z, <1 such that

(i) the sequence z, satisfies our consistency condition % and

(ii) f(z) = 0*.

Exercise H.6. (i) Let p and q be rational numbers. Show that our new
analysis contains functions £, , corresponding to the classical function f,,
which is the simplest continuous piecewise linear function with f,,(t) =1 for
t <0, f,,(1/3) =p, [,42/3) =q and f,,(t) = =1 fort > 1.

(i1) Sketch f,, when p and q are very small (note that p and q¢ may be
positive or negative). Ezplain why your favourite root finding program will
have problems with this function.

(111) Using the same kind of argument as we used to show the non-
existence of H, convince yourself that a program P of the type described
in the paragraph before this exercise does not exist.

Of course, just as numerical analysis contains zero finding algorithms
which will work on functions satisfying reasonable conditions, so our new
analysis contains versions of the intermediate value theorem which will work
on functions satisfying reasonable conditions. The radical analyst has no
difficulty in proving that

exp(x) =y

has one and only one solution (for y # 0*).

When English students first learn that nouns in other languages have
gender they burst into incredulous laughter and few English people entirely
lose the view that the French speak French in public and English in private.
Because I have tried to explain a version of radical analysis in terms of conser-
vative analysis, it looks as though radical analysis is simply a curious version
of conservative analysis*. However someone trained in the radical tradition
would see conservative analysis as a curious offshoot of radical analysis in

4One problem faced by anyone trying to reconstruct analysis is given in the traditional
reply of the book burner. ‘If these writings of the Greeks agree with the book of God,
they are useless and need not be preserved: if they disagree they are pernicious and ought
to be destroyed.” (See Gibbon’s Decline and Fall Chapter LI and note the accompanying
commentary.)
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which distorted versions of known objects obeyed twisted versions of familiar
theorems. There is no primal language, or world view, or real line, but there
are many languages, world views and real lines each of which can be under-
stood to a large extent in terms of another but can only be fully understood
on its own terms.

Bishop called his version of radical analysis ‘Constructive Analysis’ and
the reader will find an excellent account of it in the first few chapters of [7].
The first serious attempt to found a radical analysis was due to Brouwer who
called it ‘Intuitionism’.






Appendix 1

Miscellany

This appendix consists of short notes on various topics which I feel should
be mentioned but which did not fit well into the narrative structure of this
book.

Compactness When mathematicians generalised analysis from the study of
metric spaces to the study of more general ‘topological spaces’, they needed a
concept to replace the Bolzano-Weierstrass property discussed in this book.
After some experiment, they settled on a property called ‘compactness’.

It can be shown that a metric space has the property of compactness
(more briefly, a metric space is compact) when considered as a topologi-
cal space if and only if it has the Bolzano-Weierstrass property. (See Ex-
ercises K.196 and K.197 if you would like to know more.) We showed in
Theorem 4.2.2 that a subset of R with the standard metric has the Bolzano-
Weierstrass property if and only if it is closed and bounded.

Thus, if you read of a ‘compact subset E of R™, you may translate
this as ‘a closed and bounded subset of R™ and, if you read of a ‘com-
pact metric space’, you may translate this as ‘a metric space having the
Bolzano-Weierstrass property’. However, you must remember that a closed
bounded metric space need not have the Bolzano-Weierstrass property (see
Exercise 11.2.4) and that, for topological spaces, the Bolzano-Weierstrass
property is not equivalent to compactness.

Abuse of language The language of mathematics is a product of history as
well as logic and sometimes the forces of history are stronger than those of
logic. Logically, we need to talk about the value sinx that the function sin
takes at the point x, but, traditionally, mathematicians have talked about the
function ‘sinz’. To avoid this problem mathematicians tend to use phrases
like ‘the function f : R — R given by f(x) = 2* or ‘the map z — 2?’. In

421



422 A COMPANION TO ANALYSIS

Section 13.3, when we wish to talk about the map x — L(A,x) = t(x)—Af(x)
we write ‘L(\, ) =t — Af’. (Many mathematicians dislike leaving a blank
space in a formula and use a place holder ‘-’ instead. They write ‘L(\, ) =
t) = Af())

To a 19th century mathematician and to most of my readers this may
appear unnecessary but the advantage of the extra care appears when we need
to talk about the map x — 1. However, from time to time, mathematicians
revert to their traditional habits.

Bourbaki calls such reversions ‘abuses of language without which any
mathematical text runs the risk of pedantry, not to say unreadability.’

Perhaps the most blatant abuse of language in this book concerns se-
quences. Just as f(x) is not a function f, but the value of f at z, so a, is
not the sequence

a1, a2, Az, a4 ...,

but the nth term in such a sequence. Wherever I refer to ‘the sequence
a,’, 1 should have used some phrase like ‘the sequence (a,)32,’. Perhaps
future generations will write like this, but it seemed to me that the present

generation would simply find it distracting.

Non-uniform notation When Klein gave his lectures on Elementary Mathe-
matics from An Advanced Standpoint [28] he complained

There are a great many symbols used for each of the vector op-
erations and, so far, it has proved impossible to produce a gener-
ally accepted notation. A commission was set up for this purpose
at a scientific meeting at Kassel (1903). However, its members
were not even able to come to a complete agreement among them-
selves. None the less, since their intentions were good, each mem-
ber was willing to meet the others part way and the result was to
bring three new notations into existence!! My experience in such
things inclines me to the belief that real agreement is only possi-
ble if there are powerful economic interests behind such a move.
... But there are no such interests involved in vector calculus and
so we must agree, for better or worse, to let every mathematician
cling to the notation which he finds most convenient or — if he is
dogmatically inclined — the only correct one.

In later editions Klein recorded the failure of similar committees set up at the Rome
International Mathematical Congress (1908).
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Most mathematics students believe that there should be a unique notation
for each mathematical concept. This is not entirely reasonable. Consider the
derivative of a function f : R — R. If I am interested in the slope of the

curve y = f(x) it is natural to use the suggestive Leibniz notation d_y If I
x

am interested in the function which is the derivative of f it is is more natural
to consider f’, and if I am interested in the operation of differentiation rather
than the functions it operates on I may well write D f. Different branches of
mathematics may have genuine reasons for preferring different notations for
the same thing.

Even if she disagrees, the student must accept that different notations
exist and there is nothing that she can do about it. A quick visit to the
library reveals the following notations for the same thing (here f : R — R
is a well behaved function) :-

3

%, TT2) f;’;w Dyw-f, fr113, fi13, {/1,3, Dusf, Daonyf, D(Q’O’l)f
and several others.

Here are three obvious pieces of advice.

(1) If you are writing a piece of mathematics and several notations exist
you must make it clear to the reader which one you are using.

(2) If you are reading a piece of mathematics which uses an unfamiliar
notation try to go along with it rather than translating it back into your
favourite notation. The advantage of a familiar notation is that it carries you
along without too much thought, the advantage of an unfamiliar notation is
that it makes you think again — and, who knows, the new notation might
turn out to better than the old.

(3) Do not invent a new notation when a reasonably satisfactory one
already exists.

Left and right derivatives In many ways, the natural subsets of R™ to do
analysis on are the open sets U, since, given a function f : U — R" and a
point x € U we can then examine the behaviour of f ‘in all directions round
x’, on a ball

B(x,e) ={y : lly — x| < e},

for some, sufficiently small, € > 0.

However, as we saw in Theorem 4.3.1 and Theorem 4.5.5, continuous
functions behave particularly well on closed bounded sets. This creates a
certain tension, as the next exercise illustrates.
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Exercise 1.1. (i) Show that the map R™ — R given by x — ||x|| is contin-
uous.

(11) If E is a closed bounded set, show that there exists an ey € E such
that ||eo]| > ||x]|| for allx € E. Give an example to show that ey need not be
UNLQUE.

(111) Show that the only subset of R™ which is both open and closed and
bounded is the empty set.

This tension is often resolved by considering functions defined on an open
set U, but working on closed bounded subsets of U. In the special case, when
we work in one dimension and deal with intervals, we can use a different trick.

Definition 1.2. Let b > a and consider f : [a,b] — R. We say that f has
right derivative f'(a+) at a if

fla+h) - f(a)
h

— f'(a+)
as h — 0 through values h > 0.

Exercise 1.3. Define the left derivative f'(b—), if it exists.

When mathematicians write that f is differentiable on [a, b] with deriva-
tive f’ they are using the following convention.

Definition I1.4. If f : [a,b] — R is differentiable at each point of (a,b) and
has right derivative f'(a+) at a and left derivative f'(b—) at b, we say that
[ is differentiable on [a,b] and write f'(a) = f'(a+), f'(b) = f'(b—).

Observe that this is not radically different from our other suggested ap-
proach.

Lemma L.5. If f : [a,b] — R is differentiable on [a,b] we can find an every-
where differentiable function f: R — R with f(t) = f(t) fort € [a,b].

Proof. Set
f(t)Zf(a)+f'(a)(t—a) for t < a,
Ft) = f(t) fora <t<b,
f(#)

It is easy to check that f has the required properties. |

F()+ f(b)(t—0b) for b < t.

Exercise 1.6. If f : [a,b] — R is differentiable on [a,b] with continuous
derivative, show that we can find an everywhere differentiable function f :
R — R with continuous derivative such that f(t) = f(t) fort € |a,b.
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If f:[a,b] — R is differentiable on [a,b] and f’ : [a,b] — R is differen-
tiable on [a, b, it is natural to say that f is twice differentiable on [a, b] with
derivative f” = (f'), and so on.

Exercise 1.7. If f : [a,b] — R is twice differentiable on [a, b] with continuous
second deriwative, show that we can find an everywhere twice differentiable
function f : R — R with continuous second derivative such that f(t) = f(t)
fort € [a,b]. Generalise this result.

Piecewise definitions Occasionally mathematicians define functions as piece-
wise continuous, piecewise continuously differentiable and so on. The under-
lying idea is that the graph of the function is made up of a finite number of
well behaved pieces.

Definition I.8. A function f : [a,b] — R is piecewise continuous if we can

find
a=xg<r1<--<x,=0b

and continuous functions g; : [v;—1,x;] — R such that f(z) = gj(x) for all
x € (zj_1,2;) and all1 < j <n

Definition 1.9. A function f : [a,b] — R is piecewise linear (respectively
differentiable, continuously differentiable, infinitely differentiable etc.) if it
s continuous and we can find

a=Tp <11 <---<x,=0>

such that fli,_, 2, [2j-1,2;] — R is linear (respectively differentiable, con-
tinuously differentiable, infinitely differentiable etc.) for all 1 < j < n.

Notice that Definition 1.8 does not follow the pattern of Definition 1.9.

Exercise 1.10. (i) Show by means of an example that a piecewise continuous
function need not be continuous.
(i1) Show that a piecewise continuous function is bounded.

Exercise 1.11. (This is a commentary on Theorem 8.5.1.) (i) Show that
any piecewise continuous function f : [a,b] — R is Riemann integrable.

(i1) Show that, if f : [a,b] — R is continuous on (a,b) and bounded on
[a,b], then f is Riemann integrable.

The definitions just considered are clearly rather ad hoc. Numerical ana-
lysts use a more subtle approach via the notion of a spline (see, for example
Chapters 18 and onwards in [42]).






Appendix J

Executive summary

The summary is mainly intended for experts but may be useful for revision.
It may also be more useful than the index if you want to track down a
particular idea. Material indicated (¥ ... Q) or (QQ ... QQ) is not central
to the main argument. Material indicated | ... ] is in appendices or exercises;
this material is either not central to the main argument or is such that most
students will have met it in other courses.

Introduction to the real number system

Need for rigorous treatment of analysis (p. 1). Limits in R, subsequences,
sums and products (p. 3). Continuity of functions from R to R (p. 7). The
real numbers R form an ordered field obeying the fundamental axiom that
every increasing bounded sequence converges (p. 9). Axiom of Archimedes
(p. 10). [Decimal expansion (Exercise 1.5.12, p. 13).] The intermediate value
theorem, proof by lion hunting (p. 14). [Countability (Appendix B, p. 383).
The real numbers are uncountable (Exercise 1.6.7, p. 17). Cantor’s proof of
the existence of transcendentals (Exercise B.7, p. 385). Explicit construction
of a transcendental number (Exercise K.12, p. 435).] Differentiation and the
mean value inequality (one dimensional case) (p. 18). Intermediate value
theorem equivalent to fundamental axiom (p. 22). (OQFurther informal
discussion of the status of the fundamental axiom (p. 25).QQ)

Equivalents of the fundamental axiom

Supremum, existence for bounded non-empty sets equivalent to fundamental
axiom, use as proof technique (p. 31). Theorem of Bolzano-Weierstrass,
equivalent to fundamental axiom, use as proof technique (p. 37).

Higher dimensions
R™ as an inner product space, Cauchy-Schwarz and the Euclidean norm
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(p. 43). Limits in R™ (p. 46). Theorem of Bolzano-Weierstrass in R™ (p. 47).
Open and closed sets (p. 48). Theorem of Bolzano-Weierstrass in the context
of closed bounded subsets of R™ (p. 49). Continuity for many dimensional
spaces (p. 53). The image of a continuous function on a closed bounded
subset of R™ is closed and bounded, a real-valued continuous function on a
closed bounded subset of R™ is bounded and attains its bounds (p. 57). [The
intersection of nested, non-empty, closed, bounded sets is non-empty (Exer-
cise 4.3.8, p. 59).] Rolle’s theorem and the one dimensional mean value theo-
rem (p. 60). Uniform continuity, a continuous function on a closed bounded
subset of R™ is uniformly continuous (p. 64).

Sums

(This material is treated in R™.) General principle of convergence (p. 66).
Absolute convergence implies convergence for sums (p. 69). Comparison test
(p. 70). Complex power series and the radius of convergence (p. 71). (QRatio
test and Cauchy’s condensation test (p. 70). Conditional convergence, al-
ternating series test, Abel’s test, rearrangement of conditionally convergent
series (p. 78). Informal discussion of the problem of interchanging limits
(p. 81). Dominated convergence theorem for sums, rearrangement of abso-
lutely convergent series, Fubini’s theorem for sums (p. 84). The exponential
function mainly for R but with mention of C, multiplication of power series.
(p. 91). The trigonometric functions, notion of angle (p. 98). The logarithm
on (0, 00), problems in trying to define a complex logarithm (p. 102). Powers
(p. 109). Fundamental theorem of algebra (p. 113).Q)

Differentiation from R" to R™

Advantages of geometric approach, definition of derivative as a linear map,
Jacobian matrix (p. 121). Operator norm, chain rule and other elementary
properties of the derivative (p. 127). Mean value inequality (p. 136). Simple
local and global Taylor theorems in one dimensions, Cauchy’s example of
a function with no non-trivial Taylor expansion, Taylor theorems depend
on the fundamental axiom (p. 141). Continuous partial derivatives imply
differentiability, symmetry of continuous second order derivatives, informal
treatment of higher order local Taylor theorems, informal treatment of higher
order derivatives as symmetric multilinear maps (p. 146). Discussion, partly
informal, of critical points, hill and dale theorem (p. 154).

Riemann integration

Need for precise definition of integral and area, Vitali’s example (p. 169).
Definition of the Riemann integral via upper and lower sums, elementary
properties, integrability of monotonic functions (p. 172). Integrability of
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continuous functions, fundamental theorem of the calculus, Taylor’s theorem
with integral form of remainder (p. 182). (O Differentiation under the inte-
gral for finite range, Euler-Lagrange equation in calculus of variations, use
and limitations, Weierstrass type example (p. 190).Q) Brief discussion of the
Riemann integral of R™-valued functions, || [ f|| < [||f] (p. 202).

(© Class of Riemann integrable functions not closed under pointwise
convergence (p. 205). Informal discussion of improper Riemann integration
(p. 207). Informal and elementary discussion of multiple integrals (no change
of variable formula), Fubini for continuous functions on a rectangle (p. 212),
Riemann-Stieltjes integration (p. 217). Rectifiable curves and line integrals,
Schwarz’s example showing the problems that arise for surfaces (p. 224).Q)

Metric spaces

(Q Usefulness of generalising notion of distance illustrated by Shannon’s
theorem on the existence of good codes (p. 233).Q) Metric spaces, norms,
limits, continuity, open sets (p. 241). All norms on a finite-dimensional
space are Lipschitz equivalent (p. 246). Continuity of functions between
normed spaces (p. 251). (© Informal discussion of geodesics illustrated by
the Poincaré metric on the upper half plane (p. 254).Q)

Complete metric spaces

Definition of completeness, examples of complete and incomplete metric
spaces including among incomplete ones the L' norm on C([a,b]) (p. 263).
Completeness and total boundedness, equivalence of the conjunction of these
properties with the Bolzano-Weierstrass property (p. 272).

Uniform metric is complete, restatement of result in classical terms (uni-
form limit of continuous functions is continuous, general principle of uni-
form convergence) (p. 275). Uniform convergence, integration and differenti-
ation, restatement for infinite sums, differentiation under an infinite integral
(p. 282). Local uniform convergence of power series, power series differen-
tiable term by term, rigorous justification of power series solution of differen-
tial equations (p. 288). (O An absolutely convergent Fourier series converges
to the appropriate function (p. 298).Q)

Contraction mapping theorem

Banach’s contraction mapping theorem (p. 303). Existence of solutions of
differential equations by Picard’s method (p. 305). (© Informal discussion
of existence and non-existence of global solutions of differential equations
(p. 310). Green’s function solutions for second order linear differential equa-
tions (p. 318).Q)

The inverse function theorem (p. 329). (© The implicit function theorem



430 A COMPANION TO ANALYSIS

(p. 339). Lagrange multipliers and Lagrangian necessary condition (p. 347).
Lagrangian sufficient condition, problems in applying Lagrange multiplier
methods (p. 353).Q)

Completion of metric spaces

Density, completion of metric space, inheritance of appropriate structures
such as inner product (p. 355). Proof of existence of completion (p. 362).
(© Informal discussion of construction of Z from N, Q from Z, C from R
(p. 364). Construction of R from Q (p. 369).Q) (V0 Rapid, optimistic and
informal discussion of foundational issues (p. 375).QQ)



Appendix K

Exercises

At an elementary level, textbooks consist of a little explanation (usually sup-
plemented by a teacher) and a large number of exercises of a routine nature.
At a higher level the number of of exercises decreases and the exercises be-
come harder and more variable in difficulty. At the highest level there may be
no exercises at all. We may say that such books consist of a single exercise:-
read and understand the contents. Because I would be happy if students
treated my text in this manner I have chosen to put most of the exercises in
an appendix.

I suspect that readers will gain most by tackling those problems which
interest them. To help them make a choice, I have labeled them in the
following manner [2.1, P]. The number 2.1 tells you that Section 2.1 may
be relevant, and the letters have the meanings given below. Like many similar
labeling systems it is not entirely satisfactory.

TFollows on from the preceding question.

T1Follows on from an earlier question.

S Rather shorter or easier than the general run of questions.

M Methods type question. Forget theoretical niceties and concentrate on
getting an answer.

M! Just try and get an answer by fair means or foul.

T This question leads you through a standard piece of theory.

T! This question leads you through a standard piece of theory but in a
non-standard way.

P Problem type question.

G Uses general background rather than material in this book.

H The result of this exercise is not standard.

H! The result of this exercise is highly non-standard. Only do this exercise
if you are really interested.
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Figure K.1: Apostol’s construction.

Exercise K.1. (irrationality of \/2.) [1.1, G, T] The reader presumably
knows the classic proof that the equation n? = 2m? has no non-zero integer

solutions (in other words, 2 = 2 has no solution in Q). Here are two others.
(i) Show that, if n* = 2m?, then

(2m —n)? = 2(n —m)>.

Deduce that, if n and m are strictly positive integers with n? = 2m?2, we
can find strictly positive integers n’ and m’ with n/> = 2m/? and n’ < n.
Conclude that the equation n? = 2m? has no non-zero integer solutions.

(ii) Our second argument requires more thought but is also more powerful.
We use it to show that, if NV is a positive integer which is not a perfect square,
then the equation z? = N has no rational solution.

To this end we suppose that z is a positive rational with 22 = N. Explain
why we can find a least positive integer m such that mx is an integer and
why we can find an integer k with &+ 1 > x > k. Set m’ = max — mk and
show that m’ is an integer, that m’z is an integer and that m > m’ > 1. The
required result follows by contradiction. (This argument and its extensions
are discussed in [3].)

(iii) Apostol gave the following beautiful geometric version of the argu-
ment of part (i) (see Figure K.1). It will appeal to all fans of Euclidean
geometry and can be ignored by everybody else.

Suppose that n and m are strictly positive integers with n? = 2m?, Draw
a triangle ABC' with AB and BC' of length m units and C'A of length n
units. Explain why ABC' is a right angled triangle. Let the circle I" with
centre A passing through B cut AC at D and let the tangent to I' at D cut
BC at E. Show that AE, ED and DC' all have the same length. Deduce
that EC'D is a right angled triangle with sides £ D and DC' of integer length
m/ units and side C'E of integer length n’ units. Show that n? = 2m/? and
n > n' > 1. Conclude that the equation n? = 2m? has no non-zero integer
solutions.
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Exercise K.2. [1.2, P] If d, > 1 for all n and d,, + d,;* tends to a limit as
n — oo, show that d,, tends to a limit.

Show, by giving an example, that the result is false if we replace the
condition d,, > 1 by d,, > k for some fixed k£ with 0 < k& < 1.

Can you find a result similar to that of the first paragraph involving

d, € C?
Exercise K.3. [1.4, P] Prove that, if

an + b, 2a,b,
a; > by >0 and ap1 = g 1=

then a,, > ani1 > b1 > b,. Prove that, as n — oo, a,, and b, both tend to
the limit \/(a1by).

Use this result to give an example of an increasing sequence of rational
numbers tending to a limit [ which is not rational.

Exercise K.4. [1.3, P] Let f, g : R — R be functions such that the com-
position g o f is continuous at x.

(i) Show, by means of examples, that the continuity of f at x is neither
a necessary nor a sufficient condition for the continuity of g at f(x).

(i) Show, by means of examples, that the continuity of g at f(z) is neither
a necessary nor a sufficient condition for the continuity of f at x.

Exercise K.5. [1.3, P] The function f : [0,1] — [0, 1] is defined by

1 —x if x is rational,
flz) = {

T if z is irrational

Consider the following statements, prove those which are true and demon-
strate the falsity of the remainder.

(i) f(f(x)) = for all z € [0,1].
(ii) f(x)+ f(1—z) =1 for all z € [0, 1].
(iii) f is bijective.
(iv) f is everywhere discontinuous in [0, 1].

(v) flx +y) — f(x) — f(y) is rational for all z, y € [0,1] such that
r+y € [0,1].

Exercise K.6. [1.3, P] Enumerate the rationals in [0, 1] as a sequence ¢y,
q2, ... and let H be the usual Heaviside function (so H(t) = 0 for ¢t < 0,
H(t) =1 for t > 0). Show that the equation

fle)=> 27"H(z - )
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gives a well defined function f : [0,1] — R which is discontinuous at rational
points and continuous at irrational points.

Exercise K.7. [1.4, P] A bounded sequence of real numbers a,, satisfies
the condition

a, Ap—1 + Qpy1
- 2
for all n > 1. By showing that the sequence a,.; — a, is decreasing, or
otherwise, show that the sequence a,, converges.
What, if anything, can we deduce if the sequence can be unbounded?
What, if anything, can we deduce if the sequence a,, is bounded but we have

the reverse inequality

a, > Ap—1 + Ap+1
- 2

for all n > 17 Prove your answers.

Exercise K.8. [1.4, P] The function f : (0,1) — R is continuous on the
open interval (0,1) and satisfies 0 < f(z) < x. The sequence of functions

fn:(0,1) — R is defined by
file) = f(@), falx) = f(far(x)) forn>2.

Prove that f,(z) — 0 as n — oo for all x € (0, 1).

Show, by means of a counterexample, that the result need not be true if
f is not continuous everywhere in (0, 1).

Enter any number on your calculator. Press the sine button repeatedly.
What appears to happen? Prove your conjecture.

Exercise K.9. [1.4, T] (i) If 6 > 0, use the binomial theorem to show that

(1+6)" > (2)52.

Deduce that n=*(1 4+ §)" — oo as n — oo. Show that, if |z| < 1, then
nx" — 0 as n — oo.

(ii) Show, more generally, that, if § > 0, and k is any integer, n=*(1 +
§)" — oo as n — oo. Show that, if |z| < 1, then n*2™ — 0 as n — oo.

Exercise K.10. [1.4, P] Let x4, x9, ... be a sequence of positive real num-
bers and suppose that

Ti+Tp+ -+ Ty
n

— 1
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asn — 00. Choose m(n)sothat 1 < m(n) < nand p, ) = max(xy, Ta,. .., Ty).
Show that z,,/n — 0 and @) /n — 0 as n — oo.
By comparing z¢& with xrxfn’(i), or otherwise, show that

na

xf{‘—l—xg“l—---—l-xﬁ_) 0 ita>1,
oo if0<a<l,

as n — Q.

Exercise K.11. [1.5, P] Which of the following statements are true and
which are false? Give a proof or counterexample.

(i) The sum of a rational number and an irrational number is irrational.

(ii) The product of a rational number and an irrational number is irra-
tional.

(iii) If # is a real number and € > 0, we can find an irrational number y
with |z —y| < e.

(iv) If each =, is irrational and z, — x, then x is irrational.

(v) If z and y are irrational then a2V is irrational.
[Hint. This is an old chestnut. Consider a = 2'/2 and observe that (a?)® = 2.]

Exercise K.12. (Liouville’s theorem.) [1.5, T| A real number x is called
algebraic if

n
E a,x" =0
r=0

for some a, € Z [0 <r <mnj, a, # 0 and n > 1, (in other words, z is a root
of a non-trivial polynomial with integer coefficients). Liouville proved that
not all real numbers are algebraic. Here is a version of his proof.

(i) If = and y are real and n is a strictly positive integer, show, by ex-
tracting the factor x — y from x™ — y", that

n

2" — y"| < n(max(|z|, [y|)" |z — yl.

(ii) If P is a polynomial and R > 0 show, using (i), that there exists a K,
depending on P and R, such that

|P(z) — P(y)| < K|z —y|

whenever |z, ly| < R.
(iii) Suppose that

P(t) = Zn:art" =0
r=0
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for some a, € Z [0 < r < n|, a, # 0 and n > 1. Show that N"P(M/N)
is an integer whenever M is an integer and N is a strictly positive integer.
Conclude that, if M and N are as stated, either P(M/N) = 0or |[P(M/N)| >
N,

(iv) Let P, R, K, M and N be as in parts (ii) and (iii). Suppose that 7
is a real number with P(n) = 0. If n and M/N lie in the interval [—R, R},
show that

N~ < K|np— M/N|.

(v) Use (iv) to prove that, if n is an algebraic number which is not a
rational number, then we can find n and L (depending on 7) such that

n—M/N| > LN""

whenever M is an integer and N is a strictly positive integer.
(vi) Explain why > 77 107" converges. Let us write A = Y 72 107",
Show that

J
A=) 107M <2 x 107D
k=1

By considering N = 107" and M = 3_7_ 107""* or otherwise, show that (a)
A is irrational and (b) A is not an algebraic number.

Note that we have shown that X\ is too well approrimable by rationals
to be an algebraic number. We discuss approximation problems again in
Exercises K.13 and K.14.

(vii) In the first part of the question I deliberately avoided using the
mean value inequality (Theorem 1.7). Prove (ii) directly, using the mean
value inequality.

(viii) Show that no real number of the form

i me10~"
k=1

with my, taking the value 1 or 2 can be algebraic. If you know enough about
countability, show that the collection of numbers of the form just given is
uncountable.

Exercise K.13. (Continued fractions.) [1.5, T] In this exercise we take
a first glance at continued fractions.
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Consider the following process. If x = z¢ € [0, 1), either g = 0 and we

stop or we set
rn = |—
Lo

(that is, r is the integer part of 1/xo). We set
1

Ty = ——T,
Zo

so that z; is the fractional part of 1/xy and z; € [0,1). We now repeat the
process so that (unless the process terminates) we have z,, € [0,1),

{1
Tyl = | —
T

n

1

:| y Tpyl = —— — T4
Ln

Show that, if the process terminates, x must be rational.

For the rest of the question we shall consider the case in which the process
does not terminate unless we explicitly state otherwise. Show, by induction,
or otherwise that

r=(r +(ra+(rs+(rg+...(rn+ Tpp1 +20) D)7 )T THTH T %

This formula is usually written out as

1

ro+——
Tn+1l + Tt

but this works better in handwriting than in print so we shall use the compact
(but less suggestive) notation

x=1ry, o, T3, T4, «ooy Ty Tnil + Toai.
We are interested in what happens when we consider the ‘truncation’

Yn+1 = [7“1, T2, T3, T4y ..y Tn, Tn—&-l]-
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Write out the formula for y, in the style of %. Show by induction, using
the formula z, 1 = l,i — Tni1, OF otherwise, that

T = Dn+t1 + Pnni1
- I
dn+1 + ann—i-l

*

where

Prn+1 = Tn+1Pn + Pn-1, dn+1 = Tn+14n + Gn—1,

and po =0, ¢qo =1, p1 = 1, ¢ = r1. If you have met Euclid’s algorithm, you
should note that the recurrence equations for p, and ¢, are precisely those
which occur in that process. By considering the appropriate interpretation
of right hand side of equation %% when z,,; = 0, show that

_ P
n

Yn

forn > 1.
By using the recurrence equations for p, and g,, show that

Pn—14n — Pndn-1 = (_1)71
for all n > 1. Use this fact together with equation %% to show that

r— Pn+1 (=121

gn+1 QnJrl(QnJrl + ann+1)

for all n > 0. Hence show that = — p, /g, is alternately positive and negative
and that

1

Gn+19n

Kk

for all n > 1. By looking at the recurrence relations for ¢,, show that ¢, > n
and deduce that p, /g, — = as n — oo. It is thus natural to say that we have
expressed x as an infinite continued fraction

1

r+
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We know that the process of constructing successive x,, cannot terminate
if x is irrational, but we did not discuss the case x rational. Show that if r,
s, p, q are integers with s > r >0, ¢ > p > 0, then either r/s = p/q or

s g

> —.
qs

rp' 1

By considering equation ¥ %, conclude that, if = is rational, the process
of forming x,, will indeed terminate. It is easy to see (but I leave it up the
reader to decide whether to check the details) that we can then express any
rational = with 0 < x < 1 as a continued fraction

xr = [rla ro, T3, T4, ..., 701\7]

for appropriate r; and N.

In this question we have shown how to express any real number x with
0 < z < 1 as a continued fraction. (So any real number can be written in the
form m or m+y where m is an integer and y can be expressed as a continued
fraction.) We have not discussed whether a general continued fraction

3+ ————
3 S4+ ...

with s, a strictly positive integer, converges. (A fairly simple adaptation
of the argument above shows that it does. Of course, we need to use the
fundamental axiom of analysis at some point.)

Exercise K.14. [1.5, T, 1] In this exercise we continue the discussion of
Exercise K.13. We shall suppose, as before, that 0 < x < 1 and x is irra-
tional. One major advantage of continued fractions is that they give very
good rational approximations, as was shown in Y% %, which gave us the
estimate

1 1
<. (1)
Qn+1Qn Qn

DPn
xr — —

4n

<

Conclude that, if x is a real number, we can find integers p and ¢ with ¢ > 1
such that
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Since the larger ¢, is (for fixed n), the better the inequality (}), it is
natural to ask how small ¢, can be.

Use induction and the recurrence relation for ¢, obtained in Exercise K.13
to show that ¢(n) > F,, where

FnJrl:Fn—i_anl

and Fy =1, Fy = 1. By directly solving the recurrence relation, if you know
how, or by inductive verification, if you do not, show that

o 7_1n-i-1 _ T;L—&-l
n \/5 )
where 71 = (1++/5)/2 and » = (1 — /5)/2. Explain why, if n is sufficiently
large F), is the integer closest to 7! /./5.
It is interesting to look for an example of a ‘worst behaved’ continued
fraction. If ¢, = F,, then the associated recurrence relation tells us that

r, = 1 and suggests we look at

1+

1+...

Since we have not proved the convergence of this continued fraction, our
argument is now merely heuristic. Explain why

1
1+z

xr =

and deduce that, if 1 > = > 0, we must have z = (1/5 — 1)/2. Returning to
full rigour, show that, if x = (/5 — 1)/2, then the process of Exercise K.13
does, indeed, give

as required.
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Hardy and Wright’s delightful The Theory of Numbers [25] contains a dis-
cussion of the problem of approximating real numbers by rationals and shows
that (y/5 — 1)/2 and its relatives are indeed the ‘worst approximable’ num-
bers. (Chapter X of [25] deals with continued fractions and Chapter XI with
problems of approximation by rationals.) We discussed a related problem in
Exercise K.12.

Exercise K.15. (Lévy’s universal chord theorem.) [1.6, P] Suppose
f :]0,1] — R is continuous and f(0) = f(1). By considering the function
g :[0,1/2] — R defined by g(z) = f(z + 1) — f(x) show that there exist
a, b € [0,1] such that b—a = 5 and f(b) = f(a). Show, more generally, that
there exist o, (3, € [0,1] such that 8, —a,, = + and f(8,) = f(c,). (Thisis
Lévy’s universal chord theorem. For more discussion, including a proof that
you cannot replace % by a more general h, see [8], page 109.)

Show that we can find a,, b, € [0,1] such that a, < a,+1 < bpy1 < by,
b, —a, = 27" and f(b,) = f(an).

Now suppose that 6 > 0, that f is defined on the larger interval (—d, 1+9)
and f : (—0,140) — R is everywhere differentiable. Show that if f(0) = f(1),
then there exists a ¢ € [0, 1] such that f'(c) = 0. (A little extra thought gives
the full Rolle’s theorem (Theorem 4.4.4).)

Exercise K.16. [1.6, P] Suppose that f : [a,b] — R is increasing and
g : [a,b] — R is continuous. Show that, if f(a) > g(a) and f(b) < g(b), then
there exists a ¢ € [a, b] such that f(c) = g(c).

Is it necessarily true that, if f(a) < g(a) and f(b) > ¢g(b), then there
exists a ¢ € [a,b] such that f(c) = g(c). Is the result of the first paragraph
true if we replace ‘g continuous’ by ‘g decreasing’? Is the result of the first
paragraph true if we replace ‘f increasing’ by ‘f continuous’? Give proofs
or counterexamples as appropriate.

Exercise K.17. [3.1, P] Let ¢ € (a,b). Suppose f, : (a,b) — R is continu-
ous at ¢ for each n > 1.
Show that, if ¢ : (a,b) — R is given by

g(x) = max(fi(x), f2(x), ..., [n(2)),

then g is continuous at ¢, but show, by means of an example, that, even if
there exists a K such that | f,(z)| < K for all n and all x € (a,b), if we define
G : (a,b) — R by

G(x) = sup(f1(z), f(2), . .),

then G need not be continuous at c.
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Exercise K.18. [3.1, P] (This requires good command of the notion of
countability)

(i) Suppose that F is a bounded uncountable set of real numbers. Show
that there exist real numbers v and # with o < 3 such that both of the sets

{e€eE:e<~y}and{e€ F : e>~}

are uncountable if and only if & < v < 3.

(ii) State and prove the appropriate version of (ii) if we omit the condition
that £/ be bounded.

(iii) Give an example of a bounded infinite set E of real numbers such
that there does not exist a real v with both of the sets

{eeE:e<~v}and{e€ F :e>n~}

infinite.

Exercise K.19. [3.2, P] Consider a sequence of real numbers z,,. Which of
the following statements are always true and which are sometimes true and
sometimes false? Give proofs or examples.

(i) There is a strictly increasing subsequence. (That is, we can find n(j)
with n(j + 1) > n(j) and ,(j11) > @) for all j > 1.)

(ii) There is an increasing subsequence. (That is, we can find n(j) with
n(j +1) > n(j) and z,(j41) > @) for all j > 1.)

(iii) If there is no increasing subsequence, there must be a strictly de-
creasing subsequence.

(iv) If there is no strictly increasing subsequence and no strictly decreasing
subsequence, then we can find an N such that z,, = zy for all n > N.

Exercise K.20. [3.2, P] (i) Suppose that a, is a bounded sequence of real
numbers. Show that, if n(p) — oo as p — oo and anp) — a, then

limsup a,, > a > liminf a,,.
n—oo n—oo

(ii) Suppose that limsup,,_, . a, = 1 and liminf, ., a, = 0. Show, by
means of examples, that it may happen that 1 and 0 are the only numbers
which are the limits of convergent subsequences of the a,, or it may happen
that every a with 0 < a < 1 is such a limit. [You may wish to investigate
precisely what sets can occur, but you will need the notion of a closed set.|

(iii) Suppose that a, and b, are bounded sequences of real numbers.
Show, by means of an example, that the equation

lim sup(a,, + by,) < limsup a,, + lim sup b,

n—oo n—oo n—oo
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need not hold. By giving a proof or a counterexample, establish whether the
following relation always holds.

?
lim sup(a,, + b,) > limsup a,, + liminf b,,.

Exercise K.21. (Ptolomey’s inequality.) [4.1, S] We work in a vector

X
space with inner product. By squaring ||——=

_ Yy
, Oyl
result, or otherwise, prove Ptolomey’s inequality

and rewriting the

Ix =yl izl < lly =zl ]| + llz = [ [[y]]

Exercise K.22. [4.2, P] We use the standard Euclidean norm on R™ and
R™1. Which of the following statements are true and which are false? Give

proofs or counterexamples as appropriate.
(i) If F is a closed subset of R™™! then

{xeR": (0,x) € £}

is closed in R".
(ii) If U is an open subset of R"™! then

{xeR": (0,x) €U}

is open in R".
(iii) If E is a closed subset of R™ then

{(0,x) : x € E}

is closed in R™1.
(iv) If U is an open subset of R" then

{(0,x) : xe U}
is open in R™1.

Exercise K.23. [4.2, T| We can extend Definition 4.2.20 as follows.

Let ECR™ ACE, x € Eand1 € R? Consider a function f : £\ {x} —
RP. We say that f(y) — 1 as y — x through values of y € A if, given € > 0,
we can find a §(e,x) > 0 such that, whenevery € Aand 0 < ||x—y|| < d(¢,x),
we have

[f(y) =1 <e
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(i) Let E CR™ A C E, x € F and 1 € R? Consider a function f :
E\ {x} — RP. Show that if A is finite (this includes the case A = (}), then,
automatically, f(y) — 1 as y — x through values of y € A.

(ii) Let E C R™ A C E, x € E and 1 € R? Consider a function f :
E\ {x} — RP such that f(y) — |l as y — x through values of y € A. Show
that, if B C A, then f(y) — 1 as y — x through values of y € A.

(iii) Let ECR™ ACFE, BCFE,x € Eand1e& RP. Consider a function
f: E\ {x} — RP such that f(y) — 1 as y — x through values of y € A and
f(y) — 1 as y — x through values of y € B. Show that f(y) - lasy — x
through values of y € AU B.

Exercise K.24. [4.2, P] We work in R%. The projections 7y, m : R*? — R
are defined by m(x,y) = x and ma(z,y) = ¥.

(i) Show that £ = {(x,1/x) : x > 0} is a closed set in R? such that
7 (F) is not closed.

(ii) Find a closed set E in R? such that m,(E) is closed, but 71(E) is not
closed.

(iii) Show, however, that if F is a closed set in R? with 73 (F) bounded,
then 71 (F) must be closed.

Exercise K.25. [4.2, P] Let £ CR" and let f : £ — R™ be function. We
call

G={(xf(x): x€E)}

the graph of f.

(i) Show that, if G is closed, then E is. Show that, if G is bounded, then
B is.

(ii) Show that, if F is closed and f is continuous, then G is closed.

(iii) Show that G may be closed but f discontinuous. (Look at Exer-
cise K.24 if you need a hint.)

(iv) Show that, if G is closed and bounded, then f is continuous.

Exercise K.26. [4.3, P| Let F C R". A function f : F — R is said to be
upper semi-continuous on FE if, given any x € F and any € > 0, we can find
a d(e,x) > 0 such that f(y) < f(x)+e€for ally € E with ||y —x]|| < (e, x).
Give an example of a function f : [—1,1] — R which is upper semi-continuous
on [—1, 1] but not continuous. If £ C R™ and f : F — R is such that both
f and — f are upper semi-continuous on F, show that f is continuous on F.

If K € R" is closed and bounded and f : K — R is upper semi-
continuous, show that f is bounded above and attains its least upper bound.
Is it necessarily true that f is bounded below? Is it necessarily true that,
if f is bounded below, it attains its greatest lower bound? Give proofs or
counterexamples as appropriate.
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Exercise K.27. [4.3, H, S] Suppose that f : (a,b) — R is a function with
continuous derivative f’. The object of this question is to show, using the
mean value inequality (Theorem 1.7.1), that, if f'(¢) > 0 for all¢ € (a,b), then
f is strictly increasing on (a,b). (We prove a stronger result in Lemma 4.4.2
using Theorem 4.4.1.)

To this end, suppose a < x <y < b.

(i) Using the fact that a continuous function on a closed bounded interval
is bounded and attains its bounds, show that there exists an m > 0 such
that f'(t) > m for all t € [x,y].

(ii) Hence, using the mean value inequality or one of its corollaries, show
that f(y) — f(z) > m(y —x) > 0.

Exercise K.28. [4.3, T!] Suppose x1, xa, ... are real numbers. Show that
we can find closed intervals K, = [ay,b,] (where b, > a,) such that z, ¢
K, for all n > 1 but K, C K,,_; for n > 2. By applying the result of
Exercise 4.3.8 show that there exist a real y with y # x, for all n (i.e. the
reals are uncountable).

[The method of this exercise is quite close to that of Cantor’s original proof.]

Exercise K.29. [4.3, T] This easy question introduces a concept that will
be used in other questions. We say that a non-empty collection A of subsets
of some set X has the finite intersection property if, whenever n > 1 and
Ay, Ay, oo Ay € A we have (/) A; # 0.

(i) Fix N and let A(1) be the collection of subsets A of Z such that

AN{l, 2,3, ..., N, N+ 1} has at least N members.

If Ay, As, ..., An € A(1) show that ﬂjvzl A; # 0. Show, however, that A(1)
does not have the finite intersection property.

(ii) Let A(2) be the collection of subsets A of Z such that N\ A is finite.
Show that A(2) has the finite intersection property but (¢ 4o A = 0.

(iii) (Requires countability.) Let A(3) be the collection of subsets A of R
such that R\ A is finite. Show that if Ay, A, - € A(3) then (1,2, A; # 0 (so
that, in particular, A(3) has the finite intersection property) but () ;¢ 43 4 =
0.

(iv) Let A(4) be the collection of subsets A of Z of the form

A={kr : r>1}

for some k > 1. Show that A(4) has the finite intersection property but
ﬂAeA(4) A=10.
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Exercise K.30. [4.3, T] Suppose a : R" — R" is a linear map which is self
adjoint, that is to say, such that

a(x) y =x-(ay)

for all x, y € R™. (We use the standard inner product notation.)

(i) Show that the map f: R™ — R given by f(x) = x - ax is continuous.
Hence, stating carefully any theorem that you use, show that there is an
e € R™ with ||e|]| = 1 such that

e (ae) > x-(ax),

whenever [|x|| = 1.
(ii) If e is as in (i), deduce that if e - h = 0 then

(1+6%e- (ae) > (e+ dh).(a(e + dh))

for all real 9. By considering what happens when ¢ is small, or otherwise,
show that

e-(oh)+h-(ae)=0

and so h - (ae) = 0.

(iii) In (ii) we showed that h - (ae) = 0 whenever e - h = 0. Explain why
this tells us that ae = Ae for some real A and so the vector e found in (i) is
an eigenvector.

(iv) Let U = {h : e-h = 0}. Explain why U is an n — 1 dimensional
subspace of V and «(U) C U. If = a|y, the restriction of « to U, show that
0 is self adjoint. Hence use induction to show that R™ has an orthonormal
basis eq, e,, ... , e, of eigenvectors of a.

Exercise K.31. [4.3, T!] (i) Suppose that E is a subspace of R" and 'y ¢ E.
Show that the map g : £ — R given by
g(x) = [lx — v

is continuous. Hence, show carefully (note that, except in the trivial case
E = {0}, E itself is not bounded) that there exists a x¢ € E such that

Ix =yl = lIxo =yl

for all x € E.

(ii) Show that xo — y is perpendicular to E (that is (xg —y)-x = 0
for all x € E). (See Exercise K.30 (ii), if you need a hint.) Show that
Ix =yl > [|[xo —y| for all x € E with x # xq (in other words, X, is unique).
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(iii) Suppose that o : R™ — R is linear and « # 0. By setting
E={x:ax=0}

and choosing an appropriate y, show that there exists an b, perpendicular to
E., with ab # 0. Hence show that there exists a unit vector a, perpendicular
to F, with aa # 0. By considering the effect of o on the vector x — (a - x)a,
show that

ax=a-Xx
for all x € R™.

Exercise K.32. (Hahn-Banach for R". [4.3, T!, T] This exercise extends
some of the ideas of Exercise K.31. Recall that a set E in R™ is called convex
if, whenever e, e; € E, and X € [0, 1] we have A\e; + (1 — A)ep € E (in other
words, if two points lie in F, so does the chord joining them).

(i) Suppose that E is a non-empty closed convex set R™ andy ¢ E. Show
that there exists a x¢y € E such that

Ix =yl = lxo =yl

for all x € E.

(ii) Suppose that xo = 0. Show that there exists a b such that x-b <0
forallx € Ebut b-y > 0.

(ili) Returning to the general case, when all we know is that ' is a non-
empty closed convex set R™ and y ¢ F, show that there exists an a € R™
and a real number ¢ such that x-a < cfor all x € £ but a-y > c. (Results
like this are called Hahn-Banach type theorems.)

Exercise K.33. (Extreme points.) [4.3, T!, 1] Here is an application of
Exercise K.32.

(i) Throughout this question K is a non-empty closed bounded convex
set in R™. We say that a point z € K is an extreme point for K, if, whenever
X, yEK,1>A>0and Ax+ (1 - ANy =z, thenx =y = z.

Show that the extreme points of the closed unit ball {x € R" : ||x|| < 1}

are precisely those points z € R" with ||z|| = 1. Show that the extreme
points of the closed cube [—1,1]" are precisely the 2" points (21, 29, ..., 2,)
with |z;| = 1.

(ii) Suppose w ¢ K. By using Exercise K.32, show that there exists an
a € R" and a real number ¢ such that x-a<cforallx € K buta-w > c.
Quoting carefully any theorems that you use, show that there exists a xg € K
such that x-a < xy-a for all for all x € K.
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Show that
K={u:xp+ueKandu-a=0}

is a non-empty closed convex subset of an n — 1 dimensional subspace of R".
Show further that, if ug is an extreme point of K’, then xy+ug is an extreme
point of K.

(iii) By using induction on the dimension n, or otherwise, show that every
non-empty closed bounded convex set in R™ contains an extreme point.

(iv) Suppose that T : R"™ — R. Explain why there exists an xo € K such
that T'(x¢) > (x) for all x € K. By considering extreme points of the set

{xe K :Tx)=T(x0)},

or otherwise, show that there exists an extreme point e of K with T'(e) =
T'(xp). Thus every linear map 7" : R™ — R attains its maximum on a closed
bounded convex set at some extreme point of that set. This observation is
the foundation of the theory of linear optimisation.

(v) Suppose that L is a non-empty closed convex subset of K. If L # K
(so that there exists a w € K with w ¢ L) use the ideas of (ii) to show that
there exists an extreme point of K which does not lie in L.

Exercise K.34. (Krein-Milman for R".) [4.3, T!, T] We continue with
the ideas of Exercise K.33.

(i) If £ is a collection of convex sets in R", show that (), .. L is convex.
If M is a collection of closed convex sets in R", show that (7,,.,, M is a
closed convex set.

(ii) Explain why R™ is a closed convex set. If A is a subset of R", we
write

hull(A) = ﬂ{L D A : Lis closed and convex}

and call hull(A) the closed convex hull of A. Show that hull(A) is indeed
closed and convex and that hull(A) O A. Show also that, if B is a closed
convex set with B O A, then B D hull(A).

[This argument parallels the standard approach to the closure and interior
set out in Exercise K.179.]

(iii) Use (ii) and part (v) of Exercise K.33 to show that the closed convex
hull of the set E of extreme points of a non-empty bounded closed convex
subset K of R™ is the set itself. (More briefly hull(F) = K.) Results of this
kind are known as Krein-Milman theorems.
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Exercise K.35. [4.3, T, ] We work in R. Let K be a collection of closed
sets lying in some closed interval [a,b] and suppose that K has the finite
intersection property (see Exercise K.29).

(i) If @ < ¢ < b and we write

Ki={Knla,c] : K€K} and Ky ={KNJ[e,b] : K €K},

show that at least one of KC; and s must have the finite intersection property.
(ii) Use lion hunting to show that (o K # 0.

Exercise K.36. (The Heine-Borel theorem.) [4.3, T, 1] We work in
R™. Consider the following two statements.

(A) Let R > 0. If a collection K of closed sets lying in [—R, R]™ has the
finite intersection property then (Vo K # 0.

(B) Let E be a bounded closed set. If a collection U of open sets is such
that (J; e, U 2 E, then we can find an n > 1 and Uy, Us, ..., U, € U such
that (J;_, U, 2 E.

(i) By considering sets of the form K = E\ U deduce statement (B) from
statement (A). Deduce statement (A) from statement (B).

(ii) Prove statement (A) by a lion hunting argument along the lines of
Exercises K.35 and 4.1.14. It follows from (i) that (B) holds. This result is
known as the theorem of Heine-Borel'.

(iii) Explain why Exercise 4.3.8 is a special case of statement (A).

(iv) Suppose that E is a set with the properties described in the second
sentence of statement (B). Show that E is closed and bounded.

[Hint. To show FE is closed, suppose x ¢ E and consider sets U of the form

U={y :r>[x-yl>1/r}
with 7 > 1.

Exercise K.37. [4.3, H, 1] (This complements Exercise K.35.) Suppose
that I is an ordered field with the following property.

(A) Whenever K is a collection of closed sets lying in some closed interval
[a,b] and K has the finite intersection property it follows that (o K # 0.

!The theorem has been summarised by Conway as follows:-

If E is closed and bounded, say Heine-Borel,
And also Euclidean, then we can tell

That, if it we smother

With a large open cover,

There’s a finite refinement as well!
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Suppose that E is a non-empty set in F which is bounded above. By
considering

K ={a,b] : a€ Fand b>eforall e € £},

or otherwise, deduce that E has a supremum. Conclude that statement (A)
is equivalent to the fundamental axiom of analysis.

Exercise K.38. [4.4, T!] In this question you may assume the standard
properties of sin and cos but not their power series expansion.
(i) By considering the sign of f{(x), when fi(t) =t — sint, show that

t > sint

for all t > 0.
(ii) By considering the sign of f5(z), when fy(t) = cost — 1 + %/2!, show
that

2
cost >1— —

21
for all ¢ > 0.
(iii) By considering the sign of f(x), when f3(t) = sint — ¢ + 3/3!, show
that
t3
sint >t— —
3!
for all t > 0.
(iv) State general results suggested by parts (i) to (iii) and prove them
by induction. State and prove corresponding results for ¢ < 0.
(v) Using (iv), show that

N nt2n+1
Z — sint
= 2n + 1

as N — oo for all t € R. State and prove a corresponding result for cos.
[This question could be usefully illustrated by computer graphics.]

Exercise K.39. (Jensen’s inequality.) [4.4, T] Good inequalities are
the diamonds of analysis, valuable but rare. Jensen earned his living in the
telephone industry and pursued mathematics in his spare time. He has two
marvelous inequalities named after him. This exercise discusses one of them.
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We call a function f : (a,b) — R convex if, whenever z1, x5 € (a,b) and
1> X>0, we have

Af (1) + (1 =N f(z2) > f(Az1 + (1 = A)z2).

(The centre of mass of a particle of mass A\ at (z1, f(x1)) and a particle of
mass 1 — X at (zq, f(x2)) lies above the graph of the curve y = f(z).)

(i) Suppose g : (a,b) — R is twice differentiable with ¢”(t) > 0 for all
t € (a,b). Suppose further that a < x; < x5 < b and g(z1) = g(z9) =0 .
Sketch ¢g. By using the mean value theorem twice, or otherwise, show that
g(t) <0 for all ¢t € [xq, x].

(il) Suppose f : (a,b) — R is twice differentiable with f”(¢) > 0 for all
t € (a,b). Sketch f. By using (i), or otherwise, show that f is convex.

We have now obtained a good supply of convex functions and proceed to
discuss a form of Jensen’s inequality.

(iii) Suppose f : (a,b) — R is convex. By writing

n+1
Z )\jxj = )\n+1xn+1 + (1 - A”+1)yn+1

J=1

and using induction, or otherwise, show that if

T1, To, ..., Ty € (a,b), A1, Ag, ..., Ay >0 and Z/\jzl,

J=1

then
> Nif(z) > f (Z Aj%‘) :
o j=1

This is Jensen’s inequality.

(iv) The importance of Jensen’s inequality lies in the fact that it has many
classical inequalities as special cases. By taking f(t) = —logt and \; = 1/n
obtain the arithmetic-geometric inequality

$1+ZL’2+"'+JI”
n

1/n

Z (l’l.CCQ Ce Z’n)

whenever the x; are strictly positive real numbers.
[We give a more sophisticated account of these matters in Exercise K.128]
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Exercise K.40. [4.4, P] (This uses Exercise K.39.) The four vertices A,
B, C, D of a quadrilateral lie in anti-clockwise order on a circle radius a
and center O. We write 20, = ZAOB, 20, = Z/BOC, 2035 = ZCOD, 204 =
Z/DOA. Find the area of the quadrilateral and state the relation that 64, 5,
03 and 6, must satisfy.

Use Jensen’s inequality to find the form of a quadrilateral of greatest area
inscribed in a circle of radius a.

Use Jensen’s inequality to find the form of an n-gon of greatest area
inscribed in a circle [n > 3.

Use Jensen’s inequality to find the form of an n-gon of least area circum-
scribing a circle [n > 3].
[Compare Exercise K.295.]

Exercise K.41. [4.4, P, S| Suppose that ¢g : [0,1] — R is a continuous
function such that, for every ¢ € (0,1), we can find a k with

0<c—k<c<c+k<1landg(c)=1(g(c+k)+g(c—k)).

Show that, if g(0) = g(1) = 0, then g(¢) = 0 for all ¢ € [0,1]. What can you
say if we drop the conditions on ¢(0) and ¢(1)?

(In one dimension this is just a brain teaser, but it turns out that the
generalisation to higher dimensions is a branch of mathematics in itself.)

Exercise K.42. [4.4, P] Define f(z) = z%sinz™ for z # 0, f(0) = 0.
Show that (f(h) — f(0))/h — 0 as h — 0 and deduce that f is differentiable
at 0. Use the chain rule to show that f is differentiable at all x # 0. Show
that, although f is everywhere differentiable, its derivative is not continuous.
[This example is extended in Exercise K.165.]

Exercise K.43. (Darboux’s theorem.) [4.4, T] Exercise K.42 shows
that the derivative of a differentiable function need not be continuous. Oddly
enough, it still satisfies a form of the intermediate value theorem. Suppose
that (o, 3) D [a,b], and that f : (o, 3) — R is differentiable. Darboux’s
theorem asserts that if &k lies between f’(a) and f’(b) then there is a ¢ € |a, b
with f'(c) = k.

Explain why there is no loss in generality in supposing that f'(a) > k >
1'(b). Set g(x) = f(xz)—kx. By looking at ¢’(a) and ¢'(b) show that g cannot
have a maximum at a or b. Use the method of the proof of Rolle’s theorem
(Theorem 4.4.4) to show that there exists a ¢ € (a,b) with ¢’(¢) = 0 and
deduce Darboux’s theorem.

Use Darboux’s theorem to show that, if (o, 5) 2 [a,b] and f : (o, ) — R
is twice differentiable with a local maximum at a and a local minimum at b,
then f”(c) = 0 for some ¢ € [a, b].
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Darboux’s theorem shows that not all functions can be derivatives. It is
a very hard problem to characterise those functions f : R — R for which
there exists an F': R — R with [’ = f.

Exercise K.44. [4.4, P] (i) Suppose f : R — R is such that for each n > 1
we can find z, and y, with |z,]|, |y,| < 1 such that |z, — y,| < n~! and
|f(zs) — f(yn)| > 1. Consider the following argument.

‘Pick z, € [—1,1] lying between z,, and y,. By the Bolzano-Weierstrass
theorem, we can find a sequence n(j) — oo and a z € [—1,1] such that
Zn(j) — % and so f must jump by at least 1 at z. Thus f cannot be continuous
at z and in particular cannot be everywhere continuous.’

Which parts of the argument are correct and which incorrect? Is the
conclusion correct? Give a proof or counterexample.

(i) Suppose f : R — R is continuous and for each n > 1 we can find z,
and y,, with |z,,|, |y,| < 1such that |z, —y,| < n % and | f(x,)— f(yn)| > n"t.
Consider the following argument.

‘By the mean value theorem, we can find z, € [—1,1] with |f/(z,)| > n.
By the Bolzano-Weierstrass theorem, we can find a sequence n(j) — oo and
a z € [—1, 1] such that 2,y — z and so f'(z) (if it exists) must be arbitrarily
large. Thus f cannot be differentiable at z and in particular cannot be
everywhere differentiable.’

Which parts of the argument are correct and which incorrect? Is the
conclusion correct? Give a proof or counterexample.

Exercise K.45. [4.4, H] In this question we examine our proof of Rolle’s
theorem (Theorem 4.4.4) in detail.

(i) Obtain Rolle’s theorem as the consequence of the following three state-
ments.

(a) If g : [a,b] — R is continuous we can find ki, ky € [a,b] such that
g(k2) < g(x) < g(kq) for all = € [a, b].

(b) If g : [a,b] — R is a function with g(a) = ¢(b) and we can find
ki, ko € [a,b] such that g(ks) < g(z) < g(ky) for all 2 € [a,b], then at least
one of the following three statements is true:- a < k1 < b, a < ky < b or g is
constant.

(c) If g : [a,b] — R is differentiable at a point ¢ with a < ¢ < b such that
g(x) < g(ky) for all z € [a,b] (or g(c) < g(z) for all z € [a, b], then ¢'(c) = 0.

(ii) Suppose we now work over Q as we did in Example 1.1.3. Prove that
the following results still hold.

(b)) If b > aand f: Q — Q is a function with f(a) = f(b) and we can
find a < ky, ko < bsuch that f(ky) < f(z) < f(ky) for all a <z < b, then at
least one of the following three statements is true:-- a < k; < b, a < ky < b
or f is constant.
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(¢)If b >aand f:Q — Q is differentiable at a point ¢ with a < ¢ < b
such that f(z) < f(c) for all a < x < b (or f(c) < f(z) for all a < z < b,
then f’(c) = 0.

This shows that the key to the mean value theorem is the fact that if
we work with the reals a continuous function on a closed bounded interval is
bounded and attains its bounds. All the rest is mere algebra.

Exercise K.46. [4.4, H, S| (This is more of a comment than an exercise.)
Occasionally even a respected mathematician? may fall into the trap of

believing that ‘Theorem 4.4.4 is subtle only because we do not ask the deriva-

tive to be continuous and do not include the endpoints’. It is worth pointing

out that, even in this case, there is no simple proof. If you ever find yourself

believing that there is a simple proof, check it against the following example.
Consider the function f:Q — Q given in Example 1.1.3. Set

gty =1—1t+ f(t).

Show that the function ¢ : Q — Q has continuous derivative ¢’ and that ¢
satisfies the conclusions of the intermediate value theorem. (More formally,
if a, b € Q with a < b and v € Q is such that either g(a) < v < g(b) or
g(b) <~ < g(a), then there exists a ¢ € Q with a < ¢ < b such that g(c) = 7.
The statement is complicated but the verification is trivial.)

Show that ¢g(0) = ¢(2) = 0 but that there does not exist a ¢ € Q with

g'(c) =0.
Exercise K.47. (Tchebychev polynomials.) [4.4, G, P] Prove that
(cos @ +isinf)" = cosnf + isinnb,

whenever n is a positive integer. (This is just to get you started so, provided
you make clear what you are assuming, you may make any assumptions you
wish.)

By taking real and imaginary parts, show that there is a real polynomial
of degree n such that

T, (cosf) = cosnd for all real 6.

Write down Ty(t), T1(t), T2(t), and T5(t) explicitly.
Prove that, if n > 1.
(a) Tha1(t) = 2T, (t) —T,,—1(t), (why can we omit the restriction |t| < 17)
(b) the coefficient of ¢ in T}, (t) is 2"~

2Name withheld.
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(c) |T.(t)] < 1forall |t|] <1,
(d) T has n distinct roots all in (—1,1).
Show also that, if n, m > 1, then

YT (2) T () T
| i = g

where 0, = 0 if n # m and J,,, = 1. What can you say if m = 0 and n > 07
The T, are called the Tchebychev® polynomials after their discoverer.

Exercise K.48. [4.4, T, 1] (This requires Exercises 4.4.10 and K.47.) Reread
Exercise 4.4.10. Suppose now that a = —1, b = 1 and we choose the z; of
Exercise 4.4.10 to be the n roots of T;, (see part (d) of Exercise 4.4.10). Using
part (b) of Exercise 4.4.10, show that []}_,(t — z;) = 27"*T,(¢). Conclude
that, if |f™(z)| < A for all z € [~1, 1], then

A
|f(t) = P@)] < o i)
for all t € [—1,1].

Modify the ideas above to deal with a general interval [a, b].

(Note that, whilst it is, indeed, true that, if you are going to interpolate a
function by a polynomial, the zeros of the Tchebychev polynomial are good
points of interpolation, it remains the case that it is rarely a good idea to
interpolate a function by a polynomial of high degree. One way of viewing the
problem is to observe that sup,c(, | f () ()| may grow very fast with n. For
another example involving choosing appropriate points see Exercise K.213.)

Exercise K.49. (The nth mean value theorem.) [4.4, T] The object
of this exercise is to prove a version of Taylor’s theorem corresponding to
Theorem 4.4.1 (the one dimensional mean value theorem).

(i) Reread Exercise 4.4.10.

(ii) Suppose that f : (u,v) — R is n + 1 times differentiable and that
[a,b] C (u,v). Show that we can find a polynomial P of degree n such that
(f = P)"(a)=0forr=0, 1, ..., n. Give P explicitly.

(iii) We are interested in the error

To this end, we consider the function

P = 1)~ Py - 50 (122)

3The modern view is that Tchebychev should have called himself Chebychev. He seems
to have preferred Tchebycheff.
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Show that F(a) = F'(a) = --- = F(™(a) = 0 and F(b) = 0.
(iv) By using Rolle’s theorem show that F’(c¢;) = 0 for some ¢; with
a < ¢1 < b. By repeating your argument n times show that that F™+1)(c) = 0

for some ¢ with a < ¢ < b.
(v) Deduce that

|
0= f(nﬂ)(c) - (lgn_—;)ln)ﬂ (0)
and so
— f9(a) i f(e) n
B = 32 b= = T o
for some ¢ with a < ¢ < b.
(vi) Show that
— f)(b) i S n
f(CL) — pr j‘ (b — CL) = m(b — CL) +1

for some ¢ with a < ¢ < b.
(vii) Suppose that f, g : (u,v) — R are n 4+ 1 times differentiable and
that a € (u,v). Show that if

fla) = f'(a) =--- = f"(a) = g(a) = ¢/(a) = --- = ¢"(a) = 0
but g™ (a) # 0, then, if £V and ¢V are continuous at a, it follows that

) ()
g0 g™ a)

ast — a.

Exercise K.50. [4.4, P, T] Suppose that f : R — R is 2n + 2 times dif-
ferentiable. By considering polynomials of the form z*(1 — x)!, or otherwise,
show that there is a unique polynomial p of degree 2n + 1 such that

p"(0) = £7(0) and p™ (1) = f(1) for all 0 < 7 < n.
Show that the error at y € [0, 1]

(n+2)
B) = )~ Ply) s given by E(s) = 551y = 1)

for some ¢ € (0,1).
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Exercise K.51. (Cauchy’s mean value theorem.) [4.4, P, T] Suppose
that f, g : [a,b] — R are continuous functions with f and g differentiable on
(a,b) and ¢'(z) # 0 for = € (a,b).
(i) Use the mean value theorem (Theorem 4.4.1) to show that g(a) # g(b).
(ii) Show that we can find a real number A such that, setting

h(t) = f(t) — Ag(1),

the function h satisfies the conditions of Rolle’s theorem (Theorem 4.4.4).
(iii) By applying Rolle’s theorem (Theorem 4.4.4) to the function h in
(ii), show that there exists a ¢ € (a,b) such that

1) = f@) _ f(e)

(This is Cauchy’s mean value theorem).

(iv) Suppose that f(a) = g(a) =0 and f'(t)/¢'(t) — L as t — a through
values of t > a. Prove the version of L’Hopital’s rule which states that, under
these conditions, f(t)/g(t) — L as t — a through values of t > a.

(v) Suppose that f, g : (u,v) — R are differentiable, that a € (u,v),
fla) =g(a) =0 and f'(t)/¢'(t) — L as t — a. Show that f(t)/g(t) — L as
t — a.

(vi) Suppose that f, ¢: (u,v) — R are differentiable, that a € (u,v),

fla)=f(a)=---= f"V(a) = gla) = ¢'(a) = g"(a) = --- = gV =0

and f(t)/g™(t) — L as t — a. Show that f(t)/g(t) — L as t — a.
(vii) Suppose that F : (u,v) — R is n times differentiable, that a € (u,v)
and F(™ is continuous at a. By setting

n

fy=Ft) =)

J=0

F(j)(a)
J!

(t—a)

and ¢(t) = (t — a)™ and applying (vi), show that

") (g ,
F(t):ZF ()(t—a)3+e(t)|t—a]”

=

where €(t) — 0 as t — a. (This is the local Taylor’s theorem which we obtain
by other arguments as Theorem 7.1.3.)
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Exercise K.52. [4.4, P] (i) Write down the result of Exercise K.49 in the
specific case n =2, b—a = h.

(ii) Throughout the rest of this question f : R — R will be an everywhere
twice differentiable function. Suppose that |f(¢)| < My and |f”(t)] < M, for
all t € R. Show that

2M, h

1f/(1)] < " o0,

for all A > 0, and deduce, by choosing h carefully, that
/()] < (MoM,)'/?

for all t € R.
(iii) Which of the following statements are true and which false? Give a

proof or counterexample as appropriate.

(a) Let a < b. If |f(t)| < My and |f"(t)] < M; for all t € [a,b], then
£(@)] < (MoMy)' 2.

(b) There exists an L > 0 such that, if a + L > b, |f(t)] < M, and
|f"(t)] < M, for all t € [a,b], then |f'(a)] < (MoMy)Y/2.

(c) Given My, My > 0, we can find an L > 0 such that if, a + L > b,
|f(t)] < My and |f"(t)| < M, for all t € [a,b], then |f'(a)] < (MoMy)'/2.

(d) There exists an infinitely differentiable function g : R — R with
lg(t)] < 1and |¢"(t)] <1 forallt e R and g(0) = 1.

(e) Given My, My > 0 we can find an infinitely differentiable function
G : R — R with |G(t)] < My and |G"(t)] < M, for all t € R and G(0) =
(MoMs)'/2,

(f) There exists a constant A such that, if | f(¢)| < My and |f"(t)] < M,
for all t € R, then |f'(t)| < A(MoMsy)'/* for all t € R.

Exercise K.53. [4.5, P] We consider functions f : (0,1) — R. Give a proof
or a counterexample for each of these statements.

(i) If f is uniformly continuous, then f is bounded.

(ii) If f is uniformly continuous, then f is bounded and attains its bounds.

(iii) If f is continuous and bounded and attains its bounds, then f is
uniformly continuous.

Exercise K.54. [4.5, P] Give a proof or a counterexample for each of these
statements.

(i) If f: R — R is continuous and |f(z)| tends to a limit as |z| — oo,
then f is uniformly continuous.

(i) If f: R — R is uniformly continuous, then |f(z)| tends to a limit as
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(iii) If f: R — R is continuous and bounded then f is uniformly contin-
uous.

(iv) If f: R — R is uniformly continuous, then f is bounded.

(v) If f: C — C is continuous and |f(z)| tends to a limit as |z| — oo,
then f is uniformly continuous.

(vi) If f: C — C is uniformly continuous, then so is |f| : C — R.

(vii) If f : R — C is continuous and |f| : R — R is uniformly continuous,
then f is uniformly continuous.

(vii) If f, g : R — R are uniformly continuous, then so is their product
fxg.

(viii) If f, ¢ : R — R are uniformly continuous, then so is their composi-
tion fog.

Exercise K.55. [4.5, P] If F is a non-empty subset of R" we define f :
R™ — R by

f(x) =nf{[x—y[ : y € E}.

Show that f is uniformly continuous.
Show also that F is closed if and only if given x € R” we can find y € E
such that ||x —y|| = f(x).

Exercise K.56. [4.5, P] Suppose that f : Q — R is uniformly continuous
on Q. The object of this question is to show that f has a unique continuous
extension to R.

(i) By using the general principle of convergence, show that, if z € R,
z, € Q, [n > 1] and z, — x as n — oo, then f(x,) tends to a limit.

(ii) Show that if x € R, z,,, y, € Q [n > 1] and z,, — = is such that
x, — x and y,, — x, then f(x,) and f(y,) tend to the same limit.

(iii) Conclude that there is a unique F': R — R defined by f(x,) — F(x)
whenever z,, € Q and x,, — .

(iv) Explain why F(x) = f(x) whenever z € Q.

(v) Show that F' is uniformly continuous.

[See also Exercise K.303.]

Exercise K.57. [4.6, P] Suppose that the power series Y~ a,2" has ra-
dius of convergence R and the power series >~ b,2" has radius of conver-
gence S.

(i) Show that, if R # S, then Y >° ,(a, + b,)z" has radius of convergence
min(R, 5).

(ii) Show that, if R = S, then >~ (a, +b,)z" has radius of convergence
T > R.
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(iii) Continuing with the notation of (i) show, by means of examples, that
T can take any value with T' > R.

(iv) If X # 0 find the radius of convergence of >, Aa,2". What happens
if A =07

(v) Investigate what, if anything, we can say about the radius of con-
vergence of Y > c,z" if |¢,| = max(|ayl,|by]). Do the same if |c,| =
min([aal, )

Exercise K.58. [4.6, P] We work in C. Consider a series of the form
Yo gbne™. Show that there exists an X, which may be co, —oo (with
appropriate conventions) or any real number, such that the series converges
whenever Rz < X and diverges whenever 8z > X. Show, by means of
examples, that any such value of X may occur.

Find the value of X for the sum

i onenz
e (n+1)2
By using results from the first paragraph, show that, if Y ° ¢, converges,
then there exists a Y, which may be co (with an appropriate convention)
or any positive real number, such that > ° ¢, cosnz converges absolutely
whenever |Sz| < Y and diverges whenever |Sz| > Y.

Exercise K.59. [4.6, T] Consider the power series Y, a,2". Show that,
if the sequence |a,|'/" is bounded, then Y °° a,2" has infinite radius of
convergence if limsup,, \an\l/ "™ = (0, and radius of convergence

R = (limsup |a,|"™)™

n—oo

/7 is unbounded? Prove

otherwise. What can we say if the sequence |a,|
your statement.

This formula for the radius of convergence is of considerable theoretical
importance but is hard to handle as a practical tool. It is usually best to use

the definition directly.

Exercise K.60. [4.6, T] Suppose that the sequence a, of strictly positive
real numbers has the property that there exists a K > 1 with K > a,41/a, >
K~ for all n > 1. Prove that

lim inf(a,11/a,) < liminf /" < limsup al/™ < lim sup(an41/ay).

n—00 n—00 n—00 n—00

1/n

Conclude that, if a,11/a, — [ as n — oo, then a,/" — L.
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Give examples of sequences a,, such that

(i) /™ — I for some [ but lim inf, oo (@ni1/a,) <1 <limsup,_ . (ani1/an).

(if) Himinf,— oo (@net /an) = limsup, . ax™ < limsup, . (ans1/an).

In how many different ways can you replace the < in the initial formula
by combinations of < and =7 Can all these possibilities occur? Justify your
answer.

Comment very briefly on the connection with formulae for the radius of

convergence of a power series given in Exercise K.59.
Exercise K.61. (Summation methods.) [4.6, T] If b; € R, let us write

Cbgt bt by

Cn
n+1

(i) Let € > 0. Show that, if |b;| < € for all j > 0, then |C,| < € for all
n > 0.

(i) Show that, if N > 0 and b; = 0 for all n > N, then C,, — 0 as n — oo,

(iii) Show that, if b; — 0 as j — oo, then C, — 0 as n — oo.

(iv) By considering b; — b, or otherwise, show that, if b; — b as j — oo,
then C,, — b as n — oo.

(v) Let b; = (—=1)’. Show that C, tends to a limit (to be found) but b;
does not.

(vi) Let bomyy = (—1)™ for 0 < k < 2™ — 1 and m > 1. Show that C,
does not tend to a limit as n — oo.

(vii) If 1 > r > 0 and b; € R, let us write

A, = i(l —7)r"by,.
n=0

Show that, if b; — b as j — oo, then A, — b as r — 1 through values of
r < 1. Give an example where A, tends to limit but b; does not. Show that
there exists a sequence b; with |b;| < 1 where A, does not tend to a limit as
r — 1 through values of r < 1.

(viii) Let b; € R™. Show, that, if b; — b as j — oo, then

b0+b1+"‘+bn
n+1

—b

You should give two proofs.
(A) By looking at coordinates and using the result for R.
(B) Directly, not using earlier results.
(ix) Explain briefly why (vii) can be generalised in the manner of (viii).
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Exercise K.62. [4.6, T, 1] We continue with the notation of Exercise K.61.
We call the limit of C,, if it exists, the Cesaro limit of the sequence b;. We
call the limit of A, if it exists, the Abel limit of the sequence b;. Now suppose
a; € R and we set b; = 1:0 a;.

(i) Show that

and

o0
A, = E rFay.
k=0

If C,, tends to a limit, we say that the sequence a; has that limit as a
Cesaro sum and that the sequence a; is Cesaro summable. If A, tends to a
limit we say that the sequence a; has that limit as a Abel sum and that the
sequence a; is Abel summable.

(ii) Explain very briefly why the results of Exercise K.61 (viii) and (ix)
show that we can extend the definitions of (i) to the case a; € C.

(iii) Let a; = 27 with z € C.

(a) Show that » 2% 27 converges if and only if |2| < 1 and find the sum
when it exists.

(b) Show that the sequence 27 is Cesaro summable if and only if |2 < 1
and z # 1. Find the Cesaro sum when it exists.

(c) Show that the sequence 27 is Abel summable if and only if |z| < 1
and z # 1. Find the Abel sum when it exists.

Exercise K.63. [4.6, T, 1] (This generalises parts of Exercise K.61) Sup-
pose that u;, € R for j, £ > 0. Suppose that

(1) If k is fixed, ujy — 0 as j — oo.

(2) > peoujk is absolutely convergent and there exists a M such that
Y peo lujk] < M for each j > 0.

(3) dopeouj — 1asj — oo.

(i) Show that, if b; € R and b; — b as j — oo, then

Zujkbk — b
k=0

as j — 00.
(ii) Explain why the result just proved gives part (iv) of Exercise K.61.
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(iii) Let 0 <7, < 1 and r,, — 1. Use (i) to show that, in the notation of
Exercise K.61 (vii), if b; — b as j — oo, then A,, — b as n — oco. Deduce
Exercise K.61 (vii).

(iv) State and prove an extension of part (i) along the lines of Exer-
cise K.61 (viii).

(v) If A > 0 and b; € C, let us write

o0

By=)_ %e-*bn.

n=0

Show that, if b; — b as j — oo, then By — bas A — oo.

(vi) Much as in the introduction to Exercise K.62 we suppose a; € C and
set b; = > /_,a;. Using the notation of part (v), we say that, if B tends
to a limit, then the sequence a; has that limit as a Borel sum and that the
sequence a; is Borel summable.

Show that the sequence 27 is Borel summable if and only if Rz < 1. Find

the Borel sum when it exists.

Exercise K.64. [4.6, P, 1] Let us write G for the set of real double se-
quences U = (ujj);jr>0 which satisfy conditions (1), (2) and (3) of Exer-
cise K.63. By providing a proof or counterexample as appropriate, establish
which of the following statements are true and which are false.

(i) If b; is a bounded real sequence, there exists a U € G such that
> reo Wikby tends to a limit as j — oo. (Hint. Bolzano-Weierstrass.)

(ii) If b; is a bounded real sequence which does not tend to a limit, there
exist U, V' € G such that >~ ujpby and > - v;xby, converge to different
limits as j — oo.

(iii) If b; is a bounded real sequence, we can find real numbers a and (3
such that there exists a U € G having the property that ). u by tends to
A if and only if A € [a, ]

(iv) f U € G, we can find a bounded real sequence b; such that "~ wrby
does not tend to limit as 7 — oo.

(v) If b; is a bounded real sequence, we can find a U € G such that
ZZOZO u;;by does not tend to limit as j — oo.

Exercise K.65. [4.6, T!, T] The object of this exercise is to prove the
converse of part (i) of Exercise K.63. In other words we want to show that,
if uj, € R for j, k> 0 and

Z Ujkbk — b
k=0
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as j — oo whenever b; € R and b; — b as j — oo, then it follows that the
u;), satisfy conditions (1), (2) and (3) of Exercise K.63. (This is quite hard
work and simpler proofs exist using more advanced techniques.)

(i) By choosing particular sequences by, show that, if the u;; satisfy the
stated hypothesis, then they must satisfy conditions (1) and (3).

(ii) Show that if Y7 u;xbs exists for each convergent sequence by, then
Y peo Wik is absolutely convergent. (Look at Exercise 5.1.11 if you need a
hint.)

(iii) Suppose that by is given for 0 < k < N — 1 with |b;| < L Suppose
that 7 > 0, € > 0, Jup| <nfor 1 <k <N —1and S0 ux| > K for some
M > N. Show that we can find by [N < k < M — 1] such that |b;| < € for
N<EkE<M-—1and

M—

—_

ugby > (K — Nn)e — NLn.
k=0

(iii) Suppose that the u;;, satisfy conditions (1) and (3) together with
the conclusion of (ii), but do not satisfy condition (2). Show, by induction,
or otherwise, that we can find a sequence of integers 0 = N(0) < N(1) <
N(2) < ..., asequence of integers 0 = j(0) < j(1) < (2) < ..., a sequence
of real numbers 1 = ¢(0) > €(1) > €(2) > ... with 27" > ¢(r) > 0, and a
sequence b, of real numbers such that

0| < €(r) for N(r) <k < N(r+1) -1
N(r+1)—1
Z kb > 2" + 1
k=0
Z UjrTr| <1 provided |zg| < e(r+1) for all k£ > N(r +1).
k=N(r+1)

Show that | Y 7 ujkbe| > 2" and use contradiction to deduce the result
stated at the beginning of the exercise.

Exercise K.66. [5.2, P] We work in R™. Show that the following state-
ments are equivalent.

(i) >0, %, converges absolutely.

(ii) Given any sequence €, with ¢, = £1, > >° | €,x,, converges.

Exercise K.67. [5.2, P] Let S; and Sy be a partition of Z*. (That is to
say, S; U Sy = Z* and S; N Sy = (.) Show that, if a,, > 0 for all n > 1, then
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D ey @ converges if and only if Y7 o a, converges (that is 7 5 <y @n
tends to a limit as N — oo) and }_ ¢ a, converges.

Establish, using proofs or counterexamples, which parts of the first para-
graph remain true and which become false if we drop the condition a,, > 0.

Show that if a,,, b, > 0, > a,and )~ b, converge, and max(a, b,) >
¢n, > 0 then Y >° | ¢, converges.

Show that if a, > 0 for all n and )"~ a, converges then

oo 1/2
an

E —— converges.
n

n=1

Give an alternative proof of this result using the Cauchy-Schwarz inequal-
ity.

Suppose that a,, b, > 0,> > a,and Y b, diverge, and max(a,, b,) <
¢n. Does it follow that > >° | ¢, diverges? Give a proof or a counterexample.

Exercise K.68. (Testing for convergence of sums.)[5.2, P] There is
no certain way for finding out if a sum )~  a, converges or not. However,
there are a number of steps that you might run through.

(1) Is the matter obvious? If a,, - 0 then the sum cannot converge. Does
the ratio test work?

(2) Are the first few terms untypical? The convergence or otherwise of
> x &, determines that of Y > | a,,.

(3) (Mainly applies to examination questions.) Is the sum > a, ob-
tained from a sum )~ , b, whose behaviour is known by adding or omitting
irrelevant terms? (For examples see (i) and (ii) below.)

(4) Check for absolute convergence before checking for convergence. It is
generally easier to investigate absolute convergence than convergence and, of
course, absolute convergence implies convergence.

(5) To test for the convergence of a sum of positive terms (such as arises
when we check for absolute convergence) try to find another sum whose
behaviour is known and which will allow you to use the comparison test.

(6) To test for the convergence of a sum of decreasing positive terms
consider using the integral test (see Lemma 9.2.4) or the Cauchy condensation
test.

(7) If (5) and (6) fail, try to combine them or use some of the ideas of
parts (iii) and (iv) below. Since all that is needed to find whether the sum
> o, an of positive terms converges is to discover whether the partial sums
are bounded (that is, there exists a K with 3.  a, < K for all N) it is
rarely hard to discover whether a naturally occurring sum of positive terms
converges or not.
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(8) If the series is not absolutely convergent you may be able to show
that it is convergent using the alternating series test.

(9) If (8) fails, then the more general Abel’s test (Lemma 5.2.4) may
work.

(10) If (8) and (9) fail then grouping of terms (see part (vi)) may help
but you must be careful (see parts (v) and (vii)).

(11) If none of the above is helpful and you are dealing with a naturally
occurring infinite sum which is not absolutely convergent but which you hope
is convergent, remember that the only way that such a series can converge
is by ‘near perfect cancellation of terms’. Is there a natural reason why the
terms should (almost) cancel one another out?

(12) If you reach step (12) console yourself with the thought that where

routine ends, mathematics begins*.

o0

1 1"
(i) State, with proof, whether E L converges.
n
n=1

oo

1
(ii) Let p, be the nth prime. State, with proof, whether Z

2 , converges.

n=1

(iii) Suppose a,, > 0 for each n > 1. Show that >~ an converges if and
only if we can find a sequence N(j) — oo such that Zn | a, tends to a limit
as j — 00.

(iv) [This is an variation on the integral test described in Lemma 9.2.4.]
Suppose that we can find a positive continuous function f : [1,00] — R and
a constant K with K > 1 such that

Ka, > f(t)> K 'a, >0foralln <t <n+ 1.

Show that Y | a, converges if and only if [° f(t)dt does.

v) Find a sequence a,, € R such that 2N a,, tends to a limit as N — oo

n=1

but Y > | a, does not converge.

vi) Let an e R™. Suppose that there exists a strictly positive integer M

y g

such that Z 1 &, tends to a limit as N — oo and suppose that a,, — 0 as
n — oo. Show that > 7  a, converges.

vii) Find a sequence a,, € R and a sequence N(j) — 0o as j — o0

q q J

such that Z 1 a, tends to a limit as N — oo and a,, — 0 as n — 00, yet
> ap diverges.

Exercise K.69. [5.2, P] Let a,, b, be sequences of non-negative real num-
bers.

4Minkowski was walking through Géttingen when he passed a young man lost in deep
thought. ‘Don’t worry’ said Minkowski, ‘it is sure to converge.’
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(i) Show that, if >°°° @, and >_°7 b, converge, so does > .o (a,b,)*/2.

(ii) Show that, if >°°° | a, converges, so does Y o0 (anan1)"/2.

(iii) Show that, if the a,, form a decreasing sequence, then, if Y > | (a,an41)
converges, so does > | ay,.

(iv) Give an example with Y > (anan41)
vergent.

1/2

/2 convergent and >°°7 | a,, di-

Exercise K.70. [5.2, P] We work in the real numbers. Are the following
true or false? Give a proof or counterexample as appropriate.

(1) Y2, n 2 converges, then Y >, n converges.

(ii) If >°°7 | ad converges, then Y °°  a} converges.

(iii) If @, > 0 for all n and > | a, converges, then na, — 0 as n — o.

(iv) If a, > 0 for all n and > 7 | a, converges, then n(a, — a,—1) — 0 as
n— 0o,

(v) If @, is a decreasing sequence of positive numbers and >~  a, con-
verges, then na,, — 0 as n — oc.

(vi) If @, is a decreasing sequence of positive numbers and na,, — 0 as
n — oo, then Y °  a, converges.

(vii) If 3°°° | a,, converges, then >_°°  n~%4a,, converges.
[Hint: Cauchy-Schwarz]

(ix) If >°°° | a, converges, then Y >°  n~!|a,| converges.

Exercise K.71. [5.2, T| Show that if a, > 0 and k is a strictly positive

integer, the convergence of Y °7  a® implies the convergence of Y 7  aF*!.

Suppose now that we drop the condition that all the a, be positive. By
considering a series of real numbers a,, with

agn1 = 2f(n), aspp2 = —f(n), agngs = —f(n)

for a suitable f(n) show that we may have

Z a, convergent but Z aﬁ divergent for all k£ > 2.

n=1 n=1

Exercise K.72. (Euler’s 7.) [5.2, T| Explain why

1 n+11
g/ —dz.
n+1 n T

Hence or otherwise show that if we write

n

Tn:Z%—logn

r=1
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we have T,,,1 < T, for all n > 1. Show also that 1 > T,, > 0. Deduce that
T, tends to a limit v (Euler’s constant) with 1 >~ > 0. [It is an indication
of how little we know about specific real numbers that, after three centuries,
we still do not know whether v is irrational. Hardy is said to have offered
his chair to anyone who could decide this.]

(ii) By considering Ty, — T),, show that

E U S S NS U B SRR
2737 15 67 8 T

(iii) By considering T, — %Tgn — %Tm show that

1 1

1++1
3 2 5 7

3
1 o= —log2
+ 2og

= +
4
This famous example is due to Dirichlet. It gives a specific example where

rearranging a non-absolutely convergent sum changes its value.
(iv) Show that

RS S 1
— — e — — —logn — —
271 on 2 BT
R L) L log2
rr .t 1 1
375 1 g BT RYTIo8
as n — Q.
Deduce that
Ll 1 1 1 SN S SURN
3 2p—1 2 4 29 2p 2p+2 4p—-1 7

where p positive terms alternate with ¢ negative terms, has sum log2 +
(1/2)log(p/q).

(v) Use the ideas of (iv) to show how the series may be arranged to
converge to any desired sum. (Be careful, convergence of a subsequence of
sums does not imply convergence of the whole sequence.)

Exercise K.73. [5.3, P] We work in C.

(i) Review the proof of Abel’s lemma in Exercise 5.2.6. Show that, if
|E§V:0 a;| < K for all N and ); is a decreasing sequence of positive terms
with A\;j — 0 as j — oo, then )7 \ja; converges and

> Naj

J=0

< Ksup A;j.
Jj=0
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(i) Suppose that Z;’io b; converges. Show that, given ¢ > 0, we can find
an N (e) such that

j=M

whenever M > N(e) and z is a real number with 0 < z < 1. (This result
was also obtained in Exercise K.61 (vii) but the suggested proof ran along
different lines. It worth mastering both proofs.)

(iii) By considering the equation

) M-1 9]
ijxj = Z bjl’j —+ Z bjﬂ?j,
j=0 j=0 j=M

or otherwise, show that, if Z;io b; converges, then

i bj[l?j — i bj
7=0 j=0

when z — 1 through real values of x with = < 1.
(iv) Use the result of Exercise 5.4.4 together with part (iii) to prove the
following result. Let a; and b; be sequences of complex numbers and write

n
Cp — E an_jbj
J=0

Then, if all the three sums > 2 a;, > 22 b; and > 2 ¢; converge (not nec-
essarily absolutely), we have
2w b= ¢
j=0  j=0 =0
(v) By choosing a; = b; = (—1)757%/2, or otherwise, show that, if ¢, is
defined as in (iv), the two sums > a; and ) °* b; may converge and yet
> oo ¢ diverge.

Exercise K.74. [5.3, P] This exercise is fairly easy but is included to show
that the simple picture painted in Theorem 4.6.19 of a ‘disc of convergence’
for power series fails in more general contexts. More specifically we shall
deal with the absolute convergence of >~ >° /> _ ¢, ma™y™ with ¢,,, € R
[n, m > 0] and z, y € R. (We shall deal with absolute convergence only
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because as we saw in Section 5.3 this means that the order in which we sum
terms does not matter.)

(a) Show that, if there exists a ¢ > 0 such that Y 2 Y>> _ c,mz"y™
converges absolutely for |z|, |y| < d then there exists a p > 0 and an K > 0
such that

|Cm| < Kp™t™ for all n, m > 0.

(b) Identify the set

oo 0

E={rycR®: Z Z |cn.mx"y™| converges}

n=0 m=0

in the following cases.
(i) ¢pm = 1 for all n, m > 0.
(ii) cpm = ("T) for all n, m > 0.
(ili) conom = ("Zm) for all n, m > 0 and ¢, ,, = 0 otherwise.
(iv) cpm = (n!m!)~! for all n, m > 0.
(V) ¢nm = nlml! for all n, m > 0.
(Vi) ¢pn =1 for all n > 0. and ¢, = 0 otherwise.
(c) Let E be as in (i). Show that if (zg,yo) € E then (x,y) € E whenever
|z| < |xo| and |y| < |yo|. Conclude that E is the union of rectangles of the

form [—u,u] x [—v,v].

Exercise K.75. [5.3, T!] Part (ii) of this fairly easy question proves a ver-
sion the so called ‘Monotone Convergence Theorem’. Suppose that a;, € R
for all j, n > 1, that a;,+1 > a;, for all j, n > 1, and a;,, — a; as n — o0
forall j > 1.

(i) Show that, given any € > 0 and any M > 1, we can find an N (e, M)
such that

o] M
D tinZ ) ;=
j=1 j=1
for allm > N (e, M). Show also, that, if 7%, a; converges, we have > 7% | a; >
> ey @y, for all n.

(i) Deduce that, under the hypotheses of this exercise, Y ™2, a;,, con-
verges for each n and 37, a;, — A as n — oo if and only if 377, a;
converges with value A.

Exercise K.76. [5.3, T!, 1] In this question we work in C. If > >° ' a,2"
converges to f(z), say, for all |z| < ¢ and Y b,2" converges to g(z), say,
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for all |z| < ¢’ [0, & > 0] it is natural to ask if f(g(z)) = f o g(2) can be
written as a power series in z for some values of z.
(i) Show that formal manipulation suggests that

? = no_. -
f @) g(z) = Z CpZ with Cp = Z a, Z bm(l)bm(2) e bm(r).
n=0 r=0

m(1)+m(2)+--+m(r)=n

The rest of this question is devoted to showing that this equality is indeed
true provided that

i b, 2" < 6
n=0

where ¢ is the radius of convergence of >~ a,z". The exercise is only worth
doing if you treat it as an exercise in rigour. Since the case z = 0 is fairly
trivial we shall assume that z # 0.

(ii) Let us define ¢y, and Cl, by equating coefficients of powers of w in
the equations

) N N n o0 N N n
Zchwr = Z ay (Z bmwm> and Z Cynyw" = Z || (Z |bm|wm)
r=0 n=0 m=0 r=0 n=0 m=0

(Note that ¢y, = Cy, = 0 if r is large.)

Show that Cngl|z]" < > |an|k? where k = Y7 |b,2"|. By using the
fact that an increasing sequence bounded above converges show that Cy, —
C, for some C, as N — oo. Use the monotone convergence theorem (Ex-
ercise K.75) to show that > 77 [anl 30y 4m@) s tm(ry=n |0m(1)bm(@) - - - bn(r)|
converges to C,,. Deduce that >~ a, Zm(l)+m(2)+~~-+m(r):n bin(1)0m(2) - - - Din(r)
converges and now use the dominated convergence theorem (Lemma 5.3.3)
to show that

CNn — Z Qr Z bm(l)bm(Q) s bm(r‘)
r=0

m(1)+m(2)+--+m(r)=n

(iii) By further applications of the monotone and dominated convergence
theorems to both sides of the equations

00 N N n 00 N N
Z Cnelz|" = Z |a| (Z |bmz|m> andz ez = Zan (Z bmzm>
r=0 n=0 m=0 r=0 n=0 m=0

n
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show that the two sides of the following equation converge and are equal.
00 N n [e'S)
> (o) <3
n=0 m=0 n=0

where Cp = Z:ZO bT Zm(1)+m(2)+~--+m('r'):n bm(l)bm(Q) Ce bm(r).

(iv) Let us say that a function G : C — C is ‘locally expandable in power
series at zp' if we can find an 7 > 0 and A; € C such that 7 A;z7 has
radius of convergence at least 1 and G(z) = > 272 Aj(2 — %)’ for all z € C
with |z — 29| < 1. Show that if G : C — C is locally expandable in power
series at zp and F' : C — C is locally expandable in power series at G(z¢) then
F o G is locally expandable in power series at zg. [In more advanced work
this result is usually proved by a much more indirect route which reduces it
to a trivial consequence of other theorems.]

Exercise K.77. (The Wallis formula.) [5.4, P] Set
/2
I, = / sin” x dx.
0

(i) Show that I,,4, = %In_l for n > 0.
n
(ii) Show that I,,41 < I,, < I,,_q and deduce that I,,,1/I, — 1 as n — oc.
(iii) By computing Iy and [; directly, find Is, 1 and s, for all n > 0.
(

iv) By applying (ii) and (iii), show that

Exercise K.78. (Infinite products.) [5.4, T]
(i) Prove that, if > 0, then expz > 1+ z.
(ii) Suppose ay, as, ..., a, € C. Show that

H(1 + a;)

3

<10+ a)

<
Il
-

and

n

[Ja+a)-1

j=1

<J[@+1al) -1

j=

—_
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(iii) Suppose ay, ag, ..., an, ... € Cand 1 <n < m. Show that

Hl—i—aj H1+a] <exp<Z|aj|> (exp(Z |aj|>—1>.
=1 =1 =1 j=nt1

(iv) Show that, if > 7, a; converges absolutely, then [[7_, (1 + a;) tends
to a limit A, say. We write

H 1+ aj).

(v) Suppose that ) 7 | a; converges absolutely, and, in addition that a,, #
—1 for all n. By considering b,, such that

(1+b,)(1+a,) =1,

or otherwise, show that [[;2, (1 + a;) # 0.

(vi) Suppose a; > 0 and 377, a; converges. If we write R, = > 77 ., a;,
show, by considering an appropriate infinite product, that > %, a;/R; di-
verges.

Exercise K.79. [5.4, T, 1] (i) Suppose that @ > 0. By expanding into
geometric series and multiplying those series show that

1-27'1=-3""= > n

nes(2,3)

where S(2, 3) is the set of strictly positive integers with only 2 and 3 as factors
and we sum over the set S(2,3) in order of increasing size of the elements.

(ii) Find a similar expression for Hé\;l(l — p;‘f)*1 where p1, pa, ..., PN
are the first N primes. If & > 1 use dominated convergence (Lemma 5.3.3)
to show that

o0

1

na

peP n=1

where P is the set of primes and we sum over P in order of increasing size
of the elements.

(iii) By considering carefully what happens as a — 1 from above, show
that
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as N — oo. Deduce that

Z diverges.

peP

(iv) Part (iii) and its proof are due to Euler. It shows that, not merely are
there an infinity of primes, but that, in some sense, they are quite common.
Show that if M(n) is the number of primes between 2" and 2" then the
sequence 277" M (n) is unbounded whenever 3 < 1.

Exercise K.80. [5.4, P, 1] Suppose that a,, is real and 0 < a,, < 1 for all
n > 1. Suppose further that a, — 0 as n — oo. Let the numbers P, be
defined by taking Py = 1 and

p — (1+an>Pn—1 if Pn—l S 1,
"l —an)Py ifPyy>1,

for all n > 1. Show that P, tends to a limit [, say.

What, if anything, can you say about [ if >~ a, diverges? What, if
anything, can you say about [ in general? Prove your answers.

Exercise K.81. [5.4, P] By considering the partial products []_, (1 +22)
and using the dominated convergence theorem, show that

(1+2%) sz (1—2)""
k=0

for all z € C with 2| < 1.

e}

j=1

Exercise K.82. (Vieta’s formula.) [5.5, T] (See Exercise K.78 for the
definition of an infinite product if you really need it.) Show that if z € R
and x # 0 then

sin(27"x) H cos(277x) = 2 "sinx.
=0

Deduce that

Hcos(Q_jaz) = e
L- T

Does the result hold if z € C and x # 07
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By setting x = /2 obtain Vieta’s formula (probably the first published

infinite product)
\[ \/‘ L1 o1
2 2 2 2

or (in a more reasonable notation) 2 = []>7 u, where u?,, = (1 + u,)/2

and u; = 2712,

Exercise K.83. [5.6, P, G] We say that a function f: A — B is injective
if f(a) = f(a’) implies a = a’. We say that a function f : A — B is surjective
if, given b € B, we can find an a € A such that f(a) = b. If f is both injective
and surjective we say that f is bijective.

(a) Consider the functions f: A — B, g : B — C and their composition
gof:A— C given by go f(a) = g(f(a)). Prove the following results.

(i) If f and g are surjective, then so is g o f.

(i) If f and g are injective, then so is go f.

(iii) If g o f is injective, then so is f.

(iv) If g o f is surjective, then so is g.

(b) Give an example where g o f is injective and surjective but f is not
surjective and ¢ is not injective.

(c) If any of your proofs of parts (i) to (iv) of (a) involved contradiction,
reprove them without such arguments®.

(d) Have you given the simplest possible example in (b)? (If you feel that
this is not a proper question, let us ask instead for the smallest possible sets
A and B.)

Exercise K.84. [5.6, P, G] Show that an injective function f : [0,1] —
[0,1] is continuous if and only if it is strictly monotonic (that is strictly
increasing or strictly decreasing). Is the result true if we replace ‘injective’
by ‘surjective’? Give a proof or a counterexample.

Exercise K.85. (Multiplication before Napier.) [5.6, T, G]
(i) The ancient Greek astronomers drew up tables of chords where

chord o = 2sin(a/2).
Prove that

chord 6 chord(m — ¢) = chord(# + ¢) + chord(6 — ¢).

5Conway refers to arguments of the form ‘Assume A is true but B is false. Since A
implies B it follows that B is true. This contradicts our original assumption. Thus A
implies B.” as ‘absurd absurdums’.
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If0 <z <2and0<y <2, show that the following procedure computes xy
using only addition, subtraction and table look up.

(a) Find 6 and ¢ so that x = chord 0, y = chord(m — ¢).

(b) Compute 6 + ¢ and 0 — ¢.

(c) Find chord(# + ¢) and chord (0 — ¢).

(d) Compute chord(f + ¢) + chord (6 — ¢).

(ii) In fact we can multiply positive numbers using only addition, sub-
traction, division by 4 and a table of squares. Why? (Do think about this
for a little before looking at Exercise 1.2.6 (iii) for a solution.)

If we just want to multiply two numbers together, the methods of (i)
and (ii) are not much longer than using logarithms but, if we want to multi-
ply several numbers together, logarithms are much more convenient. (Check
this statement by considering how you would multiply 10 numbers together
by the various methods.) Logarithms also provide an easy method of find-
ing ath roots. (Describe it.) We may say that logarithms are more useful
computational tools because they rely on isomorphism rather than clever
tricks.

[This question was suggested by the beautiful discussion in [39]. If the reader
wants to know more about the historical context of logarithms, Phillips’ book
is the place to start.]

Exercise K.86. [5.6, P, S] Arrange the functions

1\ /2 1\ 3 1\ /2 1
(—) , (log —) , exp <log —) , exp (—>
x x x x
as fi(x), fo(@), fo(x), fuw) in such a way that f,(z)/f1(x) — 0 as 7 — 0
through positive values of x. Justify your answer.

Exercise K.87. [5.6, P] We shall give an number of alternative treatments
of the logarithm. This is one I like lees than some of the others.

Let zp = = > 0. The sequence of real strictly positive numbers z,, is
defined by the recurrence relation

Tpy1 = Tn.

Prove that the two expressions 2"(z,, — 1) and 2"(1 — 1/x,,) both tend to the
same limit as n — oo. Taking this limit as the definition of log x, prove that,
for real, strictly positive x and y,

(i) log1l =0,

(ii) logzy = log x + log vy,

(iii) log 1 /2 = —log x,

(iv) log x increases with z.
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Exercise K.88. [5.7, P, S| Let f : R — R be a strictly positive function.
fla+n)\""
Show that (T) tends to a limit [, say, as n — 0 if and only if f is
x

differentiable at x. If [ exists, give its value in terms of f(x) and f'(z).

Exercise K.89. [5.7, S] (This is really just a remark.) I have been unable
to trace the story told in Exercise 5.7.10 to a sure source. However, one of
Pierce’s papers® does refer to the ‘mysterious formula’

i = (e

(which he makes still more mysterious by using a notation of his own inven-
tion). By remarking that ™2 = ¢=37/2 show that, even if we interpret this
equation formally, the left hand side of his equation is ambiguous. How did
we prevent this ambiguity in part (ii) of Exercise 5.7.107

Exercise K.90. (Functional equations.) [5.7, T]
(i) Suppose f: R — R is a function such that

flx+y) = f(x)+ fly)

for all z, y € R. Let f(1) = a.
(a) Find f(n) for n a strictly positive integer.
(
(

(
b) Find f(n) for n an integer.
¢) Find f(1/n) for n a non-zero integer.
(d) Find f(x) for z a rational.
Now suppose that f is continuous. Show that f(z) = ax for all z € R.
(ii) Suppose a : R™ — R™ is a continuous function such that
a(x+y) = a(x) +a(y)

for all x, y € R™. Show that « is a linear map.
(iii) Suppose g : (0, 00) — (0, 00) is a continuous function such that

g(wy) = g(x)g(y)

for all z, y € (0,00). Find the general form of g.
(iv) Suppose g : R\ {0} — R\ {0} is a continuous function such that

9(zy) = g(x)g(y)
for all z, y € R\ {0}. Find the general form of g.

S Linear Associative Algebra, Vol 4 of the American Journal of Mathematics, see
page 101.
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Exercise K.91. [5.7, T, 1] In this question we seek to characterise the
continuous homomorphisms y from the real numbers R under addition to
the group S' = {\ € C : |\| = 1} under multiplication. In other words we
want to find all continuous functions y : R — S! such that

x(r +y) = x()x(v)

for all z, y € R.
(i) For each t € T let 6(t) be the unique solution of

V(1) = expif(t)

with —7 < 6(t) < m. Explain why we cannot establish the equation
0(t) = 20(t/2)

for all ¢t but we can find a § > 0 such that
6(t) = 20(t/2)

for all |t| < 6.

(ii) If #(6/2) = v and A = 26!~ establish carefully that x(¢) = exp i\t
for all t. Conclude that the continuous homomorphisms y from R to S! are
precisely the functions of the form x(t) = exp iAt for some real \.

(iii) Find the continuous homomorphisms from the group S* to itself.

Exercise K.92. [5.7, T, 1] (i) Suppose f : R — R is a function such that
f(2t) =2f()

for all t € R. Show that f(0) = 0.
(ii) Let p; be the jth prime. Show that we can find a function F': R — R
such that

F(2t) = 2F(t)

for all € R and F(p;') = j. Show that F" is not continuous at 0.
(iii) Suppose f: R — R is a function such that

f2t) =2f(t)

for all t € R and, in addition, f is differentiable at 0. Show that f(t) = At
for all t € R and some A € R.
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(iv) Show that we can find a function F' : R — R such that
F(2t) = 2F(t)

for all £ € R and F' is continuous at 0 but not differentiable there.
(v) Suppose u : R — R is a function such that

u(2t) = u(t)?

for all ¢t € R and, in addition, u is differentiable at 0. Show that either
u(t) = 0 for all ¢ € R or there exists an o > 0 such that u(t) = o' for all
teR.

Exercise K.93. [6.1, P] We work in R? with the usual inner product. Con-
sider the function f : R? — R3 given by

and f(0) = 0. Show that f is differentiable except at 0 and

h X
Df(x)h= — — (x,h)——
x| RSIK
Verify that Df(x)h is orthogonal to x and explain geometrically why this is
the case.

Exercise K.94. (The Cauchy-Riemann equations.) [6.1, T] (This ex-
ercise is really the first theorem in a course on complex variable but it can
do the reader no harm to think about it in advance.)

We say that a function f : C — C is complex differentiable at zq if there
exists a f'(z9) € C such that

f(z0+h) = [(20)
h

— f'(20) as |h| — 0.

Observe that C can be considered as the vector space R? and so we we can
write

flz+iy) = u(z,y) +iv(z,y)

with z, y, u and v real, obtaining a function F : R? — R? given by
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Show that the following statements are equivalent
(i) f is complex differentiable at z.

(ii) F is differentiable at <x0

Yo

ou 9 .
v oy _y [cos 0 —sind
% 9v sinf  cos@

x Oy

with A real and A > 0.

(iii) F is differentiable at (50) and its derivative at this point is the
0

composition of a dilation and a rotation.

) and its Jacobian matrix at this point is

given by

(iv) F is differentiable at (zo) and its partial derivatives at this point
0

satisfy the Cauchy-Riemann conditions

ou B ov Ov ou

oxr Oy dxr Oy

Exercise K.95. [6.2, P] Let f : R? — R be differentiable and let g(x) =
f(z,c— x) where ¢ constant. Show that g : R — R is differentiable and find
its derivative

(i) directly from the definition of differentiability,
and also

(ii) by using the chain rule.
Deduce that if f; = fo throughout R then f(x,y) = h(z + y) for some
differentiable function h.

Exercise K.96. [6.2, P] Consider a function f : R — R. State and prove
a necessary and sufficient condition for there to be a continuous function
F :R? — R with

whenever x # y.
Prove that, if f is twice differentiable, then F' is everywhere differentiable.

Exercise K.97. [6.2, T| (The results of this question are due to Euler.) Let
a be areal number. We say that a function f : R™\ {0} — R is homogeneous
of degree « if

fOx) = A" f(x) f
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for all A > 0 and all x # 0.

(i) By differentiating both sides of ¥ and choosing a particular value of
A, show that, if f : R™\ {0} — R is a differentiable function which is
homogeneous of degree a, then

> wifix) = af(x) ft

for all x # 0.

(ii) Suppose conversely, that f : R™\ {0} — R is a differentiable function
satisfying t1. By setting up a differential equation for the function v defined
by v(A) = f(Ax), or otherwise, show that f is homogeneous of degree a.

Exercise K.98. [6.2, T] (i) Suppose that « : R? — R? is a linear map and
that its matrix with respect to the standard basis is

(¢ a)

Show how |la|| may be calculated. (There is no particular point in carrying
through the algebra in detail.)

(ii) Suppose that a : R™ — R? is a linear map and that its matrix with
respect to the standard basis is A = (a;;). Show how ||r|| might be calculated.
(If you know about Lagrange multipliers this gives you an opportunity to
apply them.)

We discuss this problem further in Exercises K.99 to K.101.

Exercise K.99. [6.2, T] A linear map a : R™ — R™ is called symmetric if

(a(x),y) = (x,a(y))
for all x, y € R™. Show that a : R™ — R is symmetric if and only if its
matrix (a;;) with respect to the standard bases is symmetric, that is a;; = a;;
for all 7 and j.

In algebra courses (and, indeed, in Exercise K.30) it is shown that the
linear map « : R™ — R™ is symmetric if and only if it has m orthonormal
eigenvectors. Show that a symmetric linear map a : R™ — R™ has operator
norm equal to the largest absolute value of its eigenvalues, that is to say,

||| = max{|A| : A an eigenvalue of a}. (1)
By considering the linear map o : R? — R? with matrix
01
=(00)

or otherwise, show that the equality (f) may fail if « is not symmetric.
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Exercise K.100. [6.2, T, T] Question K.99 tells us that the operator norm
of a symmetric linear map o : R™ — R™ is the largest absolute value of its
eigenvalues but does not tell us how to find this value.

(i) Our first thought might be to look at the roots of the characteris-
tic polynomial. Examine the kind of calculations involved when m = 50.
(Actually matters are even worse than they look at first sight.)

(i) Suppose « has eigenvalues A; with associated orthonormal eigenvec-
tors e;. Choose an xo € V and define y;, = ||x¢|| "', (if x; = 0 the process
terminates) and xj+1 = a(y). If Ay > |\;] [2 < j < m] show that, except in
a special case to be specified, the process does not terminate and

%l = A1, |lyr —ed| =0

as k — oo.

How must your answer be modified if —X\; > |\;] [2 < j < ml].

(iii) Now suppose simply that a # 0 and [A| > |A\;] [2 < j < m]. Show
that it remains true that, except in a special case to be specified, the process
does not terminate and

[1xk[] = Al

as k — oo.

If o # 0, all the \; are positive and A; > A; [2 < j < m] show that,
except in a special case to be specified, the process does not terminate and
x;, tends to a limit. Show that this limit is an eigenvector but (unless A\ > A;
[2 < j < m]) this eigenvector need not be a multiple of e;.

(iv) We thus have an algorithm for computing the largest absolute value
of the eigenvalues of a by applying the iterative procedure described in (ii).
The reader may raise various objections.

(a) ‘The randomly chosen xo € V may be such that the process fails.’
Suppose that V' = R® and you are use your favourite computer and your
favourite random number generator. Estimate the probability that a ran-
domly chosen x( will be such that the process fails. Recalling that computers
use finite precision arithmetic discuss the effect of errors on the process.

(b) ‘We give an iterative procedure rather than an exact formula.” Re-
member that if V = R we are seeking a root of a polynomial of degree 50.
How do you propose to find an exact formula for such an object?

(c) ‘We may have to make many iterations.” Estimate the number of
operations required for each iteration if the matrix A associated with « is
given and conclude that, unless m is very large, each iteration will be so fast
that the number of iterations hardly matters.
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(v) The method is (usually) quite effective for finding the largest (abso-
lute value) of the eigenvalues. Sometimes it is less effective in finding the
associated eigenvector. Why should this be?

(vi) Discuss how you might go about finding the second largest (absolute
value) of the eigenvalues.

(vi) Suppose that « is a linear map a : C™ — C™ whose eigenvalues
satisfy |A1| > |A;] [2 < j < m]. Show that the method outlined above will
continue to work.

(vii) Let e; and e, be linearly independent vectors in R? with |je; — es|
small. Let o : R? — R? be the linear map such that ae; = e;, aes = —e;
Set

x = [ler — e 7 (e1 — e2).

and examine the the behaviour of a"x.

(viii) Explain why our algorithm may fail for an « : C™ — C™ whose
eigenvalues merely satisfy || > [N\ [2 <7 <m].

(vii) Explain why the method of (vii) may prove very slow even if [A;| >
IAj| [2 < j < m]. Why did we not have the problem in the real symmetric
case?

Exercise K.101. [6.2, T, 1] We now consider general linear maps « :
R™ — R™. In this general case mathematicians remain very interested in
finding the largest absolute value of its eigenvalues. (Some of the reasons
for this are set out in Exercises K.282 to K.286.) However, they are much
less interested in finding ||a|| which, as I have stressed, is mainly used as a
convenient theoretical tool.

If you really need to obtain [|«||, this exercise justifies one method of
going about it. Recall that a* is the linear map a* : R™ — R whose matrix
A* = (b;;) with respect to the standard bases is given by b;; = aj; for all
and j (where A = (a;;) is the matrix of o with respect to the same basis).

(i) Show that

(ax,y) = (x,a"y)

for all x, y € R™.
(ii) Explain why

(x, " ax) = [Jax||?
for all x € R™. Deduce that

la*a| > [l



484 A COMPANION TO ANALYSIS

and so [la*[| = [|a]|
(iv) Show that, in fact, ||o*|| = ||| and

la*al| = flaff*.

Show that a*« is a symmetric linear map all of whose eigenvalues are positive.

(v) Use the results of (ii) and Exercise K.100 to give a method of obtaining
ol

(vi) Estimate the number of operations required if the matrix A associated
with « is given. What step requires the bulk of the calculations?

(vii) Find A*A in the special case

11
(Y
What are the eigenvalues of A and AA*? What is ||A|?

Exercise K.102. [6.3, P] We work in R?. Let
B={x:|x|[| <1}, B={x:|x|| <1} and 0B = {x : |x|| = 1}.

Suppose that f : B — R is a continuous function which is differentiable on B.
Show that, if f(x) = 0 for all x € B, there exists a ¢ € B with Df(c) = 0.

Construct a continuous function ¢ : B — R which is differentiable on B
but such that we cannot find a linear map «a : R? — R such that f — a is
constant on dB. [Hint: This is easy.]

Discuss the foregoing results in the light of Rolle’s theorem (Theorem 4.4.4)
and the proof of the one dimensional mean value theorem given in Exer-
cise 4.4.5.

Exercise K.103. [7.1, P, S| Suppose that ¢, o, ... is a strictly increasing
sequence of strictly positive integers such that >~ qi diverges. Show that

- 1 - 1 1
Zlog (1 — —> diverges but Z (log (1 — —) + —) converges.
n=1 n n=1 q q

n n

Exercise K.104. [7.3, P] (This question has low theoretical interest but
tests your power of clear organisation.) Find the maximum of

ar’® + b + ¢

on the interval [0, 10] where a, b and ¢ are real constants.
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Exercise K.105. (Routh’s rule.) [7.3, T] It is Routh’s misfortune to be
known chiefly as the man who beat Maxwell in the Cambridge mathematics
examinations, but he was an able mathematician and teacher”. Part (v) of
this question gives his method for determining if a real symmetric matrix
A = (aij)1<ij<n 1s positive definite.

(i) We said that A is positive definite if all its eigenvalues are strictly posi-
tive. It is more usual to say that A is positive definite if Y " 2?21 x5 > 0
for all x # 0. Show that the two definitions are equivalent. [Think about
the map x — x? Ax (with x as a column vector).]

(ii) By choosing a particular x, show that, if A is positive definite, then
ay; > 0.

(iii) If @11 # 0, show that (whether A is positive definite or not)

n n n n
_ 2
E E xiaijxj = any; —+ E E xibijxj
i=1 j=1 i=2 j=2
h _ —1 —1 -1 d
where y; = 1 + aqy Q1222 + @y A13T3 + -+ + A1y A1p Ty, AN

b a1;Q1; A;a11 — @115
a1 a1

Hence, or otherwise, show carefully that A is positive definite if and only if
a;p > 0 and the matrix B = (b;;)2<i j<n 1S positive definite. (Of course, we
must perform the very simple verification that B is a real symmetric matrix.)
The matrix B is called the Schur complement of a;; in A.

(iv) By considering the effect of row operations of the form

[new ith row] = [old ith row] — a; a7;' [old 1st row]

on A, or otherwise, show that det A = a; det B.

(v) Use (iii), ideas based on (iv) and induction on n to prove Routh’s
rule:— The real symmetric matrix A is positive definite if and only if the
determinants of the n leading minors

a a ap; Qiz2 Qi3
a1 = det(aq), det( 1 12), det | agy aon a3 | , ..., detA
Q21 G22
asy az2 ass
are all strictly positive.
(vi) Show that A is negative definite if and only if —A is positive definite.

"He was one of the two greatest Cambridge coaches (people who tried to make students
do slightly better in mathematics examinations than they should, an occupation which I
have always felt to be fairly harmless, if not terribly useful).
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Figure K.2: Shortest road system for vertices of a square

Exercise K.106. [7.3, P] (i) Let A(t) be a 2 x 2 real symmetric matrix
with

Suppose that a, b, ¢ : R — R are continuous. Show that, if A(¢) has
eigenvalues A1 (t) and Ao(t) with A (t) > Ao(t), then A; and Ay are continuous.
Show that, if A(0) is positive definite and A(1) is negative definite, then there
exists an a € (0,1) with A(«) singular. Show, more strongly, that, either
we can find oy and ag with 1 > a3 > ay > 0 and A(ay), A(az) singular, or
there exists an « € (0,1) with A(a) the zero matrix.

(i) State and prove a result along the lines of Exercise 7.3.19 (ii).

(iii) Find a 2 x 2 real matrix B(t) = (b;;(t))1<ij<2 such that the entries
b;; : R — R are continuous, B(0) = I and B(m) = —I but B(t) is nowhere
singular. [Think rotations.]

Exercise K.107. [7.3, M!] Four towns lie on the vertices A, B, C, D of
a square. Find the shortest total length of the system of roads shown in
Figure K.2 where the diagram is symmetric about lines through the centres
of opposite sides of the square. By formal or informal arguments, show that
this arrangement gives the shortest total length of a system of roads joining
all four towns. (You should, at least, convince yourself of this.) Is the
arrangement unique?

The interesting point here is that the most highly symmetric road systems
do not give the best answer.

Exercise K.108. [7.3, P] We continue with the notation of Exercise 7.3.12.
Show that, if g is continuously differentiable, then f is differentiable except
at (0,0) (there are various ways of doing this but, whichever one you choose,
be careful), and has directional derivatives in all directions at (0,0). For
which functions ¢ is f differentiable at (0,0)?
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Exercise K.109. [7.3, P] (i) Let @ > b > 0 and define f : R? — R by

flx,y) = (y — az®)(y — ba?).

Sketch the set £ = {(x,y) : f(z,y) > 0}. Show that f has a minimum
at (0,0) along each straight line through the origin. (Formally, if « and
are real numbers which are not both zero, the function g : R — R given by
g(t) = f(at, Bt) has a strict local minimum at 0.) Show, however, that f has
no minimum at (0,0). Does f have any minima?

(ii) Suppose F : R? — R is twice continuously differentiable with a non-
singular Hessian at (0,0). Show that F' has a minimum at (0, 0) if and only if
it has a minimum at (0,0) along each straight line through the origin. Why
is this result consistent with part (i)?

[Like many examples in this subject, part (i) is due to Peano.]

Exercise K.110. [8.2, P] (i) Let F' be the function given in Exercise 8.2.23.
By considering F' — %, or otherwise, show that if a bounded function f :
[a,b] — R is not Riemann integrable, it does not follow that |f| is not
Riemann integrable. If a bounded function f : [a,b] — R is such that |f]
is not Riemann integrable, does it follow that f is not Riemann integrable?
Give a proof or counterexample.

(i) Let f, g : [a,b] — R be bounded functions. If both f and g are not
Riemann integrable, does it follow that f + g is not Riemann integrable? If
both f and g are not Riemann integrable, does it follow that f-+ g is Riemann
integrable? If f is Riemann integrable but ¢ is not Riemann integrable, does
it follow that f+ g is not Riemann integrable? If f is Riemann integrable but
g is not Riemann integrable, does it follow that f + ¢ is Riemann integrable?
(Give proofs or counterexamples.)

(iii) Compose and answer similar questions for the product fg and for A f
where A is a non-zero real number.

Exercise K.111. [8.2, P] Define f : [0,1] — R by f(p/q) = 1/q when p
and ¢ are coprime integers with 1 < p < ¢ and f(z) = 0 otherwise.

(i) Show that f is Riemann integrable and find fol f(z)de.

(ii) At which points, if any, is f continuous? Prove your answer.

(iii) At which points, if any, is f differentiable? Prove your answer.

Use the ideas of this exercise to define a function g : R — R which is
unbounded on every interval [a,b] with b > a.

Exercise K.112. [8.2, P] Suppose that f : [0,1] — R is Riemann inte-
grable. Show that, if we write g,(x) = f(z"), then g, : [0, 1] — R is Riemann
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integrable. State, with appropriate proof, which of the following conditions
imply that

[ s ds = s

as n — 00.
(i) f is continuous on [0, 1].
(ii) f is continuous at 0.

(iii) No further condition on f.

Exercise K.113. [8.2, H] (i) Let
D ={xp,21,...,xp} witha=20 <z <9 <--- <2, =0

be a dissection of [a,b] and let € > 0. Show that there exists a § > 0
depending on € and D such that, if

Dl:{y(byl;aym}wmhazyogylSyQSSym:b

is a dissection of [a,b] with |y; — y;—1| < ¢ for all j, then the total length
of those intervals [yx_1, yx] not completely contained in some [x;_1, z;] is less
than e. More formally,

Z Z Yk — yr—1] < e

=1 [yp—1,yx) Azi—1,2:]7#0

(ii) Show that, if f : [a,b] — R is a function with |f(¢)| < M for all ¢, D
is a dissection of [a,b] and € > 0, we can find an > 0 (depending on M, €
and D) such that if

D/:{y()?yla7ym}W1tha:y0§y1§y2§Sym:b

is a dissection of [a, b] with |y; —y;_1| < nfor all j, then S(f,D’) < S(f,D)+e
and S(f,D) > s(f,D) —e.
(iii) Show that a bounded function f : [a,b] — R is Riemann integrable

with integral [ if and only if, given any € > 0 we can find an 1 > 0 such that,
if

D ={xp,21,...,xp} witha=2o <z <9 <--- <2, =0
is a dissection of [a,b] with |z; — x;_1| < n for all j, then

S(f,D)—s(f,D) <e, and |S(f,D) —I| <e.
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(iv) Show that a bounded function f : [a,b] — R is Riemann integrable
with integral I if and only if, given any € > 0, we can find a positive integer
N such that, if n > N and

D = {zo,x1,...,2,} with x; =a+ j(b—a)/N,
then
S(f,'D)—S(f,D) <€ and |S(f7D>_I| < e

(v) Show that, if f : [a,b] — R is Riemann integrable, then

anl
- ;fa—i-jb—a/n —>/f

as N — oo. Why is this result compatible with Dirichlet’s counterexample
(Exercise 8.2.23)7

Exercise K.114. [8.2, H] (This exercise is best treated informally.) If we
insist on considering the integral as the area under a curve, then our definition
of the Riemann integral of a function which can be negative looks a bit odd.
We could restrict ourselves initially to positive bounded functions and then
extend to general functions in (at least) two ways.

(A) If f : [a,b] — R is bounded, we can write f(t) = fi(t) — f_(t) with
f+ and f_ positive. We set

[ rwa=[soa- s

if the right hand side of the equation exists.
(B) If f : [a,b] — R is bounded we can write f(t) = f.(t) — k with f,
positive and  a real number. We set

[ rwa= [ nwa-so-a

Run through the checks that you must make to see that these definitions
work as expected. For example, if we use (B), we must check that the value
of the integral is independent of the value of x chosen. In both cases we must
check that, if f and g are integrable, so is fg.

Explain why we get the same integrable functions and the same integrals
from the three definitions considered (the one we actually used, (A) and (B)).
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Exercise K.115. [8.2, H] No modern mathematician would expect any
reasonable theory of integration on the rationals for the following reason.

Since the rationals are countable we can enumerate the elements of [0, 1] N Q.
Enumerate them as x;, zs, ... . Let J, be an interval of length 27"~! con-
taining x,. We observe that the union of the J, covers [0,1]NQ but that the
total length of the intervals is only Y oo 27"t =1/2,

(i) Show that, given any € > 0, we can find intervals .J;, Jo, ... of total
length less than e with (J7~, J, D Q.

(ii) Such a phenomenon can not take place for the reals. Suppose that
we are given intervals Ji, Jo, ... in R of total length 1 — € where 1 > € > 0.
Show that we can find open intervals Iy, Is, ... of total length less than
1 —¢/2 such that I, D J, for each r. Now set K; = [0,1] \ U/_, I,. By
applying Exercise 4.3.8 which tells that the intersection of bounded, closed,
nested non-empty sets in R is itself non-empty, show that ()72, K; # 0 and
deduce that (2, J, 2 [0,1]. We can not put a quart into a pint pot®.

(iii) It could be argued that the example above does not completely rule
out a theory of integration for well behaved functions f : Q — Q. To show
that no such theory exists consider the function f : Q — Q is given by

flxy=1 ifa? <2
f(x)=0 otherwise,

Examine how the the procedure for defining an integral f02 f(z) dx by means
of upper and lower sums and integrals breaks down

Exercise K.116. (First integral mean value theorem.) [8.3, T] (i)
Suppose F' : [a,b] — R is continuous. Show that, if sup,cp,y F'(t) > A >
infycpap) F(t), there exists a ¢ € [a,b] with F(c) = A.

(ii) Suppose that w : [a,b] — R is continuous and non-negative on [a, b].
If f:[a,b] — R is continuous, show that there exists a ¢ € [a, b] with

[ rowwa=s [ v

(This is a pretty result, but in the view of the present author, resembles
the mean value theorem in being a mainly decorative extension of simpler
inequalities.)

(iii) Show that (ii) may fail if we do not demand w positive. Show that
it also holds if we demand w everywhere negative.

80r a litre into a half litre bottle.
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Exercise K.117. [8.3, T] The real function f : [a,b] — R is strictly increas-
ing and continuous with inverse function g. Give a geometric interpretation
of the equality

b f()
/ f(x)do + / o(y)dy = bf(b) — af(a)
a f(a)

and prove it by using upper and lower Riemann sums.

Suppose p an ¢ are positive real numbers with p~! 4+ ¢! = 1. By using
the idea above with f(x) = 277!, a = 0 and b = X show that, if X, Y > 0
then

XP Y4

—+ — > XY
p q

For which values of X and Y does this inequality become an equality?

Exercise K.118. [8.3, H] Historically and pedagogically the integrability
of continuous functions is always linked with the proof that a continuous
function on a closed set is uniformly bounded. The following exercise shows
that this is not the only path.

(i) Reread Exercise 8.2.17 (i). Show that, under the assumptions of that
exercise,

I (fliae) + Loy (Flien) = Loy (flia) and
Lo, (flias) + Laep) (fliep) = Lefas) (fliap)

where [ [* d denotes the upper integral on [a, ¢| and so on.

(ii) Let f :]a,b] — R be continuous. Suppose, if possible, that f is not
integrable. Explain why this means that there is a £ > 0 such that

I (flan) = Lay) (fliag) = w(b — a).

(iii) Suppose that ¢y = (a + b)/2. Show that at least one of the following
two statements must be true.

I[Z,%](f‘[a,m]) - I*[d,Co](ﬂ[d,Co])
Iieo 5 (Flico.01) = Logeo,t) (f licot))

Use this remark as the basis for a lion hunting argument. Use the continuity
of f to obtain a contradiction and deduce Theorem 8.3.1.
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Exercise K.119. [8.3, H] For the reasons sketched in Section 9.3 there it
is hard to extend the change of variable formula given in Theorem 8.3.13 for
one-dimensional integrals to many dimensions without a fundamental rethink
about the nature of area. But, whether we face or evade this issue, the proof
of Theorem 8.3.13 is essentially one-dimensional. In this exercise we give a
lion hunting argument which could be extended to higher dimensions.

(i) We use the notation and hypotheses of Theorem 8.3.13. Suppose, if
possible, that the theorem is false. Explain why this means that there is a
x> 0 such that

> k(d —c).

g(d) d
s)ds — x))q (x) dx
/g@ fs)ds = [ flota))g@)

(ii) Suppose that ey = (¢ + d)/2. Show that at least one of the following
two statements must be true.

g(eo) €o
/ f(s)ds — / f(g(x)g'(z) dz| > k(e — ¢) and, or
g(c) c

g(d

) d
£(s)ds — / F(9(2)g (&) dz| > w(d — o).

g(eo)

Use this remark as the basis for a lion hunting argument and deduce Theo-
rem 8.3.13 from the resulting contradiction.

Exercise K.120. [8.3, H, 1] (i) Prove Lemma 8.3.18 (the formula for in-
tegration by parts) by direct calculation in the special case G(x) = Az + B,
f(z) = Kz + L by direct calculation.

(ii) Prove Lemma 8.3.18 by lion hunting along the lines of Exercise K.119.

Exercise K.121. [8.3, H, ] Let f;[a,b] — R be differentiable (with one
sided derivatives at the end points). Use lion hunting to prove the theorem
due to Darboux which states that, if f’ is Riemann integrable then

b
/ Pt dt = F0) — la).

[This is a considerable generalisation of Exercise 8.3.12 but is not as final
a result as it looks at first sight since it need not be true that f’ is Riemann
integrable.]
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Exercise K.122. [8.3, T] (i) Show directly, using uniform continuity and
an argument along the lines of our proof of Theorem 8.3.1, that, if f : [a,b] —
R is continuous, then

N-1

b—a
N

fla+j(b—a)/N) —>/ f(t)

I
=)

J

as N — oo. (The general result, which holds for all Riemann integrable
functions, was given in Exercise K.113 (v) but the special case is easier to
prove.)

(ii) It is natural to ask whether we cannot define the integral of a con-
tinuous function directly in this manner, without going through upper and
lower sums. Here we show one way in which it it can be done. We shall
suppose f : [a,b] — R a continuous function and write

b—a =
5v =" fla - )
=0

As might be expected, our main tool will be uniform continuity.

Show that, given € > 0, we can find an Ny(e) such that, if N > Ny(e) and
P > 1, then |Sy—Syp| < €. Show that if M, N > Ny(e), then |Sy—Sy| < 2e.
Deduce that Sy tends to a limit as N — oco. We can define this limit to be
[P F@t)dt

(iii) Explain briefly why the new definition gives the same value for the
integral as the old.

The objections to this procedure are that it obscures the geometric idea
of area, that many branches of pure and applied mathematics deal with
functions like the Heaviside function which, though well behaved, are not
continuous, that it gives a special status to points of the form a+ j(b—a)/N
and that it does not generalise well. (These objections, although strong,
are not, however, conclusive. The ideas sketched here are frequently used in
obtaining various generalisations of our simple integral. An example of this
is given in Exercise K.137.)

Exercise K.123. [8.3, T] Let f : [-1,1] — R be defined by f(1/n) =1
for all integers n > 1 and f(¢f) = 0, otherwise. By finding appropriate
dissections, show that f is Riemann integrable. If

:/Otf(ac)dx

find F' and show that F' is everywhere differentiable. Observe that F’(0) =
f(0). Is f continuous at 07 (Prove your answer.)
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Exercise K.124. [8.3, T] (i) Use the relation

(r4+r(r—1)—r(r—-1)0r-2)
3
to find )", r(r — 1). Use a similar relation to find > r and deduce the

value of Y " r?.
(ii) By using the method of part (i), find > | 7*. Show that

r(r—1) =

Dorm = (m A )7 Pn)
r=1
where P, is a polynomial of degree at most m.
(iii) Use dissections of the form

D=1{0, 1/n, 2/n, ..., 1}

! 1
/ x"dr = ——
0 m+1
for any positive integer m.

(iv) Use the result of (iii)? to compute [’ ™ dx and fab z™ dx for all values
of a and b. Obtain the same result by using a version of the fundamental
theorem of the calculus.

(v) Use dissections of the form

to show that

D={0, 1/n, 2/n, ..., 1}

1
/ efdr=¢e—1.
0

Obtain the same result by using a version of the fundamental theorem of the
calculus.
(vi) Use dissections of the form

to show that

D= {br", br"~', br"7% ... b}

9This method is due to Wallis who built on earlier, more geometric, ideas and represents
one of the high spots of analysis before the discovery of the fundamental theorem of
the calculus united the theories of differentiation and integration. Wallis was appointed
professor at the fiercely royalist university of Oxford as a reward for breaking codes for
the parliamentary (that is, anti-royalist) side in the English civil war.
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with 0 < r and r" = a/b to compute
b
/ 2" dx

Exercise K.125. (Numerical integration.) [8.3, T] We saw in Exer-
cise K.122 (i) that, if f : [a,b] — R is continuous, then I’_Ta é\f:—ol fla+j(b—
a)/N) is a good approximation to f: f(t)dt. In this exercise we shall see
that, if we know that f is better behaved, then we can get better approxi-
mations. The calculations give a good example of the use of global Taylor
theorems such as Theorem 7.1.2.

(i) Show that, if g is linear, then

for any positive integer m.

1
[ sttt =g(-1)+ g0
-1

(ii) Suppose that g : R — R is twice differentiable with |¢"(t)| < K for
all t € [—1,1]. Explain why |g(¢) — g(0) — ¢'(0)t| < Kt?/2 for all t € [—1,1]
and deduce that

4K

‘/11 g(t)dt — (g(-1) +g(1))‘ <=

(iii) Suppose that f : R — R is twice differentiable with |f”(¢)| < K for
all t € [a,b]. If N is a strictly positive integer and Nh = b — a, show that
Kh?
<
)

f(t) dt

+(r—=1)h 2

/“*Th B (f(a+ (r—1)h) + fla+rh))h

for all integers r with 1 <r < N. Let

Thnf = g(f(a)+2f(a+h)+2f(a+2h)+-~-+2f(a—|—(N—1)h)+f(b))

Show that

< K(b—a)hQ.

5 *

b
/ F(#)dt — Ty f

We call the approximation fab f(t)dt = Ty, f. the trapezium rule. Speaking
informally, we can say that ‘the error in the trapezium rule decreases like the
square of the step length A’



496 A COMPANION TO ANALYSIS

(iv) Let a =0, b = m, Nh = 7w with N a strictly positive integer and let
F(t) = sin?(Nt). Show that

b
/ F(t)dt — ThF‘ > A sup |F"(t)|(b— a)h?

te(a,b)

where A is a strictly positive constant. Conclude that the bound in % can
not be substantially improved. (In fact, it can be halved by careful thought
about worst cases.)

(v) Show that, if ¢ is constant, then

/_ o) dt = 2g(—1).

1

By imitating the earlier parts of this exercise show that if f : R — R is once
differentiable with | ()] < K for all ¢t € [a, ], N is a strictly positive integer,
Nh =b— a and we write

Spf =—=h(f(a)+ fla+h)+2f(a+2h)+ -+ fla+ (N —1)ha)

then ‘fabf(t) dt — Shf‘ < K(b — a)h. Speaking informally, we can say that

‘the error when we use the approximation rule fab f(t)dt =~ Spf decreases
like the step length h’. Show that we can not improve substantially on the
bound obtained.

(vi) Show that, if ¢ is a cubic (that is to say, a polynomial of degree 3),
then

/11 oty de = SN+ 4;/(0) +9(1)

(vi) Show that, if g is a cubic (that is to say, a polynomial of degree 3),
then

[ty = D0 4500

Suppose that f : R — R is four times differentiable with |f®(¢)| < K for
all t € [a,b]. If N is a strictly positive even integer and Nh = b — a, let us
write

h
Qnf = g(f(a) +4f(a+h)+2f(a+2h)+4f(a+3h)+2f(a+4h) + ...
+2f(a+ (N =2)h) +4f(a+ (N —1)h) + f(b))
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Show that
< K(b— a)h4.

90 *k

b
/ F(t)dt — Quf

We call the approximation fab ft)dt =~ Qnf Simpson’s rule. Speaking in-
formally, we can say that ‘the error in the Simpson’s rule decreases like the
fourth power of the step length h’. Show that the bound in Y9 can not be
substantially improved. (Again, it can be halved by careful thought about
worst cases.)

(The reader may be tempted to go on and consider more and more compli-
cated rules along these lines. However such rules involve assumptions about
the behaviour of higher derivatives which are often unrealistic in practice.)

Exercise K.126. [8.3, T] The object of this exercise is to define the loga-
rithm and the real exponential function, so no properties of those functions
should be used. You should quote all theorems that you use, paying partic-
ular attention to those on integration.

We set I(z) = [} 7 dt.
(i) Explain why [ : (0,00) — R is a well defined function.

(i) Use the change of variable formula for integrals to show that

2y 1

whenever z,y > 0. Deduce that I(zy) = l(z) + I(y).

(iii) Show that [ is everywhere differentiable with I'(z) = 1/x.

(iv) Show that [ is a strictly increasing function.

(v) Show that [(z) — oo as x — oc.

(vi) Show that [ : (0,00) — R is a bijective function.

(vii) In Section 5.6 we defined the logarithm as the inverse of the expo-
nential function e : R — (0, 00). Turn this procedure on its head by defining
e as the inverse of [. Derive the main properties of e, taking particular care
to quote those theorems on inverse functions that you require. When you
have finished, glance through section 5.4 to see if you have proved all the
properties of the (real) exponential given there.

(viii) By expanding (1+%)~! as a geometric series and integrating, obtain
a Taylor series for log(1 + z), giving the range over which your argument is
valid.

(ix) Use (viii) to find the Taylor series of log ((1+)/(1 —x)), giving the
range over which your argument is valid. Show that

y—1\ 1 /y—1\" 1 /y—-1\°
logy=2((=— )+ (=) +=(=—) +...
Y ((y+1> 3(y+1> 5 \y+1
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for all y > 0.

Exercise K.127. [8.3, P, S, T] Use the Taylor series for log(1l + x) and
some result on products like Exercise 5.4.4 to obtain

(log(1 +x))* =2 Z (_nl)nSn_la:”

where S, = > 1/n.

n=1

Exercise K.128. (Convex functions.) [8.3, T] Recall from Exercise K.39
that we call a function f : (a,b) — R convex if, whenever =1, x5 € (a,b) and
1> X >0 we have

M) + (1 =N f(z2) > f(Az + (1 = A)aa).

(i) Suppose that a < 27 < x9 < x3 < b. Show algebraically that

f($2) - f(xl) < f(xs) - f(l'z)

To — X1 T3 — To ’

and illustrate the result graphically.
(ii) If ¢ € (a, b) show that

af(c—i—):inf{ﬂc—i_h;_f(c) : c<c+h<b}

exists and

flet+h) = [l
h

— O‘f(C‘F)

as h — 0 through values h > 0. State and prove the appropriate result for
o¢(c—) Show also that o(c+) > op(c—).

(iii) Using (ii), or otherwise, show that f is continuous at c¢. (Thus a
convex function is automatically continuous.)

(iv) Using (ii), or otherwise, show that we can find a real B such that

f(x) = flc) =z Bz —¢)

for all = € (a,b). (Notice that, if os(c+) = oy(c) then f is differentiable at
¢, B = f'(c) and the line y — f(c¢) = B(x — ¢) is the tangent. We go into this
matter further in Exercise K.129.)
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(v) Suppose a < o« < 3 < b. Let g : [a, f] — R be a positive continuous
function with ffg(t) dt = 1. Show that ¢ = ff tg(t)dt € [a, ] and prove,
using (iv), or otherwise, that

/j F(Ogt)dt > f (/j Lo (1) dt) |

(vi) Prove the result of Exercise K.39 (iii) by the method of (iv). If you
know a little probability use the method of (iv) to show that if X is a random
variable taking values in [«, 5] we have

Ef(X) > f(EX).

(vii) If you have done Exercise K.32 (iii) try and obtain part (iv) as a
consequence.

Exercise K.129. [8.3, T, 1] (i) By considering the map x — |z|, or other-
wise show that a convex function need not be differentiable everywhere.

(ii) We use the assumptions and notation of Exercise K.128 (ii). Show
that, ifa<a<c; < <---<cey <G <D, then

N

S (o4(ej+) = o(e;=)) < o(B+) — op(a-).

=1

Deduce, by using a ‘hamburger argument’ (see page 384), that the set of
points in [«, §] where f is not differentiable is countable. Deduce that f is
differentiable on (a,b) except at a countable set of points.

(iii) Show that, if f, g : (a,b) — R are convex, then so are f + g and puf
when p > 0. If f,, : (a,b) — R is convex for each n and f : (a,b) — R is such
that f,(z) — f(x) as n — oo for each = € (a,b), show that f is convex.

(iv) Construct an f : (—1,1) — R which is convex but is not differentiable
at any rational point.

Exercise K.130. [8.3, H] (i) Let f : R — R be continuous. Let a, <
¢ <b, and a,, b, — cas n — oo. Write I,, = [a,,b,], |I.| = b, — a, and
[ f(t)dt = fab: f(t)dt. Show, by using the method of proof of Theorem 8.3.6
but not the theorem itself, that

ﬁ/j £t dt — f(0).

(ii) How might this result generalise to higher dimensions (so we consider
f: R™ — R) and how might we prove the generalisation? (Without more
work we cannot give a rigorous proof, but we can certainly see how the proof
ought to run.)
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Exercise K.131. [8.3, H!] We saw in Question K.115 that there is no hope
of successful theory of integration for functions f : Q — Q. None the less, I
think that looking at such functions can illuminate the role played by uniform
continuity in the proof of Theorem 8.3.1.

(i) Suppose f :[0,1] NQ — Q is uniformly continuous. Show that, given
any € > 0, we can find a dissection D of [0, 1] N Q such that

S(f,D) — s(f,D) < e.

In what follows we shall construct a bounded continuous function g : [0,1] N Q — Q
such that

S(g>D) - 8(971)) 2 1

for every dissection D of [0,1] N Q.
(ii) We start by working in R. We say that an interval J is ‘good’ if

J={ze0,1]: (zx—¢* <27}

with ¢ rational and m a strictly positive integer. We enumerate the elements
of [0,1] N Q as a sequence x1, xg, ... of distinct elements.

Show that, setting Sp = ), we can construct inductively finite collections
S, of disjoint good sets such that

(a)p Sp =81 UK, UL, with S,,_1, K, and L,, disjoint.

(b),, The total lengths of the intervals in K, U £, is less than 2773,

(¢)n If J is a subinterval of [0, 1] of length at least 27" with JN{J;cs [ =
() then we can find a K € K,, and an L € £,, such that J D K U L.

(d)n zn € Upes, I-

(iii) Show that the total length of the intervals making up S, is always
less than 1/4.

Suppose that

D ={ap,a1,...,a,y with0=ap<a; <ay <---<aqa,=1

is a dissection of [0, 1]. Show that, provided that n is sufficiently large, the

total length of those intervals [a;_1,a;] with 1 < j < m such that we can

find a K € K,, and an L € £, with [a;_1,a;] D K U L will be at least 1/2.
(iv) Show that, if ¢ € Q N[0, 1], then there is a unique n > 1 such that

q € U 1.
IGSn\Sn71

Explain why ¢ lies in exactly one of (. i, K or ULeﬁn L. We define g(q) = 1
if ¢ € Uger, K and g(q) = —1if ¢ € Upep, L-
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(v) We now work in Q. Show that ¢g : [0,1] N Q — Q is a bounded
continuous function. By using (iii), or otherwise, show that

for every dissection D of [0,1] N Q.

Exercise K.132. [8.4, P] Suppose that g : R? — R is a differentiable
function with continuous partial derivatives. Suppose that g : R? — R is a
differentiable function with continuous partial derivatives. Examiners often
ask you to show that

G(z) = /0»’0 g(z,t)dt

is differentiable and determine its derivatives.

(i) Why can you not just quote Theorem 8.4.37

(i) Set F(z,y) = [} g(x,t) dt. Show that F has partial derivatives. Show
further that these partial der1vat1ves are continuous.

(iii) Use the chain rule to show that G is differentiable and determine its
derivatives.

(iv) Suppose that h : R — R is differentiable. Show that

h(zx)
H(z) = /0 g(x,t)dt

is differentiable and determine its derivatives.

Exercise K.133. [8.4, P] The following exercise is included because it uses
several of our theorems in a rather neat manner. (It is actually a conservation
of energy result.) Suppose that u : R?> — R has continuous partial second
derivatives, that

0*u 0%u ou ou
@(x,t) = 8752( t) and that 5 —(0,t) = 6t(1 t) = 0.

E(t) = /01 (g:j(x t))2 + <%(m,t)>2 0z,

then FE is a constant.

Identify explicitly the major theorems that you use. (The author required
four major theorems to do this exercise but you may have done it another
way or have a different view about what constitutes a major theorem.)

Show that, if



502 A COMPANION TO ANALYSIS

Exercise K.134. [8.4, T] In Example 7.1.6 we constructed an infinitely
differentiable function £ : R — R with E(t) = 0 for t < 0 and E(t) > 0 for
t > 0. If 9 > 0, sketch the function H : R — R given by

Hs(t) = /OtE((S —z)E(x) dx.

By using functions constructed along these lines, or otherwise, prove the
following mild improvement of Exercise 8.4.12.
If

1(f) = / (1= (F'@)Y) + f(2)?) da

(as in Exercise 8.4.12), show that there exists a sequence of infinitely differ-
entiable functions f, : [0,1] — R with f,(0) = f,(1) = 0 such that

I(f,) — 0.

Exercise K.135. [8.4, M] (This question should be treated as one in math-
ematical methods rather than in analysis.)
Show that the Euler-Lagrange equation for finding stationary values of

an integral of type
b
/ 9(z,y)ds

where the integral is an arc length integral (informally, ‘ds is the element of
arc length’) may be written

y'(z)g(7,y)

—0.
1+y/(2)?

92(x,y) — ga(w,y)y' (v) —

Hence, or otherwise, show (under the assumption that the problem admits
a well behaved solution) that the curve joining 2 given points that minimises
the surface area generated by rotating the curve about the z-axis is given by

T +a
y = ccosh ,
c

where a and ¢ are constants.

Exercise K.136. [8.4, M] (This question should be treated as one in math-
ematical methods rather than in analysis.)
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A well behaved function y : [a,b] — R is to be chosen to make the integral

b
I=/ flx,y. 9, y") da

stationary subject to given values of y and 4" at a and b. Derive an analogue
of the Euler-Lagrange equation for y and solve the problem in the case where
a=0,b=1y0)=y(0)=0y1)=0,y(1) =4 and

1
fl@,y.y'y") = 5(")° = 24y.
Explain why your result cannot be a maximum.

Exercise K.137. [8.5, T] Use the argument of Exercise K.122 (ii) to show
that, if f : [a,b] — R™ is a continuous function and we write

N—
—a

N

,_.

f(a+j(b—a)/N),

Jj=0

then Sy tends to a limit as N — oo. We can define this limit to be f; f(t)dt
(The advantage of the procedure is that we define fab f(t) dt directly with-

out using components. It is possible to define fab f(t) dt directly for all Rie-
mann integrable f : [a,b] — R™ by mixing the ideas of this exercise with
the ideas we used to define the one dimensional Riemann integral, but it not
clear that the work involved is worth it.)

Exercise K.138. [9.1, T] (i) Define gy, : [0, 1] — R by g, (2) = 1—m|; —z|
for |3 —z| <m™, gm(z) = 0 otherwise. Show that there exists an g : [0, 1] —
R, which you should define explicitly, such that g,,(x) — g(z) as m — o
for each z € [0, 1].

(i) If f, is as in Exercise 9.1.1, show that there exists a sequence of
continuous functions g, : [0, 1] — R such that such that g,,(z) — f.(z) as
m — oo for each z € [0, 1].

(Thus repeated taking of limits may take us out of the class of Riemann
integrable functions. In fact, the later and more difficult Exercise K.157
shows that it is possible to find a sequence of bounded continuous functions
hy : [0,1] — R and a function A : [0, 1] — R which is not Riemann integrable
such that h,(x) — h(z) as n — oo for each z € [0,1].)

Exercise K.139. [9.2, P] Suppose that f : [0,00) — R is a non-negative,
non-increasing function. If A > 0, show that )" ", f(nh) converges if and
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only if fo t) dt converges. If fo t) dt converges, show that

hZf(nh) — /OOO f(t) dt

as h — 0 with A > 0.

Show that, given any integer N > 1 and any € > 0 there exists a con-
tinuous function ¢ : [0,1] — R such that 0 < g(z) < 1 for all z € [0,1]
and

1 N
/ g(x)dx < €, but Zg(nN_l) =1
0

n=1

Show that there exists a continuous function G : [0,00) — R such that
G(z) >0 for all x > 0 and G(z) — 0 as © — oo but

hi Gnh) - /0 TGy

as h — 0 with h > 0.

Exercise K.140. [9.2, P] (i) Suppose that ¢g : (0,00) — R is everywhere
differentiable with continuous derivative and [; |¢/(¢)| dt converges. Show
that 7| g(n) converges if and only if [~ g(t) dt converges.

(ii) Deduce Lemma 9.2.4 for the case when f is differentiable.

(iii) Suppose g satisfies the hypotheses of the first sentence of part (i). By
giving a proof or a counterexample, establish whether if the sum ) >~ g(n)
is convergent then it is automatically absolutely convergent.

Exercise K.141. (A weak Stirling’s formula.) [9.2, T| Show that

n+1/2 1/2 " "
/ 1ogxd:c—logn=/ (log (1+—)+10g (1——)> dt.
n—1/2 0 n n

By using the mean value theorem, or otherwise, deduce that

n+1/2
/ log x dx — logn| <

—-1/2

4
3n?

(You may replace 4/(3n*) by An~2 with A another constant, if you wish.)
Deduce that fl /+1/ log x dx — log N'! converges to a limit. Conclude that

n!
(n+1/2)(n+1/2)

as n — 00, for some constant C.

e —C
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Exercise K.142. [9.2, T] (i) Show that the change of variable theorem
works for infinite integrals of the form fooo f(z)dx. More specifically, prove
the following theorem.

Suppose that f : [0,00) — R is continuous and ¢ : [0,00) — R is differ-
entiable with continuous derivative. Suppose, further, that g(t) > 0 for all ¢,
that g(0) = 0 and g(t) — oo as t — oo. Then

| sras= [ sto@ng @y

Explain why this result is consistent with Example 9.2.16.

(ii) Explain why the function f : [0,00) — R defined by f(z) = sinx/x
for z # 0, f(0) = 1is continuous at 0. It is traditional to write f(z) = sinz/z
and ignore the fact that, strictly speaking, sin 0/0 is meaningless. Sketch f.

" sinx
If I, = / dx show, by using the alternating series test, that I,
0

xZ

*sinx
tends to a strictly positive limit L. Deduce carefully that / —— dx exists
0 T

with value L, say.
(iii) Let I(t) = / .
0
that I(t) = L for allt > 0, I(0) =0, I(t) = —L for t < 0.

(iv) Find a continuous function g : [0, 7] — R such that g(¢) > 0 for all
t €10,7], g(n/2) > 0 and

*® sintx

dx for all ¢ € R. Show using (i), or otherwise,

sinz| _ g(x —nm)

>

T n

for all nm <z < (n+ 1)7 and all integer n > 1. Hence, or otherwise, show
that [;°|sina/z|dx fails to converge.

(v) For which value of real a does I(t) = /
0

your answer.

[There are many methods for finding the constant L of part (ii). The best
known uses complex analysis. I give a rather crude but direct method in the
next exercise. Hardy found the matter sufficiently interesting to to justify
writing two articles (pages 528-533 and 615-618 of [22]) comparing various
methods.]

*sinx

— dx converge? Prove
x

Exercise K.143. [9.2, T, 1] Here is a way of evaluating

o -
sin
dz.
0 x
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sin A\
(We adopt the convention that, if we write f(t) =

, then f(0) = \.)

(i) Show, by using the formula for the sum of a geometric series, or
otherwise, that

1—1—2230051%—M

sin 2
r=1 2

for all |z| < 7 and deduce that

QWI/WMCLT.

a
SlIl2

—T

(ii) If € > 0 show that
/ sin \x dr — / sin x dr.
. o T

(iii) If # > € > 0 show, by using the estimates from the alternating series
test, or otherwise, that

sm(( sin( )
dx — dx = 2m
. sin § sin §
as n — 00.

(iv) Show that

as A — oo.

2 1

T  sin %x

as v — 0.
(v) Combine the results above to show that

*®sinx T
de = —.
0 x 2

Exercise K.144. (Big Oh and little oh.) [9.2, T| The following nota-
tions are much used in branches of mathematics like number theory, algo-
rithmics and combinatorics. Consider functions f, g : N — R.

We say f(n) = O(g(n)) as n — oo if there exists a constant A > 0 and
an integer ng such that |f(n)| < Alg(n)| for n > ny.

We say f(n) = Q(g(n)) as n — oo if there exists a constant A > 0 and
an integer ng such that |f(n)| > Alg(n)| for n > ny.
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We say f(n) = o(g(n)) if, given any ¢ > 0 we can find an integer n(¢)
such that |f(n)| < €|lg(n)| for n > nq(e).
We say f(n) ~ g(n) asn — oo if, f(n)/g(n) — 1 as n — oo.

(i) If f(n) = O(g(n)) does it follow that f(n) = Q(g(n))? Give a proof
or counterexample. If f(n) = O(g(n)) must it necessarily be false that
f(n) =Q(g(n))? Give a proof or counterexample.

(ii) Formulate the 11 other possible questions along the lines of (i) and
resolve them. (This is not as tedious as it might seem, they all have two
sentence answers.)

(iii) In more traditional terms, what does it mean to say that f(n) = o(1)
as n — 00?7 What does it mean to say that f(n) = O(1) as n — oo?

(iv) Give an example of a pair of functions f, ¢ : N — R such that
f(n), g(n) > 0 for all n and neither of the two relations f(n) = O(g(n)),
g(n) = O(f(n)) hold.

(v) Consider f, g: R — R. Give definitions along the lines given above
for the statement ‘f(x) = O(g(z)) as * — oo’ and for the statement ‘ f(z) =
o(g(z)) as x — 0.

(vi) Recall or do exercise K.86 and write the result in the notation of this
question.

Although the notations introduced in this question are very useful for
stating results, they are sharp edged tools which can do as much harm as
good in the hands of the inexperienced. I strongly recommend translating
any statements involving such notations back into classical form before trying
to work with them.

Exercise K.145. [9.2, P, T] Are the following statements true or false?
Give reasons.

(i) If f;,9; : N — R are positive functions such that f1(n) = O(g1(n))
and fy(n) = O(g2(n)), then fi(n) + g1(n) = O(f2(n) + g2(n)).

(ii) If fj,9; : N — R are functions such that fi(n) = O(g1(n)) and
fa(n) = O(g2(n)), then fi(n) + g1(n) = O(f2(n) + g2(n)).

(iii) If f;,9; : N — R are positive functions such that fi(n) = O(g1(n))
and fy(n) = O(g2(n)), then fi(n) + g1(n) = O(max(f2(n), g2(n)).

(iv) n! = O(2"°) as n — oo.

(v) cosx—l—%zo(x‘l) as x — 0.
(vi) cosm—l—%—%zo(ﬂ") as v — 0.

Exercise K.146. [9.2, P, 1] (i) If @ > —1, show that
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(ii) State and prove a result similar to (i) for « = —1.
(iii) If o < —1, show that

> notl
2 T
(iv) Does there exist a modification of (iii) similar to (ii) for & = —17

Give brief reasons.

Exercise K.147. [9.2, P, 1] Suppose that g : R — R is twice differentiable
and

g"(x) = O(x™) as x — o0

for some A > 0. Prove that
n+1
[ (6@~ gln+ 1))z = 000

as n — 00. Deduce that, if A > 1 and | leg(x) dx| — oo as n — oo, then

Zg(r—i— )~ /fg(x) dx.

Deduce the result of Exercise K.141 as a special case.

Exercise K.148. [9.2, P] The function f :[0,1] — R U {oo} is defined as
follows. Each 0 < x < 1 is expressed as a decimal x = .ajas...a; ... with
a; an integer 0 < a; < 9. In ambiguous cases we use the non-terminating
form. We put f(z) = k if the kth digit a is the first digit 7 to occur in the
expansion, if there is any digit 7. If there is none (and also at x = 0 and
x =1) we put f(z) = oco. Prove that the function fx : [0,1] — R defined by
fx(x) =min(X, f(x)) is integrable for all X > 0 and that

/1 fx(x)dx — 10
0

as X — oo.
Does it make any difference if we redefine f so at those points x where
we previously had f(z) = co we now have f(z) = 07

Exercise K.149. [9.2, H] This question investigates another way of defin-
ing improper integrals.
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(i) If f:[a,b] = Rand R, S > 0, we write

R i f(z) >R,
frs(x) =< f(z) if R> f(x)> -8,
=S it =9 > f(x).

If flrs € Rla,b] for all R, S > 0 and there exists an L such that, given any
€ > 0, there exists an Ry > 0 with

b
/ frs(x)dr — L‘ <€

for all R, S > Ry, then we say that LV fab f(z) dx exists with value L.

Show that, if f|g s € Rla,b] for all R, S > 0, then LV faoo |f(z)] dx exists
if and only if LV [ | f(x)| dz exists.

(i) Suppose that f : [a,b] — R is continuous except at b and f(z) — oo
as x — b. Show that the following two statements are equivalent.

(A) There exists an L such that, given any € > 0, there exists an Ry > 0
with

b
/ frs(x)dx — L‘ <€

for all R, S > Ry.
(B) There exists an L’ such that, given any € > 0, there exists a do > 0

with

b—n

(x)de —L'| <e

a

for all 0 < n < .

Show further that, if (A) and (B) hold, then L = L'.

(iii) Suppose that f : [a,b] — R is continuous except at possibly at b.
Show that statement (A) implies statement (B) but that the converse is
false. (Think about Question K.142 and change of variable if you need a
hint.)

[Warning: If you ever need to take the contents of this question seriously
you should switch to the Lebesgue integral.]

Exercise K.150. [9.3, P] By considering both orders of integration in

X b
/ / e " dtde,
0 a
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where b > a > 0 and X > 0, show that

X —ar __ —bg; b 1 _ —tX
/ el / L=
0 x a 13

Show that

and hence find

Exercise K.151. [9.3, T] Suppose that f : R? — R is continuous. By using
results on the differentiation of integrals, which should be quoted exactly,

show that
d t d d d t
7 (/ f(u,v)dv) du:% (/ f(u,v)du) dv.

Deduce that

/ab (/Cdf(u,v)dv) du:/cd (/abf(w)du) "

In what way is this result weaker than that of Theorem 9.3.27

Exercise K.152. [9.3, H] (i) Reread Exercise 5.3.10.

(ii) Let us define f:[0,1] x [0,1] — R by
f(z,y) =2%" if2m<az<2™l 2"<y<2™andn>1,nez,
flz,y) =2t if2 " <g<2 ™ 2" cy<2™andn>1,nc€Z,
flz,y) =0 otherwise.

Sketch the sets where f(x,y) take various values. Show that the integral
fol f(z,y) dx is well defined and calculate it for all values of y. Show that the

integral fol f(z,y) dy is well defined and calculate it for all values of x. Show
that the two integrals

1 1f(m,y)dxdyand 1 1f(x,y)alydx
0o Jo 0o Jo

are well defined and calculate them. Show that the two integrals are not
equal.
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(iii) Suppose that u : R — R is continuous function with u(t) = 0 for
t < 1/4 and t > 3/4, u(t) > 0 for all ¢ and fol u(t)dt = 1. Show that the
function g : [0,1]* - R

g(z,y) = Z (27"u(2"r — u(2"y — 1) — 22" (2" — Du(2"y — 1))

n=1

is well defined. Show that the integral fol f(z,y) dx is well defined and calcu-

late it for all values of y. Show that the integral fol f(x,y) dy is well defined
and calculate it for all values of x. Show that the two integrals

1 1 1 1
//g(aﬁ,y)dfvdy and / / g(z,y) dy dx
0 0 0 0

are well defined but not equal. Show that ¢ is continuous except at (0,0),
that the function x — g(x,y) is an everywhere continuous function for all y
and that the function y — ¢(x,y) is an everywhere continuous function for
all x. Why does Theorem 9.3.2 fail?

(iv) The traditional counterexample is the following. Define h : [0,1]* —
R by h(0,0) = 0 and

_ wyle® —y?)
M )

otherwise. Show that the integral fol h(z,y) dz is well defined and calculate
it for all values of y (you may find the substitution w = x? 4 y? useful). Show
that the integral fol f(z,y) dy is well defined and calculate it for all values of
x. Show that the two integrals

1 1 11
/ / h(z,y) dz dy and / / h(z,y) dy dx
o Jo o Jo

are well defined but not equal. Show that g is continuous except at (0,0),
that the function x +— g(x,y) is an everywhere continuous function for all y
and that the function y — g(x,y) is an everywhere continuous function for
all .

(v) Which of examples (ii) and (iv) do you consider ‘more natural’. Which
do you feel you ‘understand better’? Which is ‘better’. Why? (Of course
you can refuse to answer questions like this on the grounds that they are not
mathematical but I think you will loose something.)
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Exercise K.153. (Interchange of infinite integrals.) [9.3, T] (i) Sup-
pose that g : [0, oo) — R. is continuous and |g(z)| < A(1 + 2?)~! for all .
Show that [;* g(x) dx exists, that

/OOO g(x) dx
/ORg(x) dz — /Ooog(a:) dz

for R > 1. [If you do not wish to use knowledge of tan™', simply observe
that (14+2?) ' <lfor0<z<land (1+2*) ' <z 2?forz>1]

(ii) Suppose that f : [0,00)? — R is continuous and |f(z,y)| < Ax~2y~2
for z,y > 1. Show that [~ [;° f(z,y)dady and [° [° f(x,y) dy dz exist

and that
//fxydxdy—/ / f(z,y) dy dz.

(iii) (Parts (iii) and (iv) run along similar lines to parts (i) and (ii) of
Exercise K.152. You do not need to have done Exercise K.152 to do this ex-
ercise but, if you have, it is worth noting the similarities and the differences.)
Reread Exercise 5.3.10. Let b,5 be as in part (ii) of that exercise. Define
F:[0,00)> = R by

<24,

and

< AR,

-1

F(z,y)=bsforr—1<z<rands—1<y<s.
Show that [;° [0¥ F(z,y)dzdy and [° [° F(x,y) dy dz exist and that

/Ooo/omF(x,y)dxdy%/OOO/OOOF(x’wdydI'

(iv) By modifying the construction in part (iii), or otherwise, find a con-
tinuous function G : [0,00)* — R such that sup,.,,.>p|G(z,y)] — 0 as

R — oo but
//G(x,y)dmdy#/ / G(z,y)dydz.
0 0 0 0

Exercise K.154. [9.3, H] It is a weakness of the Riemann integral that
there is no Fubini theorem for general Riemann integrable functions.

Let A=[0,1] x [0,1] and define f : A — R by f(z,0) = 1 if x is rational,
f(z,y) = 0 otherwise. By finding appropriate dissections show that f is
Riemann integrable. Explain why Fs(y fo f(t,y)dt is not defined for all
Y.

[See also the next exercise.]
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Exercise K.155. [9.3, H] We say that a sequence ej, ey, ... of points in
A is dense in A = [0,1] x [0, 1] if, given x € A, we can find a j > 1 with
I — e <.

(i) By considering Q x Q, or by direct construction, or otherwise, show
that we can find a sequence e, e, ... of points which is dense in A.

(ii) By induction, or otherwise, show that we can find a sequence w; =
(ug,v1), wo = (ug,v2), ... of points in A such that ||wy — ex| < 1/k and
u; # uj, v; # vj whenever ¢ # j. Show that the sequence wy, wo, ... is dense
in A.

(ili) Define f : A — R by f(x) = 1 if x = w; for some j, f(x) =0
otherwise. Show that, if x is fixed f(z,y) # 1 for at most one value of
y. Conclude that Fij(x fo x,s)ds exists and takes the value 0 for all

y. Thus fo (fo x,y) dy) dz exists. Similarly, fo <f0 z,y) d:E) dy exists.

Show, however, that f is not Riemann integrable.

Exercise K.156. [9.3, H| The object of this exercise is to construct a
bounded open set in R which does not have Riemann length. Our con-
struction will take place within the closed interval [—2,2]| and all references
to dissections and upper sums and so forth will refer to this interval.

(i) Enumerate the rationals in [0,1] as a sequence yq, Yo, ... . Let U; =
Uiy (g — 2% 4 g +2774) and U = U2, (y — 274,y +27574). Explain
why U is open and I*(I;;) > 1.

(ii) We wish to show that I, (Iy) < 1, so that [y is not Riemann integrable
and U has no Riemann length. To this end, suppose, if possible, that I,(I;;) >
1. Explain why this means that we can find disjoint closed intervals I, =
[a,,b] [1 <r < NJlying inside [—2,2] such that

N N

Z(br —a,) > 15/16 yet U[ar,br] cU.
r=1 r=1
(iti) Let K; = ([-2,2] \ U;) N U, [ar, b,]. Explain why K; is a closed
bounded set. By considering the total length of the intervals making up Uj,
show that K; # (). Use Exercise 4.3.8 to show that

([=2.2]\U) n | Jlar, b,] # 0.

Deduce, by reductio ad absurdum, that 7,(Iy) < 1 and U has no Riemann
length.

(iv) Show that there is a closed bounded set in R which does not have
Riemann length. (This is a one line argument.)
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(v) Show that there are bounded closed sets and bounded open sets in
R? which do not have Riemann area.
[The first example of this type was found by Henry Smith. Smith was a
major pure mathematician at a time and place (19th century Oxford) not
particularly propitious for such a talent. He seems to have been valued more
as a good College and University man than for anything else!".]

Exercise K.157. [9.3, H, 1] (This continues with the ideas of Exercise K.156
above.)

(i) If (a, b) C [—2, 2], find a sequence of continuous functions f,, : [-2,2] —
R such that 0 < f,(x) < Lgp(x) for all n and f,(x) — L) (z) as n — oo
for all x € [a, b].

(ii) If U; and U are as in Exercise K.156, find a sequence of continuous
functions f, : [-2,2] — R such that 0 < f,(x) < Iy, (z) for all n and
fn(z) = Iy(x) as n — oo for all = € [a, b].

(i) Show that it is possible to find a sequence of bounded continuous
functions h,, : [0,1] — R and a function A : [0,1] — R which is not Riemann
integrable such that h,(z) — h(x) as n — oo, for each x € [0, 1].

Exercise K.158. [9.4, T] Let f : [a,b] — R be an increasing function.
(i) If t; € [a,b] and t; <ty <t3 < ..., explain why f(¢;) tends to a limit.
(ii) Suppose z € [a,b]. If t;, s; € [a,b],

t1§t2§t3§..., and$1§32§33§...,

t; — x,s; — xandt;, s; < xforall j show that lim; . f(¢;) = lim; o f(s;).
Show that the condition ¢;, s; <  for all j can not be omitted.

(iii) Suppose x € [a,b]. Show that, if = € (a,b] and t — = through values
of t with a <t < z, then f(t) tends to a ‘left limit’ f(z—).

(iv) State and prove the appropriate result on ‘right limits’.

(v) If we write J(z) = f(z+) — f(x—) for the jump’ at z, show that
J(x) > 0. Show that, if a < x; <y < -+ <xny_1 <2y <), then

N
> J(w) < f(b) = fla).
r=1
(vi) Let us write Ey = {x € [a,b] : J(z) > 1/k}. Use (v) to show that
E is finite. Deduce that £ = UZOZI E; is countable and conclude that an
increasing function is continuous except at a countable set of points.

10He even gave extra teaching on Sunday afternoon, telling his students that ‘It was
lawful on the Sabbath day to pull an ass out of the ditch’.
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(vi) Let us write Ey, = {z € [a,b] : J(z) > 1/k}. Use (v) to show that
Ej, is finite. Deduce that E = |J;-, E) is countable and conclude that an
increasing function is continuous except at a countable set of points.

(vii) If we define f(z) = f(z+) when z € E, f(x) = f(z) otherwise, show
that f : la,b] — R is a right continuous increasing function.

(viii) If g : R — R is an increasing function, show that g is continuous
except at a countable set of points E, say. If we define §(x) = f(z+) when
x € E, g(xr) = g(x) otherwise, show that g : R — R is a right continuous
increasing function.

(ix) Not all discontinuities are as well behaved as those of increasing
functions. If g : [-1,1] — R is defined by g(x) = sin(1/z) for z # 0
show that there is no choice of value for g(0) which will make g left or right
continuous at 0.

Exercise K.159. [9.4, P] Define H : R — Rby H(t) =0ift <0, H(t) =1
ift > 0.

(i) If f(t) =sin(1/t) fort > 0, and f(t) = 0 for t < 0, show that, whatever
value we assign to f(0), the function f is not Riemann-Stieltjes integrable
with respect to H.

(ii) If f(t) = sin(1/t) for t < 0, and f(¢) = 0 for ¢ > 0, show that f is
Riemann-Stieltjes integrable with respect to H if and only if f(0) = 0.

(iii) By reflecting on parts (i) and (ii), or otherwise, formulate and prove
a necessary and sufficient condition for a bounded function f : R — R to be
Riemann-Stieltjes integrable with respect to H.

Exercise K.160. [9.4, P, 1] (i) Let H be the Heaviside function discussed
in the previous exercise. Give an example of continuous function f: R — R
such that f(t) > 0 for all t and f is not identically zero but

- f(z)dH(z) = 0.

(ii) By reflecting on part (i) and the proof of Exercise 8.3.3, formulate a
necessary and sufficient condition on G so that the following theorem holds.
If f:R — R is continuous and bounded, f(¢) > 0 for all ¢ and

/R f(@) dG(x) =0,

then f(t) = 0 for all ¢.

Prove that your condition is, indeed, necessary and sufficient.

(iii) By reflecting on part (ii), formulate a necessary and sufficient condi-
tion on G so that the following theorem holds.
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If f:R — R is continuous and bounded and
| $@(@) d6@) =0,
R

whenever ¢g : R — R is continuous and bounded, it follows that f(¢) = 0 for
all ¢.
Prove that your condition is, indeed, necessary and sufficient.

Exercise K.161. [9.4, P, 1] (i) Show that, if G : R — R is bounded,
increasing and right continuous and f : R — R is bounded, increasing and
left continuous, then f is Riemann-Stieltjes integrable with respect to G.

(ii) Suppose G : R — R is bounded, increasing and right continuous and
f : R — R is bounded, increasing and right continuous. Find necessary and
sufficient conditions for f to be Riemann-Stieltjes integrable with respect to
G and prove that your statement is correct.

Exercise K.162. (Bounded variation.) [9.4, T| We say that a function
F :a,b] — R is of bounded variation if there exists a constant K such that
whenever a = g < 1y < --- < x, = b, we have

Z |f(x5) = flzj0)| < K.

(i) Show that any bounded increasing function G : [a,b] — R is of
bounded variation.

(ii) Show that the sum of two functions of bounded variation is of bounded
variation. Deduce, in particular, that the difference F' — G of two increasing
functions F, G : [a,b] — R is of bounded variation. What modifications, if
any, would you need to make to obtain a similar result for functions F, G :
R — R?

(iii) Show that any function of bounded variation is bounded.

(iv) Let f : [-1,1] — R be defined by f(z) = wxsin(l/x) for x # 0,
f(0) = 0. Show that f is continuous everywhere on [—1, 1] but not of bounded
variation. [For variations on this theme consult Exercise K.165.]

Exercise K.163. [9.4, T, 1] (This continues the previous question.) In this
exercise it will be useful to remember that, to prove A < B, it is sufficient
to prove that A < B + ¢ for all ¢ > 0. Suppose F': [a,b] — R is of bounded
variation.

(i) Explain why we can define Vp : [a,b] — R by taking Vg(t) to be the
supremum of all sums

Z |f(x5) — f(xi-0)],
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wherea =z <z <---<g,=tand n > 1.
Explain why we can define F, : [a,b] — R by taking F () to be the
supremum of all sums

n

> (Flyy) = f(z),

J=0

where a =29 <y <1 <y1 <y <Yp < -+ <1, <y, =t and n > 0.
We define F_ : [a,b] — R by taking F'_(t) to be the supremum of all sums

n

> (Flys—r) = flay)),

Jj=1

wherea =2 <yo <1 <1 <<y <<z, <y, =tandn > 1.
(ii) Show that F'; and F_ are increasing functions and

VF:F++F_, F:F+—F_.

In particular, we have shown that every function of bounded variation on
[a, ] is the difference of two increasing functions. We call function Vg (t) the
total variation of F on [a,t].

(iii) Suppose that we have two increasing functions G4, G_ : [a,b] — R
such that G4 (a) = G_(a) =0 and F = G, — G_. Show that G, (t) > F.(t)
and G_(t) > F_(t) for all t € [a,b].

Show, more precisely, that G, — F, and G_ — F_ are increasing functions.

Exercise K.164. [9.4, T, 1] We use the notation and hypotheses of the
previous question. We need the results of Exercise K.158 which the reader
should either do or reread before continuing.

(i) By Exercise K.158 there is a countable (possibly finite or empty) set
E, such that

tﬂlei,ntl>e F+(t> B tﬂlei,n}<e F+(t) >0

for e € E,, and f is continuous at each x ¢ F,. The same result holds
with F'y and E, replaced by F_ and E_. By using Exercise K.162 (iii), or
otherwise, show that £, N E_ = ().

(ii) Use part (i) to show that F; and F_ are right continuous if F' is.
Show that F', and F_ are continuous if F' is.

(iii) Suppose that F' is continuously differentiable. Show that

F(t) :/ max(F'(z),0)dz, F_(t) = —/ min(F'(z),0) dz.
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[In setting out your proof, remember that a continuous function may change
sign infinitely often in an interval.]
Conclude that F, and F_ are continuously differentiable if F' is.

Exercise K.165. [9.4, P, 1] (This exercise is not required for later parts
of the sequence.) If o and [ are real let f,5 : [—1,1] — R be defined by
fap(z) = 2*sin(z?) for x # 0, fas(0) = 0.

(i) For which values of a and 3 is f,s3 of bounded variation?

(ii) For which values of « and [ is f,p everywhere continuous?

(iii) For which values of o and [ is f,g everywhere differentiable?

(iv) For which values of o and [ is f,3 everywhere differentiable with
continuous derivative?

Exercise K.166. [9.4, T, 1] We say that a function G : R — R is of
bounded variation if there exists a constant K such that, whenever o <
r < ---<x,, we have

D 1G()) — Glaj)| < K.

(i) Show that a function G : R — R is of bounded variation if and only if
it is the difference of two bounded increasing functions.

(ii) Consider a function G : R — R. Show that its restriction G| is
of bounded variation for every closed interval [a,b] if and only if it is the
difference of two increasing functions.

(iii) Show that if a function G : R — R is of bounded variation then
there exist unique bounded increasing functions G, ,G_ : R — R such that
G4(t), G_(t) = 0 ast — —oo and G = G — G_ with the property that, if
F,, F_:R — R are increasing functions with G = F, — F_, then F, — G,
and I — (G_ increasing.

(iv) Suppose that G, G, G_ are as in (iii). Show that G and G_ are
right continuous if G is. Show that G, and G_ are continuous if G is. Show
that G, and G_ are continuously differentiable if G is.

(v) We write Gy = G4 + G_. Identify Gy as the supremum of a certain
set of sums and prove that your identification is correct.

Exercise K.167. [9.4, T, 1] (i) Suppose that F, G : R — R are bounded
increasing right continuous functions. Show that a bounded function f :
R — R is Riemann-Stieltjes integrable with respect to both F' and G if and
only if it is Riemann-Stieltjes integrable with respect to F' + G.

(i) Let Fy, Fy, G1, G2 : R — R be bounded increasing right continuous
functions with F} — Gy = F5, — G5. If a bounded function f : R — R is
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Riemann-Stieltjes integrable with respect to Fy, Fy, G7 and G5, show that

/f )dF (x /f ) dGH (x /f ) dFy(z /f ) dGa(z

Exercise K.168. [9.4, T, 1] We use the notation and results of Exer-
cise K.166. Although we do not use the results of Exercise K.167 directly,
they show that the path chosen is a reasonable one.

If G : R — Ris right continuous of bounded variation, then we know that
G, and G_ are increasing bounded right continuous functions. We say that
a bounded function f : R — R is Riemann-Stieltjes integrable with respect
to G if it is Riemann-Stieltjes integrable with respect to both G, and G_.

We write
/f ) dG(z /f )dG 4 (z /f ) dG_(

Develop the theory of this extended integral along the lines of Section 9.4,
starting at Exercise 9.4.5 (ii) and ending at Exercise 9.4.11. Note that,
though this is easy, you must be careful to make the right adjustments. Thus,
for example, the conclusion of the result corresponding to Exercise 9.4.5 (iii)
is

z)dG(x)

S Kthm Gv(t),

and, in Exercise 9.4.11 (ii), we can choose \; positive or negative.

Exercise K.169. (The trigonometric functions via arc length.) [9.5,
T] In section 5.5 we developed the theory of the trigonometric functions via
their differential equations. In that development, the trigonometric functions
come first and angle is defined in terms of those functions (see Exercise 5.5.6).
Here we reverse the process.

(i) Consider the map v : [—1,1] — R? given by

Y(y) = (1 —y»)"%y)

where we take the positive square root. Convince yourself that this represents
an arc of the unit circle. If 1 > y > 0, we define the angle 0(y) subtended
at the origin by 7(0) and y(y) to be length of the curve v between those
two points. If 0 > y > —1, we define the angle 6(y) subtended at the origin
by v(0) and «(y) to be minus the length of the curve v between those two
points.
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Show that

9@):/5@@

for —1 < y < 1. Show that there is a real number w such that 0(y) — w as
y — 1 through values of y < 1, and 6(y) — —w as y — —1 through values of
y > —1. We define §(1) = w and §(—1) = —w.

(ii) Show that @ is a strictly increasing continuous function on [—w,w].

We may thus define a function sin : [-w,w] — R by
sint = 07(t).
Show that sin is once differentiable on (—w,w) with sin’t = (1 — (sint)?)/2.
Show that sin is twice differentiable on (—w,w) with sin” ¢ = —sint¢.
(iii) We now define sint = sin(2w — t) for ¢ € |w,3w]. Show (paying
particular attention to behaviour at w) that sin : [—w,3w] — R is a well

defined continuous function and that sin is twice differentiable on (—w, 3w)
with sin” ¢t = —sint.

(iv) Show that we can extend the definition of sin to obtain a twice
differentiable function sin : R — R with sin” ¢ = —sint.

(v) Show that, if we define cost = sin(t — w), then cos®t +sin*t = 1 for
all t and 0 < coss < 1 for all 0 < s < w. Explain why this gives the ‘right
geometrical meaning’ to cost for 0 < ¢ < w. Show also that, if we set m = 2w,
this gives the right geometrical meaning for 7 in terms of the circumference
formula for the circle.

Exercise K.170. (The trigonometric functions via area.) [9.5, T, 1]
We might argue that it is better to base our definition of angle on area rather
than the more delicate concept of length. Consider the part of the unit circle
shown in Figure K.3 with A the point (1,0), B the point (z, (1 —2?)*/?) and
C' the point (z,0). Explain why the area of the area of the sector OAB is

1 — 22)1/2 1
0(z) = % +/ (1—t)Y2at.

Use the definition of # just given to obtain an appropriate definition of
cost in an appropriate range [0,w]. Show that cos has the properties we
should expect. Extend your definition so that cos is defined on the whole
real line and has the properties we expect.

Exercise K.171. [9.5, G, M!] (You should treat this exercise informally.)
Here are some simple examples of a phenomenon which has to be accepted
in any reasonably advanced account of length, area and volume.
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Figure K.3: The area of a sector

(i) We work in R?. Let
Dyp={(z,y) : (x—n)*+y* < (n+1)7"}.

Sketch E = |77, D,, and convince yourself that the area of E ought to be
S jareaD, = wy o (n+ 1)72, which is finite, but that the length of
the boundary of E ought to be Y 7 | circumference D,, = 2wy 2 (n+1)71,
which is infinite.

(ii) Construct a similar example in R? involving volume and area.

(iii) We work in C. Consider

E={0}U U U{z D |z — 27" exp(2mir/n)| < 27" *L

n=1r=1

Convince yourself that it is reasonable to say that F has finite area but that
E has boundary of infinite length.

(iv) (Torricelli’s trumpet, often called Gabriel’s horn.) This example goes
back historically to the very beginning of the calculus. Consider the volume
of revolution E obtained by revolving the curve y = 1/x for > 1 around
the x axis. Thus

E={(z,y,2) eR® : y? + 22 <22 z>1}.

We write f(z) = 1/z. Convince yourself that the volume of E'is w [ f(x)? dz,
which is finite'! but the curved surface of E has area 2 [~ f(z)(14f(z)*)"/? dz,
which is infinite.

1 This result is due to Torricelli. In modern terms, this was the first infinite integral
ever to be considered. Torricelli first evaluated the integral by ‘slicing’ and then gave a
‘proof by exhaustion” which met Greek (and thus modern) standards of rigour The result
created a sensation because it showed that a solid could have ‘infinite extent’ but finite
volume. Thomas Hobbes, a political philosopher who fancied himself as mathematician,
wrote of Torricelli’s result: ‘To understand this for sense, it is not required that a man
should be a geometrician or a logician but that he should be mad’[36].
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Thus, if we have a trumpet in the form of the curved surface of E, we
would ‘clearly’ require an infinite amount of paint to paint its inside (since
this has infinite area). Equally ‘clearly’, since E has finite volume, we can
fill the trumpet up with a finite amount of paint and empty it again leaving
the inside nicely painted!

Note that by ‘winding our trumpet like a ball of knitting” we can keep it
within a bounded set (compare parts (i) and (ii)).

(v) (Thor’s drinking horn) As a variation on these themes, consider the
volumes of revolution K obtained by revolving the curve y = 2=/ for 2 > 1
around the z axis and K’ obtained by revolving the curve y = 2~ 1/2 4+ 2!
for x > 1 around the x axis. Thus

K={(z,y,2) €R® : y? + 22 < 27! 2>1} and
K ={(z,y,2) eR® :  + 22 < (a7 V24272 = >1}.

Show that K has infinite volume but that K’ \ K has finite volume. Sluse
who was the first to discover such an object wrote to Huygen’s that he could
design a ‘glass of small weight which the hardest drinker could not empty’.

Exercise K.172. [9.5, T| In Section 9.5 we discussed how to define the line

integral
/ f(x)ds.
~

In this exercise we discuss the vector line integral

L f(x) ds.

(i) In some sense, we should have

[ #G0ds = Y 1))~ x50

Discuss informally how this leads to the following variation of the definition
for f7 f(x) ds found on page 229.

Let z, y : [a,b] — R? have continuous derivatives (with the usual conven-
tions about left and right derivatives at end points) and consider the curve
~ : [a,b] — R? given by v(t) = (x(t),y(t)). If f: R* — R is continuous, then
we define

/ﬂ@ﬁ_/JM@w®hﬁMt
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(Here, as usual, v/(t) = (2/(t),y'(t)).)
(ii) Compute ka fj(x)ds for each of the six curves 7, on page 224 and
each of the two functions f; given by fi(z,y) = (z,y) and fao(z,y) = (y, x).
(iii) (What follows requires Exercise K.168.) We can extend our defini-
tions to general rectifiable curves as follows. Suppose that v : [a,b] — R?
is rectifiable. Show that, if we set v(t) = (X(¢),Y(¢)), then the functions
X, Y :[a,b] — R are of bounded variation and so we may define

[reas=( e yoax. [ xovoe).

Show that, if 4 is sufficiently well behaved that the definition given in part (i)
applies, then the definitions in (i) and (iii) give the same answer.

Exercise K.173. [10.2, H, G] Consider the system described in the first
few paragraphs of Section 10.2 where n bits are transmitted and each bit has
a probability p of being transmitted wrongly independently of what happens
to any other bit.

(i) Explain why the probability that there are k errors in all is given by

)= ()=

By looking at w,(k + 1)/u,(k), or otherwise, show that there is an integer
ko with u,(k + 1) > u,(k) for k < ko — 1 and u,(k + 1) > w, (k) for ky < k.
Show that np — 1 < kg < np+ 1.

(ii) Let € > 0. Use the ideas of Lemma 10.2.4 to show that

Z|k—np\<ne Un(k?)
Z|k7np\2ne uTL(k)

as n — oo. Deduce that, if we write V,, for the number of errors in a message
of length n,

— 0

Pr{|N,, — np| > en} — 0, T
and so, in particular,
Pr{N, > (p+€)n} — 0,

as n — 00.
(iii) If we are prepared to use a little more probability theory then, as the
reader almost certainly knows, there is a general method for obtaining the
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result of (ii). (If the notation is unfamiliar do not proceed further.) Write
X; = 0 if the jth bit is transmitted correctly and X; = 1 if not. Show that
EX; = p and var X; = p(1 — p). Explain why N, = Z?Zl X; and deduce
carefully that EN,, = pn and var N,, = np(1 — p). Now use Tchebychev’s
inequality (Lemma 9.4.14 with X = N,, — np) to obtain equation t in (ii).

Exercise K.174. [10.3, P, S] This exercise and the next deal with modifi-
cations to the axioms for a metric space. Recall that they are
(A) d(z,y) = 0 if and only if z = y.
(B) d(z,y) = d(y,z) for all x, y € X.
(C) d(z,y) +d(y,z) > d(z, 2) for all z, y, z € X.
(i) Suppose that d : X? — R satisfies axiom (A) and
(C) d(z,y) +d(z,y) > d(x,z) for all x, y, z € X.
Show that (X, d) is a metric space.
(i) Say everything that there is to say about ‘anti-triangle’ spaces (X, d)
satisfying axioms (A) and (B) together with
(D) d(x,y) +d(z,y) < d(x,z) for all x, y, z € X.
(iii) Suppose (X, d) satisfies axioms (A) and (B). Show that, if we set
plx,y) =d(z,y) + d(y,x), then (X, p) is a metric space.

Exercise K.175. [10.3, T, S] This exercise is more interesting than the
previous one because it deals with a fairly frequent situation. It requires
knowledge of the notions of equivalence relation and equivalence class.
Suppose (X, d) satisfies axioms (B) and (C) together with
(A) d(x,z) =0 for all z € X.

Show that the relation x ~ y if d(x,y) = 0 is an equivalence relation. If
we write [x] for the equivalence class of  and X = X/ ~ for the set of
equivalence classes, show that

d([z], [y]) = d(z.y)
gives a well defined function on X? and that (5( , d~) is a metric space.

Exercise K.176. [10.3, T, G| This is easy but requires enough group the-
ory to understand the statement of the question.

If G is a finite group with identity e generated by a subset X, define
p(e) =1 and

p(g) = min{N : we can find z1, T3, ... x5y € X UX ' such that g = 225 ..

whenever g # e. (Here X' = {z7! : z € X}.) Show that d(g,h) = p(gh™")
defines a metric on G.

.JZN}
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Show also that d is left invariant, that is to say d(gk, hk) = d(g, h) for all
g, h, k € G. Is it necessarily true that d is right invariant (i.e. d(kg,kh) =
d(g,h) for all g, h, k € G)? [Hint, if required. Think about the dihedral
group.]

We say that G has diameter max,cc(d(e, g)) (with respect to the gener-
ating set X).

(i) Show that S, the permutation group on n elements is generated by
the set X of elements of the form (i7). Show that S,, has diameter less that
Aqn (for some constant A;) with respect to X;. Interpret this result in terms
of card shuffling.

(ii) Show that S, is generated by the set X5 of elements of the form (17).
Show that S,, has diameter less that Asn (for some constant A,) with respect
to X2.

(iii) Show that S, is generated by the set X3 consisting of the two elements
(12) and (123...n). Show that S, has diameter less that Azn? (for some
constant Ag) with respect to Xsj.

(iv) Let n > 2. Consider the dihedral group D,, generated by a and b
subject only to the relations a® = e, b* = e and bab = a~'. Show that there
exists an A4 > 0 such that D, has diameter at least Asn with respect to
X4 = {CL, b}

(v) How many elements does S,, have? How many does D,, have? Com-
ment very briefly indeed on the relationship between size and diameter in
parts (i) to (iv).

Exercise K.177. [10.3, P] Let (X, d) and (Y, p) be a metric spaces and let
X7 and X5 be subsets of X such that X; U Xy = X. Suppose f: X — Y is
such that f|x, is continuous as a function from X; to Y. Which, if any, of
the following statements are true and which may be false? (Give proofs or
counterexamples as appropriate.)

(i) The function f is automatically continuous.

(ii) If X; and X, are closed, then f is continuous.

(iii) If X; and X, are open, then f is continuous.

(iv) If X is closed and X5 is open, then f is continuous.

Give R" its usual Euclidean norm. Suppose g : X — R” is continuous.
Show that there is a continuous function f : X — R"™ such that f(z) = g(x)
when [lg(z)]| <1 and [|f(z)[| = 1 when [lg(z)| = 1.

Exercise K.178. [10.3, P] (i) Give an example of a metric space (X, d)
which contains a set A which is both open and closed but A # X and A # 0.

(ii) Suppose (X,d) is a metric space, that A and B are open subsets of
X with AU B = X and that we are given a function f : X — R. Show that,
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if the restrictions f|4 : A — R and f|g : B — R are continuous, then f is
continuous.

(iii) Consider the interval [0, 1] with the usual metric. Suppose that A
and B are open subsets of [0,1] with AU B = [0,1] and AN B = (). Define
f(z)=1if x € Aand f(z) =0 if x € B. By considering the result of (ii),
show that A =0 or B = (). Deduce that the only subsets of [0, 1] which are
both open and closed are [0, 1] and 0.

(iv) Suppose that A is an open subset of R" and a € A, b ¢ A. By
considering f : [0,1] — R given by f(t) = 1if (1—t)a+tb € Aand f(t) =0,
otherwise, show that A is not closed. Thus the only subsets of R™ which are
both open and closed are R™ and ).

Exercise K.179. [10.3, T| Let (X, d) be a metric space. If A is a subset
of X show that the following definitions are equivalent.
(i) The point x € A if and only if we can find z,, € A such that d(z,,z) —

0 as n — oo.

(ii) Let F be the collection of closed sets F' such that ' O A. Then
A=Nper F- )

(iii) A is a closed set with A O A such that, if F' is closed and F' O A,
then F D A.

(It is worth noting that condition (iii) has the disadvantage that it is not
clear that such a set always exists.) We call A the closure of A. We also
write A = Cl A.

If B is a subset of X show that the following definitions are equivalent.

(i)’ The point z € B° if and only if we can find € > 0 such that y € B
whenever d(z,y) < e.

(i)’ Let U be the collection of open sets U such that U C B. Then
B = UUeu U.

State a condition (iii)" along the lines of (iii) and show that it is equivalent
to (i)’ and (ii)’.

We call B° the interior of B. We also write B° = Int B.

Show that C1A = X \ Int(X \ A) and Int A = X \ CI(X \ A). Show that
A = ClA if and only if A is closed and A = Int A if and only if A is open.

Suppose we work in R with the usual distance. Find the interior and
closure of the following sets Q, Z, {1/n : n € Z, n > 1}, [a,b], (a,b) and
la,b) where b > a.

Let (X, d) and (Y, p) be metric spaces. Show that f: X — Y is continu-
ous if and only if f(A) C f(A) for all subsets A of X.

(An unimportant warning.) Find a metric space (X,d) and an z € X
such that

CHy : d(z,y) <1} #{y : d(z,y) < 1} and Int{y : d(x,y) <1} #{y : d(z,y) < 1}.
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Exercise K.180. [10.3, P, T] We use the notation of Exercise K.179. Show
that, if U is open,

Cl(Int(C1U)) = C1U.

Show that, starting from a given A, it is not possible to produce more
than 7 distinct sets by repeated application of the operators Cl and Int.

Give an example of a set A in R with the usual metric which gives rise
to 7 distinct sets in this way.

Exercise K.181. [10.4, T] The results of this question are simple but give
some insight into the nature of the norm.

(i) Let || || be a norm on a real or complex vector space. Show that the
closed unit ball

=B0,1)={xeV: x| <1}

has the following properties.

(A) T is convex, that is to say, if x, y € 'and 1 > XA > 0, then Ax+ (1 —
Ny €T

(B) T is centrally symmetric, that is to say, if x € I, then —x € T".

(C) T is absorbing, that is to say, if x € V, then we can find a strictly
positive real number A with Ax € I'.

(ii) Show, conversely, that if I" is a closed, convex, centrally symmetric,
absorbing set then I' is the closed unit ball of a norm.

(iii) If || ||a and || ||p are norms on V and K > 0 state and prove a
necessary and sufficient condition in terms of the closed unit balls of the two
norms for the inequality

[x[[4 < K|x[|p
to hold for all x € V.

Exercise K.182. [10.4, P] Consider the real vector space (> of real se-
quences a = (ay, az, ... ) with norm |[(al| = sup,,; |a,|. Show that the set

E = {a : there exists an N with a,, =0 for all n > N}

is a subspace of [*° but not a closed subset.
Show that any finite-dimensional subspace of any normed vector space is
closed.
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Exercise K.183. [10.4, T] Let (E,|| ||) be a real normed space and let R
have its usual norm. Let T": ' — R be a linear map.
(i) Show that, if T"is not the zero map, the null space

N=T""0)={ec E : Te=0}

is a subspace of E such that, if y ¢ E then every x € E can be written in
exactly one way as x = \y +e with A € R and e € N. Comment very briefly
on what happens when 7' is the zero map.

(ii) Suppose that T is not the zero map and N is as in (i). Show that N
is closed if and only if there exists a § > 0 such that ||y + e[| > |A|0 for all
Ae€Randee N.

(iii) Show that T is continuous if and only if its null space T*(0) is closed.

(iv) Find T7(0) and check directly that the conclusions of (iii) are satis-
fied if we take E' = sgo and take T as in part (ii) of Exercise 10.4.14. (There
are five norms to check.)

Exercise K.184. [10.4, H] This question and the one that follows are in-
cluded more for the benefit of the author than the reader. I was worried
whether the proof of Theorem 10.4.6 actually required the use of results
from analysis. In this question I outline a simple example supplied by Imre
Leader which should convince all but the most stubborn that the proof should
indeed use analysis.

Consider the map N : Q% — R given by N(z,y) = |z + y2'/2|. Show that

(1) N(x) > 0 for all x € Q2.

(2) If N(x) =0, then x = 0.

(3) If A € @ and x € Q?, then N(Ax) = |\|N(x).

(4) (The triangle inequality) If x,y € Q?, then N(x+y) < N(x)+ N(y).

Let ||(z,y)|| = max(|x|, |y|). Show that given any 6 > 0 we can find an
x € Q? such that

N(x) < df[x][.

Explain why, if N : Q* — R is any function satisfying conditions (1)
to (4), there exists a K > 0 such that

N(x) < K|x||
for all x € Q2.

Exercise K.185. [10.4, H!] In this question we give another example of
Imre Leader which proves conclusively that Theorem 10.4.6 is indeed a result
of analysis. It is quite complicated and I include it to provide pleasure for
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the expert!? rather than enlightenment for the beginner. Our object is to
prove the following result.

There is a map N : Q% — Q such that

(1) N(x) > 0 for all x € Q°.

(2) If N(x) =0, then x = 0.

(3) If A € Q and x € @3, then N(\x) = |\|N(x).

(4) (The triangle inequality) If x,y € Q3, then N(x+y) < N(x)+ N(y).

(5) If we write ||X||cc = maxj<;<3|z;|, then, given any 6 > 0, we can find
a x € Q3 such that

N(x) < 0]|%]|co-

(i) Why does this result show that Theorem 10.4.6 is a result of analysis?

(ii) (The proof begins here. It will be helpful to recall the ideas and
notation of Question K.181.) We work in R? with the usual Euclidean norm
| I|. Suppose uy, uy, ... are elements of R? none of which are scalar multiples
of any other and such that 1/2 < ||u;|| < 2 for all j > 1. Show, by using
induction, or otherwise, that we can find an a, € Q such that, writing
vV, = a,u,, we have

(a) 1/2 < ||v,|| <2, and

(b) v, ¢ 'y B
where T'g is the closed disc B(0,1/2) of radius 1/2 and centre 0 and, if n > 1

Lh={x+uv, : xel_1, [N +]p =1, \, p€R}.

(For those who know the jargon, I',, is the convex hull of T';,_1 U {v,,, —v,}.)
(iii) Continuing with the ideas of (ii), write I' for the closure of | J,~, T'.
Show that I' is a closed centrally symmetric convex set with

B(0,1/2) C T C B(0,2).

Show further that, if 4 € R, then pv, € I' if and only if |u| < 1. Use the
results of Question K.181 to deduce the existence of a norm || ||, on R? such
that |ju,|/. € Q for all n and

20|l = [1x[l+ = [lxl/2

for all x € R2.
(iv) Let
E={(a+b2"2 c+b3?) : a,b cecQ}

12Who can start by considering the question of whether we can replace Q3 by Q2 in the
next paragraph.
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By considering a suitable sequence u,, € E show that there exists a norm
| ||+ on R? such that ||e||. € Q for all e € E and

2||xl = lix[l« = {1l /2

for all x € R?.
(v) Define N : Q* — Q by N(xz,y,2) = ||(z + y2'/2, 2 + 33'/?)|.. Show
that N has properties (1) to (5) as required.

Exercise K.186. [11.1, P] Suppose that (X, d) is a complete metric space.
We say that a subset I’ of X has bounded diameter if there exists a K such
that d(x,y) < K for all x, y € F and we then say that F' has diameter

sup{d(z,y) : =, y € F'}.

Suppose that we have sequence of closed subsets F; of bounded diameter
with F7 D Fy D .... Show that, if the diameter of F), tends to 0, then
=, Fj contains exactly one point.

Show that (;Z, Fj may be empty if

(a) (X,d) is not complete, or

(b) the F; do not have bounded diameter, or

(c) the F; have bounded diameters but the diameters do not tend to 0.

Exercise K.187. [11.1, P] Consider the space sqo introduced in Exer-
cise 10.4.8. Recall that s the space of real sequences a = (a,)32, such
that all but finitely many of the a,, are zero. Our object in this question is
to show that no norm on sy, can be complete. To this end, let us suppose
that || || is a norm on sqy.

(i) Write E,, = {a € soo : a; =0 for all j > n}. Show that E, is closed.

(i) If b € E, 11\ E,, show that there exists a § > 0 such that |b—a|| >
for all a € F,,.

(iii) If h € E,41 \ E,, and a € E,,, show that a+ Ah € E,; \ E,, for all
A # 0.

(iv) Show that, given x(n) € E, and d,, > 0, we can find x(n+1) € E, 1,
such that ||x(n+1)—x(n)|| < 0,/4, and §,4+1 < J,,/4 such that ||x(n+1)—a| >
Onyq for all a € E,.

(v) Starting with x(1) = 0 and é; = 1, construct a sequence obeying the
conclusions of part (iv) for all n > 2. Show that the sequence x(n) is Cauchy.

(vi) Continuing with the notation of (v), show that, if the sequence x(n)
converges to some y € sqo then |y —x(n + 1)|| < 6,41/2, for each n > 1.
Conclude that y ¢ E,, for any n and deduce the required result by reductio
ad absurdum.
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Exercise K.188. (The space [?.) [11.1, T] (i) Let a;, b; € R. Use the
triangle inequality for the Euclidean norm on R™ and careful handling of
limits to show that, if 37°7, a7 and 377, b7 converge, so does Y7 (a; +b;)*.
Show further that, in this case,

00 1/2 0o 1/2 oo 1/2

(i) Show that the set [? of real sequences a with Z a5 2 convergent
forms a vector space if we use the natural definitions of addltlon and scalar
multiplication

(an) + (bn) = (an + by), AMan) = (Aay).

Show that, if we set

[e.9]

lalls = a,

J=1

then (1%, || ||2) is a complete normed space.

(iii) The particular space ({2, ]| ||2) has a further remarkable property to
which we devote the next paragraph.

Show using the Cauchy-Schwarz inequality for R™, or otherwise, that if
a, b € 1%, then 77, |a;b;| converges. We may thus define

a-b= iajbj
j=1

Show that this inner product satisfies all the conclusions of Lemma 4.1.1.

Exercise K.189. (Holder’s inequality.) [11.1, T| Throughout this ques-
tion p and ¢ are real numbers with p > 1 and p~! + ¢! = 1.
(i) Show that ¢ > 1.
(ii) Use the convexity of — log (see Question K.39) to show that, if = and
y are strictly positive real numbers, then
Ty < < — + y—q
p q
Observe that this equality remains true if we merely assume that z, y > 0.
(iii) Suppose that f, g : [a,b] — R are continuous. Show that

b 1 b ) 1 b .
/a (00| de < / P+ / 9(t)[1dt.
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Deduce that, if F, G : [a,b] — R are continuous and

b b
/ PP dt = / G0 de = 1,
/|F (t)] dt < 1.

(iv) By considering xF' and uG with F' and G as in (iii), or otherwise,
show that, if f, g : [a,b] — R are continuous, then

[1swaorae < ([ ropa) " ([ ttorar) "

This inequality is known as Holder’s inequality for integrals.
(v) Show that the Cauchy-Schwarz inequality for integrals is a special
case of Holder’s inequality.

then

Exercise K.190. [11.1, T, 1] (i) Suppose that f : [a,b] — R is a continuous
function such that

/lf !dt<A(/ 9(1) rth)l/q

for some constant A and all continuous functions g : [a,b] — R. By taking
g(t) = f(t) for a suitable «, or otherwise, show that

([vora) Yo

This result is known as the ‘reverse Holder inequality’.
(ii) By first applying Holder’s inequality to the right hand side of the
inequality

/| |dt</ |f(t) |dt+/ |h(t)g(t)| dt

and then using the reverse Holder inequality, show that

([ vomora)”s ([fnora)”s (fimora)”
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for all continuous functions f, h : [a,b] — R. (This inequality is due to
Minkowski. )
(iii) Show that, if we set

i = ([ 1o a) "

then (C([a,b]), ] ||,) is a normed space. Show, however, that (C([a,b]),] ||,)
is not complete.

(iv) Rewrite Holder’s inequality and the reverse Holder inequality using
the notation introduced in (iii).

Exercise K.191. The [? spaces.) [11.1, T, 1] Throughout this question
p and ¢ are real numbers with p > 1 and p~t + ¢! = 1.

(i) By imitating the methods of Exercise K.189, or otherwise, show that,
if a;, b; € R, then

n n 1/p n 1/q
Sl < () (Smr)
=1 j=1 j=1
Deguce carefully that, if 377, |a;[P and > 72, [b;|? converge, then so does
Zj:l |a;|[b;] and

oo o0 1/p o0 1/q
z|aj||bj|g(z|aj|p) (zw) |
j=1 j=1 j=1

This inequality is known as Holder’s inequality for sums.

(ii) By imitating the methods of Exercise K.189, or otherwise, show that
the collection [P of real sequences a = (aj,as,...) forms a normed vector
space under the appropriate algebraic operations (to be specified) and norm

oo 1/p
Jal, = (zw) |
j=1

(iii) By using the ideas of Example 11.1.10, or otherwise, show that
(. |l,) is complete.

(iv) Use the parallelogram law (see Exercise K.297 (i)) to show that the
[P norm is not derived from an inner product if p # 2. Do the same for
(C(la,5), ] 11).

(v) We defined (I',] ||;) in Exercise 11.1.10 and (I*°,]| ||o) in Exer-
cise 11.1.13. Investigate Holder’s inequality and the reverse Holder inequality
for p =1, ¢ = oo and for p = o0, ¢ = 0. Carry out a similar investigation for
(C([a,b]), | |l1) (see Lemma 11.1.8) and (C([a,b]), || |leo)-
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Exercise K.192. (The Hausdorff metric.) [11.1, T] Let (X,d) be a
metric space and E a non-empty subset of X. For each x € X, define

d(z, E) = inf{d(z,y) : y € E}.

Show that the map f : X — R given by f(z) = d(z, E) is continuous.
Now consider the set £ of non-empty closed bounded sets in R™ with the
usual Euclidean metric d. If K, L € £ define

p'(K,L)=sup{d(k,L) : k € K}.
and
oK, L) = p/(K, L) + p(L, K).
Prove that, if K, L, M € £, k€ K and 1 € L then
d(k, M) < d(k,1)+ p'(L, M)
and deduce, or prove otherwise, that
p(K, M) < p'(K, L)+ p/(L, M).

Hence show that (€, p) is a metric space.

Suppose now that (X, d) is R with the usual metric. Suppose K is closed
and bounded in R" (again with the usual Euclidean metric) and f,, : K — X
is a sequence of continuous functions converging uniformly to some function
f. Show that p(f,.(K), f(K)) — 0 as n — oco. How far can you generalise
this result?

Exercise K.193. [11.1, T, T] The metric p defined in the previous question
(Exercise K.192) is called the Hausdorff metric. It is clearly a good way of
comparing the ‘similarity’ of two sets. Its utility is greatly increased by the
observation that (&, p) is complete. The object of this question is to prove
this result.

(i) If K, € € and K1 2 Ky 2 K3 2 ... explain why K = (2, K; € £
and show that p(K,, K) — 0 as n — oo.

(i) Suppose L,, € € and p(Ly, Ly,) < 47" for all 1 <n < m. If we set

K;=L;+B(0,27)={1+x: 1€ L;, ||x]| <277},

show that K,, € £ and K; O Ky O K3 O .... Show also that, if we write
K =(;2, K; we have p(L,, K) — 0 as n — o0.
(iii) Deduce that (&, p) is complete.
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Exercise K.194. [11.2, T] Let (V,|| ||) be a normed vector space and E a
closed subspace (that is a vector subspace which is also a closed subset). If
E #V there must exist a z € V' \ E. By considering

inf{[lz —yl|| - y € E},

or otherwise, show that given any ¢ > 0 we can find an x € V such that
lIx|]| =1 but

|x—e|]|>1—¢eforalle e E.

Show that if V' is infinite dimensional we can find a sequence x; € V' such
that

x| = 1 for all j, but ||x; — x;|| > 1/2 for all i # j.

Deduce that if (V| ||) is a normed space then the closed unit ball B =
{x : ||x|| £ 1} has the Bolzano-Weierstrass property if and only if V' is finite
dimensional.

Exercise K.195. [11.2, P] (i) Consider [*° the space of bounded real se-
quences with norm || |, given by [|x[|«c = sup,>; |[7,|. Let s, be a positive
real number [n > 1]. Show that the set

E={xel®: |z, <k, foralln>1}

has the Bolzano-Weierstrass property if and only if x,, — 0 as n — oo.

(ii) Consider {' the space of real sequences whose sum is absolutely con-
vergent, with norm || ||; given by ||X[jcc = D oo, |2s|. Let s, be a positive
real number [n > 1]. Show that the set

E={xel® :0<x, <k, foralln>1}
has the Bolzano-Weierstrass property if and only if Y > | k, converges.

Exercise K.196. [11.2, T] This exercise takes up ideas discussed in Exer-
cises K.29 to K.36 but the reader only needs to have looked at Exercise K.29.

We work in a metric space (X,d). Consider the following two possible
properties of (X, d).

(A) If a collection K of closed sets has the finite intersection property,
then (e K # 0.

(B) If a collection U of open sets is such that (J;;,, U = X, then we can
find an n > 1 and Uy, Us, ..., U, €U such that J;_, U, = X.

(i) Show that (X, d) has property (A) if and only if it has property (B).
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(ii) Suppose that (X,d) has the Bolzano-Weierstrass property and that
U is a collection of open sets such that | J;,,, U = X. Show that there exists
a 0 > 0 such that, given any = € X, we can find a U € U with B(z,0) C U.

(iii) Use (ii) and Lemma 11.2.6 to show that, if (X, d) has the Bolzano-
Weierstrass property, then it has property (B).

Exercise K.197. [11.2, T, 1] This exercise continues Exercise K.196.

(i) Suppose that z,, € X for all n but that the sequence z, has no
convergent subsequence. Show that given any x € X we can find a 4, > 0
and an N, > 1 such that =, ¢ B(x,d,) for all n > N,.

(ii) By considering sets of the form U, = B(z,J,), or otherwise, show
that the space X described in (i) can not have property (B).

(iii) Deduce that a metric space (X, d) has property (B) if and only if it
has the Bolzano-Weierstrass property.

(iv) Use (iii) to prove parts (ii) and (iv) of Exercise K.36.

If (X, d) has property (B) we say that it is compact. We have shown that
compactness is identical with the Bolzano-Weierstrass property for metric
spaces. However, the definition of compactness makes no explicit use of the
notions of ‘distance’ (that is, metric) or ‘convergence’ and can be generalised
to situations where these concepts cease to be useful.

Exercise K.198. [11.3, P] If f: [0,1] — R is continuous we write

1flloe = sup |£(8)], and ||| = / ()] dt.
t€(0,1] 0

Consider the space C'*([0,1]) of continuously differentiable functions. We set

1 lla = {[flloo + 171
115 = 11/ Nl
1 lle = flloo + 11" lloc

1A lp = [ O]+ 11l

Which of these formulae define norms? Of those that are norms, which are
complete? Consider those which are norms together with the norms || ||
and || ||;. Which are Lipschitz equivalent and which not? Prove all your
answers.

Exercise K.199. [11.3, T| Weierstrass’s example (see page 199) becomes
very slightly less shocking if we realise that our discussion uses an inappropri-
ate notion of when one function is close to another. In the next two exercises
we discuss a more appropriate notion. It will become clear why much of
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the early work in what we now call the theory of metric spaces was done by
mathematicians interested in the calculus of variations.

(i) Find a sequence of functions f,, : [-1,1] — R which have continuous
derivative (with the usual convention about derivative at the end points)
such that f, — |z| uniformly on [—1, 1] as n — 0.

(i) If b > a let us write C''([a,b]) for the space of functions on [a,d]
which have continuous derivative. Show that C'([a,b]) is not closed in
(C([a, b)), || lo) and deduce that (C*([a,b]), || ||s) is not complete.

(iii) If f € C''([a,b]) let us write

11l = [1f oo + 11 loo-

Show that (C*([a,b]), || ||«) is a complete normed space.
(iv) Consider

A={f€C([0,1]) : f(0) = f(1) =0}

Show that A is a closed subset of (C'([a, b]), and that A is a vector subspace
of C*([a,b]). Conclude that (A, || ||«) is a complete normed space. Show also
that (A, || |le) is not complete.

Exercise K.200. [11.3, T, ] We continue with the discussion and notation
of Exercise K.199. The example we gave on page 199 involved studying the
function I : A — R given by

1(f) = / (1= (f'@)? + fla)? dr.

(i) Show that (if we give R the usual metric) the function / : A — R is
not continuous if we give A the norm || ||, but is continuous if we give A
the norm || ||..

(ii) Do (or recall) Exercise 8.3.4 which shows that

inf{I(f): f€A}=0

but that I(f) > 0 for all f € A. This is the main point of the Weierstrass
counterexample and is unaffected by our discussion.

(iii) Write fo = 0. By using Exercise 8.4.12, or otherwise, show that we
can find f, € A such that ||f, — follo — 0 and If,, — 0.

(iv) Show that if f, € A and [f, — 0 then the sequence f, does not
converge in (A, || ||+).



538 A COMPANION TO ANALYSIS

Exercise K.201. [11.3, T, 1] Exercise K.200 shows that the question ‘Is
fo = 0 a local minimum for /7’ should be asked using the norm || ||. rather
than the norm || ||« but leaves the question unanswered.

(i) By considering functions of the form f(x) = esin27x or otherwise
show that given any § > 0 we can find u, v € A with ||lu|l., ||v]« < ¢ and
Iu > 0 > Iv. Conclude that fy = 0 is neither a local maximum nor a local
minimum of J when we use the norm || ||.. (Thus the Euler-Lagrange search
in Exercise 8.4.11 does not look at sufficiently many ways of approaching f.)

(i) Find an infinitely differentiable function P such that P(0) = 0, P(t) >
0 fort #0, P'(1) =0 and P”(1) > 0 (so P has a strict local minimum at 1).
[The simplest such function that I can think of is a polynomial.]

(iii) Define J : A — R by

J(f) = / P(1— [(2)?) + f(x) da.
Show that
inf{J(f) : fe A} =0

but that J(f) > 0 for all f € A. Show that J has a strict local minimum
at fo = 0 when we use the norm || ||, (that is to say, there exists a 6 > 0
such that J(f) > J(fo) whenever ||f — fol|« < ). Show that we can find a
sequence f, € A such that f, — 0 uniformly and J(f,) — 0.

(iv) Find an infinitely differentiable function G' : R* — R such that,
defining K : A — R by

we have
sup{K(f) : fe A} =1, inf{K(f) : fe A} =0

but 1 > K(f) >0 for all f € A.
Exercise K.202. [11.4, P] (i) If F is a non-empty set and (Y, p) a complete
metric space, we write B(E) for the set of bounded functions f : E — Y.
The uniform distance do, on B(E) is defined by dw(f,9) = sup,cp p(f,9)-
Show that (B(E), d) is a complete metric space.

(ii) Generalise and prove Theorem 11.3.6 and Theorem 11.3.7.

(iii) Let E be a non-empty set and (Y, p) a complete metric space. If f,, :
E —Y and f: EF — Y are functions we say that f,, converges uniformly to f
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as n — oo if, given any € > 0, we can find an ng(¢) such that p(f.(z), f(z)) <
¢ for all x € E and all n > ny(e).

Generalise and prove Theorem 11.4.3 and Theorem 11.4.4.

(iv) Suppose that we now drop the condition that (Y, p) is complete.
Which of the results above continue to hold and which fail? [Hint. Take E
to consist of one point.|

Exercise K.203. [11.4, P] (i) Show that the integral

¢7(u):/ e " dy
0

converges for all v > 0 and all v > 0. By differentiating under the integral
sign, integrating by parts and solving the resulting differential equation show
that

Py (u) = Ay (0)u”

where A, is a constant depending on . You should justify each step of your
argument.

(ii) Obtain the result of (i) in the case when + is an integer by integrating
by parts.

(iii) Show that the integral

w(u)—/ e e 2 4y
0

converges for all real u. By differentiating under the integral sign, integrating
by parts and solving the resulting differential equation show that

V() = Ae /2

for some constant A.

(iv) Obtain the result of (iii) by a change of variable. [However, the
method of (iii) carries over to the case when wu is complex and the method
of (iv) does not.]

Exercise K.204. [11.4, P] A function f : R — R is infinitely differentiable
everywhere and there exists a function g : R — R such that f™(z) — g(x)
uniformly on each bounded interval as n — oo. By considering the equation

/ " () de = £ () — F(0),

or otherwise, find a differential equation for g and show that g(x) = Ce” for
some C. Must it be true that f(z) = Ce®? Give reasons.
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Exercise K.205. [11.4, P] Consider a sequence of functions g, : [a,b] — R
and a continuous function g : [a,b] — R. Suppose that g,(z) — g(x) as
n — oo for each z € [a, b].

Show that g, — ¢ uniformly on [a, b] if and only if, given any sequence
Zp € |a,b] with z,, — x, we have g,(z,) — g(x) as n — oc.

If we replace [a,b] by (a,b) does the ‘if’ part remain true? Does the
‘only if” part remain true? Would your answers be different if we insisted, in
addition, that the g, were continuous? Give proofs and counterexamples as
appropriate.

Exercise K.206. [11.4, P] (i) A continuous function f : [0,1] — R has
f(1) =1 and satisfies

0< f(zr)<lforall0<z<1

Show that

1-5
n/ (f(x)"dz — 0
0
as n — 00. Deduce that, if the left derivative f/(1) exists and is non-zero,
then

1
ey

o [y s -

as n — 00.
(ii) A differentiable function g : [0, 1] — R satisfies

0<g(zr)<lforall0<z<I.

Show that, if nfol (g9(x))™ dx remains bounded as n — oo, then g(z) < 1 for
all 0 <z < 1.

Exercise K.207. (Weierstrass approximation theorem.) [11.4, T] (i)
If 1 >n >0, define S, : [-1,1] — R by S,(t) = (1+n—t?)". By considering

the behaviour of
1 -1
To(t) = ( / S, (x) dx) Sa(t),
~1

or otherwise, show that, given any ¢ > 0, we can find a sequence of polyno-
mials U,, such that
(a) U,(t) > 0forall t € [-1,1] and all n > 1,
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(b) U,(t) — 0 uniformly on [—1, —¢] U [¢, 1] as n — oo,
1
(c) / Un(t)dt =1 for all n > 1.

1

t
(ii) Sketch the functions given by V,(t) = / Un(s)ds and W, (t) =
—1

/_ tl V, (s) ds.

(iii) Show that if g : [-1,1] — R is given by g(t) = 0 for ¢t € [—1,0] and
g(t) =t for t € [0,1], then there exists a sequence of real polynomials P,
with P,(t) — ¢(t) uniformly on [—1,1].

(iv) By considering functions of the form cP,(at + b), show that, if o €
[—1,1] and if g, : [~1,1] — R is given by g4(t) = 0 for t € [-1,a] and
f(t) =t —afor t € [a,1], then there exists a sequence of real polynomials
Q. with Q,(t) — ¢ (t) uniformly on [—1, 1].

(v) If h : [-1,1] — R is piecewise linear, show that there exists a sequence
of real polynomials R,, with R, (t) — h(t) uniformly on [—1, 1].
(vi) If F: [—1,1] — R is continuous, show that there exists a sequence of

real polynomials S,, with S,,(¢) — F(t) uniformly on [—1,1].

(vi) If f : [a,b] — R is continuous show that there exists a sequence of
real polynomials P, with P,(t) — f(¢) uniformly on [a, b].

(vii) If f: [a,b] — C is continuous, show that there exists a sequence of
polynomials P, with P,(t) — f(t) uniformly on [a, b].

Exercise K.208. [11.4, P, S, 1] (This is easy if you see how to apply
the result of Exercise K.207 appropriately.) Show that, given a continuous
function f : [0,1] — R, we can find a sequence of polynomials P, such that
P,(z*) — f(x) uniformly on [0,1] as n — co.

Show, however that there exists a continuous function ¢ : [-1,1] — R
such that we cannot find a sequence of polynomials Q,, such that Q,(z?) —
g(x) uniformly on [—1,1] as n — 0.

Exercise K.209. [11.4, P, T] This proof of Weierstrass’s approximation
theorem is due to Bernstein and requires some elementary probability theory.

The random variable X, (¢) is the total number of successes in n indepen-
dent trials in each of which the probability of success is t. Show, by using
Tchebychev’s inequality, or otherwise, that

(0 2) <

Suppose that f : [0,1] — R is continuous. Let p,(t) = Ef(X,(t)/n) the
expectation of f(X,(t)/n). Show that p, — f uniformly. (You will need
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to use the fact that a continuous function on a closed interval is uniformly
continuous and bounded. You should indicate explicitly where you use these
two facts.)

Show also that p,, is a polynomial of degree at most n (p, is called a
Bernstein polynomial). Deduce the result of Exercise K.207.

If you know about convex functions (for example, if you have done Exer-
cise K.39) show that, if f is convex, then p,(x) > f(z) for all = € [0, 1].

Exercise K.210. [11.4, P] (i) (Dini’s theorem) Let I be a bounded interval
on the real line and let f,, : I — R [n > 1] and f: I — R be functions such
that f,(z) — f(z) as n — oo for each x € I. Show that if all four of the
following conditions hold
(a) f, is continuous on [ for each n,
(b) f is continuous on I,
(c) for each x, the sequence f,(x) is decreasing,
(d) I is closed,
then f,, — f uniformly on I.
(ii) Exhibit counterexamples to show that the result is false if any one of
the four conditions is omitted.
(iif) Let

po(t) =0 and p,(t) = pa_1(t) + %(t2 — pn_1(t)).

Show, by induction, or otherwise, that 0 < p,_1(t) < p,(t) < [t| for all
t € [-1,1]. Use part (i) to show that p,(¢) — |t| uniformly on [—1,1].

(iv) Sketch the function h : R — R given by h(x) = |z| + |x — a| with
a > 0.

(v) Use the result of (iii) to give an alternative proof of Exercise K.207 (iii).

(vi) Generalise the result of (i) as far as you can. (For example, you could
take I to be a subset of R" or a metric space.)

Exercise K.211. (Orthogonal polynomials.) [11.4, T] Let a < b and
let w : [a,b] — R be a strictly positive continuous function.
(i) Show that

(f.g) = / F(O)g(tyw(t) di

defines an inner product on the space C([a, b]) of continuous functions from
[a,b] to R. We write || f|| = (f, f)!/? as usual.

(ii) Prove there is a sequence Sg, S1, S2, ... of polynomials with real
coeflicients such that
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(a) s, has exact degree n,
(b) each s, has leading coefficient 1, and
(¢) (Sn,Sm) = 0 for n # m.
(iii) Show that, if P is a polynomial of degree at most n then there exists
one and only one solution to the equation

n
P: E Clij
Jj=0

with a; € R. Deduce, in particular, that (s,,Q) = 0 whenever @ is a
polynomial of degree at most n — 1.

(iv) Use the fact that the polynomials are uniformly dense in C([a,b])
(Weierstrass’s theorem, Exercise K.207) to show that, if f € C([a, b)),

inf{
as n — 0o.

(v) Show that,if f € C([a,b]), then [| =7 a;s; — f|| has a unique mini-
mum, attained when

Zajsj—fH : aje]RforOgjgn}eO
=0

a] = f (] ) = <<§], ij]>>
Show that
f(j)sj—fH — 0
j=0
as n — 00.

(vi) By considering the expression

[ siaut
where

alt) = (t— )t —t2) ... (L — 1)

and ty, to, ... , ty are the points of (a,b) at which s,, changes sign, prove that
s, must have exactly n distinct zeros, all of which lie in the open interval

(a,b).



544 A COMPANION TO ANALYSIS

Exercise K.212. (Legendre polynomials.) [11.4, T, 1] Let po(z) = 1
and
a .,
n(T) = ——(z" = 1)"
pulz) = - (2" = 1)

for n > 1. By integrating by parts, or otherwise, show that

[mm%@mz%m

1

where 7, is to be found explicitly. (Recall that 0, = 0 if n # m, §,, = 1.)
Let [a,b] = [—1,1], w(z) = 1. Show that there exists a ¢, (to be found
explicitly) such that, if we write s,, = ¢,py,, then the s, obey the conditions
of Exercise K.211 (ii). We call the p, Legendre polynomials.
Show that
L 2nt1(nl)?

1
k = <k<n-— "P, = o
/_lt P,(t)dt =0, for 0 <k <n—1and /_1t n(t) di 2n+1)!

Exercise K.213. (Gaussian quadrature.) [11.4, T, 1] Suppose z1, 2o, ...
are distinct points in [—1, 1]. Show that, if we write

r — T;

ej(x) =
’ g T T

then any polynomial P of degree at most n — 1 satisfies
P(t) = P(;)e;(t)
j=1

for all £ € [—1,1]. Deduce that we can find real numbers ay, as, ... , a, such
that

/1 P(t)dt:zn:a]P(x]) *

1 =
for all polynomials of degree n — 1 or less.

Gauss realised that this idea could be made much more effective if we
take the x1, 29, ..., x, to be the zeros of the Legendre polynomials (see
Exercise K.212 and part (iv) of Exercise K.211) and this we shall do from
now on. Show that if P is a polynomial of degree 2n — 1 or less we can write
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P =p,Q + R where (Q and R are polynomials of degree n — 1. By using this
result and equation % show that

/1 P(t)dt = iajp(xj) > %

for all polynomials of degree 2n — 1 or less. (For another example of a choice
involving zeros of an orthogonal polynomial, see Exercise K.48.)
By considering polynomials of the form [],;(z — 2;)* show that a; > 0
for each j. By considering the constant polynomial 1 show that Z;;l a; = 2.
Let us write

n 1
Gof = > (e and 1f = | S
=1 -

whenever f € C(|—1,1]). Show that, if f, g € C([-1,1]), then

Gn(f) = Gu(9)] < 2|1f = glloo, and [I(f) = I(g)| < 2[|f — 9lle-

Use the fact that the polynomials are uniformly dense in C([—1,1]) (Weier-
strass’s theorem, Exercise K.207) to show that

Gulf) — / Sy

as n — oo whenever f € C([—1,1]).

Exercise K.214. [11.4, P] Consider the orthogonal polynomials s,, of Ex-
ercise K.211. By imitating the arguments of that exercise, show that, if \ is
real, then s,, — As,,_1 has at least n — 1 distinct real roots and has no multiple
roots. Deduce that s,, — As,,—1 has n distinct real roots.

(i) If P and @ are real polynomials with a common real root at z show
that there exists a real A such that P — A(Q) has a multiple root at x. Deduce
that s,, and s,,_; have no common root.

(i) If P and @ are real polynomials such that P has real roots at = and
y with x < y and @ has no real root in [z, y] show that there exists a real
A such that P — AQ has a multiple root at some point w € (x,y). Deduce
that, between any two roots of s,, there is a root of s,,_1.

Exercise K.215. [11.4, T] (i) Define f,, : [-1,1] — R by f,.(z) = (2* +
n~2)1/2. Show that f’ converges pointwise to a limit F, to be found, and f,
converges uniformly to a limit f, to be found. Show that f is not everywhere
differentiable.
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(ii) By considering the integral of appropriate witch’s hats, or otherwise,
find differentiable functions f, : [-1,1] — R such that f,(z) =0 for x <0
and f,(z) =1 for x > 1/n. Show that f/(x) — 0 for each = and there is an
f such that f,(z) — f(x) for each x as n — oo but that f is not continuous.

(iii) Why do these results not contradict Theorem 11.4.167

Exercise K.216. [11.4, H] Suppose that u, v : R — R are inﬁnitely differ-
entiable, that v(0) = 0, that u(t) > 0 for all ¢ € R and that [;~ u(x)dz = 1.
In this question we shall be interested in the function g : R? — R deﬁned by

g(x,y) = yo(y)u(zy)

(i) Just to get an idea of what is going on, sketch g in the particular case
when v(y) =y and u(x) =0 for x < 1 and = > 2.

(ii) Show that g has partial derivatives of all orders (thus g is infinitely
differentiable). Show also that

/OOO 9(@,y) dv = v(y)

for all y.
(iii) Show that if G(y) = [,~ g(x,y) dx then G'(0) = v'(0), but

/ g2(z,0)dx = 0.
0

We can certainly choose v with v'(0) # 0 (for example v(y) = y). Why does
this not contradict Theorem 11.4.217

Exercise K.217. [11.4, H] In this exercise we modify the ideas we used in
Exercise K.216 to obtain an example relevant to Theorem 8.4.3.

Suppose that u, v : R — R have continuous derivatives, that v(¢)t'/? — 0
as t — 0, thatu()>0forallt€]R that u(t) = 0if t < 1lort > 2 and
that f z)dr = 1. In this question we shall be interested in the function
g:R? — R deﬁned by

g(z,y) = ly|~Po(y)u(zly|/?) for y # 0, g(z,0) = 0.

(i) Just to get an idea of what is going on, sketch g in the particular case
when v(y) =y

(ii) Show that g is everywhere continuous.

(iii) Show that g has partial derivatives ¢g; and g, everywhere and that
these derivatives are continuous except, possibly, at (0, 0).
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(iv) Show that G(y fo x,y) dr then G'(0) = v'(0), but

/ g2(z,0)dx = 0.
0

We can certainly choose v with v/(0) # 0 (for example v(y) = y). Why does
this not contradict Theorem 8.4.37

Exercise K.218. (A dominated convergence theorem for integrals.)
[11. 4 P] Suppose that ¢g : [0,00) — R is a continuous function such that

fo t)dt converges. If f, : [0,00) — R is a continuous function with
| fult )| < g(t) for all t € [0,00) and f, — f uniformly on [O 00) as n — 00,
show that all the integrals [ f,,(¢)dt [n > 1] and [;° f(¢) dt converge and

/OOO fult)dt — /OOO ft)dt

[Hints. If you cannot do this at once, you can adopt one or more of the
following strategies. (1) Consider the special case h(t) = (1 +t*)"1. (2) Ask
how the hypotheses prevent us using Example 11.4.12 as a counterexample.
(3) Reread the proof of Lemma 5.3.3 where a similar result is obtained.]

Exercise K.219. [11.4, P] (i) Suppose that d;, ds, ... are metrics on a
space X. Show that

- 2_jd'(l‘7y)
d(z,y) =) ————=
; 1+dj(z,y)

is a metric on X. Show that if each d; is complete, then so is d.
(i) Consider C'*°, the space of infinitely differentiable functions on [0, 1].
Show that

=, 270 supyciay £ (1) — 99 (1)

s 1 + supyeo | fO(t) — gW(t)]

d(f,g) =

is a complete metric on C*. (Be careful, sup,cjo |9 () — ¢¥)(t)] is not a
metric on C* if j #£ 0.)

Show that d(f,, f) — 0 as n — oo if and only if fqgj)(x) — f(z) uniformly
on [0, 1] for each j.

Let g,(z) = n "sin(n + 1)?*7z. Show that d(g,,0) — 0 but

sup sup |g¢(z)| = o0
J>0 z€[0,1]
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(more formally, the set {|gq(f)(x)| : x €10,1], 7 > 0} is unbounded) for all n.
(iii) Consider the space C'(D) of continuous (but not necessarily bounded)
functions f : D — C, where D is the open unit disc given by

D={zeC: |z| <1}
Find a complete metric d such that d(f,, f) — 0 as n — oo if and only if

sup  |f(z) —g(2)]| —0

|2|<1—n—1
for all n > 1. Prove that you have, indeed, found such a metric.

Exercise K.220. (Pointwise convergence cannot be given by a met-
ric.) [11.4, H] The object of this exercise is to show that the notion of a
metric is not sufficient to cover all kinds of convergence. More specifically,
we shall show that there does not exist a metric d on the space C([0,1])
of continuous functions such that d(f,, f) — 0 as n — oo if and only if
fn(x) — f(z) for all € [0,1]. The proof is quite complicated and simpler
proofs can be obtained once we have studied topology, so the reader may
prefer to omit it.

The proof is by contradiction, so we assume that d is a metric such that
d(fn, f) — 0 asn — oo if and only if f,(z) — f(z) for all z € [0, 1].

(i) Let gn : [0,1] — R be a ‘witch’s hat’ given by

1—n(z—n"t-271" for |[v —n~' =27 <n7!

0 otherwise.

In()
gn(I)

Show that d(g,,0) — 0 as n — oo.

(ii) By using the ideas of (i), or otherwise, show that, given any closed
interval I C [0,1] and any € > 0, we can find a g € C([0,1]) and a closed
interval J C I such that d(g,0) < € but g(x) > 1/2 on I.

(iii) Show that we can find a sequence of closed intervals I} D I D I3 D

. and continuous functions f,, such that d(f,,0) < 27" but f,(z) > 1/2 on
I,.
(iv) Use Exercise 4.3.8 to derive a contradiction.

Exercise K.221. [11.4, T, S] (This sketches some background for the next
exercise.) Let V' be a vector space. Suppose that || || is a norm on V and d a
metric on V' such that d(x,,x) — 0 as n — oo if and only if ||x, — x|| — 0.
Show that

(a) d(a+x,,a+x) — 0 if and only if d(x,,x) — 0.

(b) d(A\x,,,0) — 0 whenever d(x,,0) — 0.
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(c) d(A\nx,0) — 0 whenever A, — 0.

These remarks make it easy to find metrics which do not have the con-
vergence properties of norms. As an example, check which of properties (a),
(b) and (c) hold for the discrete metric and deduce that the discrete metric
does not have the convergence properties of a norm. Do the same for the
British Railway non-stop metric of Exercise 10.3.7.

Show however, that the metric of part (ii) of Exercise K.219 has all the
properties (a), (b) and (c). In the next exercise we show that, even so, it
does not have the convergence properties of a norm.

Exercise K.222. (An interesting metric not derivable from a norm.)
[11.4, H, 1] In this question we shall show that there does not exist a norm
| ||p on the space C*°([0, 1]) of continuous functions such that || f,||p — 0 as
n — oo if and only if f{ )(:c) — 0 uniformly on [0, 1] for each j. This shows
that the metric d defined in part (ii) of Exercise K.219 cannot be replaced
by a norm.
The proof proceeds by contradiction. We assume that || ||p has the prop-
erties given in the previous paragraph.
(i) By reductio ad absurdum, or otherwise, show that, for each integer j >
0, there exists an €; > 0 such that || f[|p > €; whenever sup,¢( 1 |fO(z)| > 1.
(ii) Deduce that ||g|[p > €;sup,e(o 1 |gW)(z)| for all g € C>=([0,1]) and all
J=0.
(iii) Show that, by choosing ) and Ny appropriately, and setting fi(z) =
dk sin mNx, or otherwise, that we can find f, € C*°([0, 1]) such that
sup \f,gj)(x)] <27%  when0<j<k—1,
z€[0,1]
(k) J J
sup |fy (z)| > 2 €.

z€[0,1]

(iv) Show that ||f.|[p — oo as n — oo, but F9 () — 0 uniformly on
[0, 1] for each j. This contradiction gives the desired conclusion.

Exercise K.223. (A continuous nowhere differentiable function.) [11.4,
T](i) Suppose that f : [0,1] — R is differentiable with continuous derivative.
Explain why we can find a K, depending on f, such that

|f(x) = f(y)| < K|z -y

for all z, y € [0, 1].
(ii) Suppose f : [0,1] — R is differentiable with continuous derivative.
By considering

g(z) = f(x) + esin Nx
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with N very large, show that, given any € > 0 and any n > 0, we can find a
g :[0,1] — R with the following properties.

(a) g is differentiable with continuous derivative.

(b) llg = flloo < €.

(c) Given any z € [0, 1], we can find a y € [0, 1] such that |z —y| <7

but [g(z) — g(y)| > €/2.
(iii) Set go = 0. Show that we can find a sequence of functions g, :

[0,1] — R such that, whenever n > 1,
(a), gy is differentiable with continuous derivative.

(D)n lgn — gn-1lloe < 27°™.
() Given any z € [0, 1], we can find ay € [0,1] such that [z —y| < 27"

but |g,(z) = ga(y)| > 272",
(iv) Show that g,, converges uniformly to a continuous function g. Show
further that

lg = gnlloo < > 27% =277,

j=n+1

Use this fact, together with (c),, to show that, given any x € [0, 1], we can
find a y € [0,1] such that |z — y| < 27" but

lg(x) — g(y)| > 27271 =273 )7 =3 x 273717,

Deduce that

sup
y€[0,1], y#x

g(x) — g(y)) L 3x2r
T —y - 7

for all n > 1 and all . Conclude that g is nowhere differentiable.

[At the beginning of the 20th century continuous, nowhere differentiable func-
tions were considered to be playthings of pure mathematicians of uncertain
taste. Classes of continuous nowhere differentiable functions now form the
main subject of study in financial mathematics and parts of engineering, |

Exercise K.224. (A continuous space filling curve.) [11.4, T] This
exercise uses Exercise 11.3.9. We work in R? and R with the usual Euclidean
norms.

(i) Let (zo,y0), (z1,y1) € [0,1]%. Show, by specifying f piece by piece,
or otherwise, that we can find a continuous function f : [0,1] — [0, 1]* such
that £(0) = (wo,%0), £f(1) = (z1,y1) and (rN~1,sN~1) € £([0,1]) for each
0 <rs < N. (In other words the curve described by f starts at (xo, o),
ends at (z1,%;) and passes through all points of the form (rN~1 sN~1).))
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(ii) Suppose that h : [0,1] — [0,1]? is continuous and 0 =ty < t; < ty <
-+ <ty = 1. Show that given any € > 0 we can find an n > 0 such that

to+n<ti—m<ti+n<to—n<to+n<ts—m<iz+n<---<tpyy—n

and ||h(¢) — h(s)|| < € whenever ¢, s € [0,1] and |t — s| < 2n.

(iii) Let go : [0,1] — [0,1]* be a continuous function such that go(0) =
(070)7 g0(1/3) = (071>7 g0<2/3) = (170) and g0<1) = (171) and let EO =
{0, 1/3, 2/3, 1}. Show that we can find a sequence of functions g, : [0,1] —
[0,1]* and finite sets E,, C [0,1] such that, if n > 1,

(@)n l1&n — n1llee < 277F4

(b), If @ € E,, then g, (a) = (r27",s27") for some integers r and s with
0<r,s<2m,

(¢)n, If r and s are integers with 0 < 7,5 < 2" then there exists an
a € E, with g, (a) = (r27",s27").

(d), If r and s are integers with 0 < r,s < 2" and a € E,_, satisfies
gn_1(a) = (r27"*1 s27"*t1) then, if u and v are integers with 0 < u,v < 2"
and

2" — r2"Y, Ju27 = s2n T <27

we can find b € E, such that |a — b < 27" and g, (b) = (r27",s27").

[Conditions (a),, and (d),, are the important ones. The other two are included
to help keep track of what is going on. Note that g, will not be injective for
n > 1 and that F,, will contain several points x with g, (x) = (r27",s27") ]

(iv) Show that g, converges uniformly to a continuous function g :
[0,1] — [0,1]>.

(v) Using the fact that every = [0,1] can be written z = 37, ;277
with x; € {0,1}, or otherwise, use condition (d),, to show that if (z,y) € [0, 1]
we can find ¢, € E, [n > 0] such that |t, — t,—1] < 27" for n > 1 and
llgn(tn) — (z,y)|]| — 0 as n — 0. Explain why we can find a ¢t € [0, 1] with
t, — t as n — oo and use the inequality

18(t) = (z, 9l < lle) — gta)ll + llg(tn) — gn(t)ll + lIgn(tn) — (2, y)
< llg@®) = g(tn)ll + llg — gnlloo + lIgn(tn) — (2, )]

to show that g(t) = (z,y). Conclude that g : [0,1] — [0,1]? is a continuous
surjective map.

[I cannot claim any practical use for space filling curves, but the popularity
of fractals means that mathematicians do come across continuous maps h :
[0,1] — [0, 1]* where the image h([0, 1]) is ‘unexpectedly large’.]
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Exercise K.225. (The devil’s staircase.) [11.4, T] This result is less
spectacular than the previous two and probably harder to explain. If you do
not understand my presentation, the example can be found in most books
on measure theory. (The set E defined in (iii) is called the Cantor set or the
‘Cantor middle third set’.)

(i) We work on [0,1]. Write £(0) = (371,2.37!) for the ‘middle third’
open interval of [0,1]. We have [0,1] \ F(0) = [0,37!] U [2.37%,1] and we
write By = (37%,2.372) for the middle third open interval of [0,37'] and
By = (2371 +3722.37! + 2.372) for the middle third interval of [2.37%,1].
More generally, we set

Bt @ty = (O 26(j)377 + 377713 "2¢(4)370 +2.377),
j=1

Jj=1

for n = 1, 2, 3 and verify that F(n) is the union of 2" intervals each of
length 37! and such that the intervals are the middle third open intervals
of the closed intervals which make up [0,1] \ Uj—y Ex. (You should worry
more about understanding the pattern than about rigour.)

(ii) We take f,, : [0,1] — R to be the simplest piecewise linear function
which satisfies f,,(0) =0, f,(1) =1 and

Jo(z) =271 for x € E(0),

-----

I sketch f5 in Figure K.4. Sketch f3 for yourself. Explain why f, is an
increasing function. (iii) Show that ||f, — fimllcc < 27", and deduce that f,
converges uniformly to a continuous function f. Show that f is increasing

and that f(0) =0, f(1) =1 and
f(z)=27" for x € E(0),

.....

Explain why f is differentiable on E(m) with f'(z) = 0 for each x € E(m).
Conclude that f is differentiable on £ = J,°_, E(m) with f’(z) = 0 for each
r el
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Figure K.4: The second approximation to the devil’s staircase

(iv) Show that the total length of the intervals making up (. _, E(m)
is 1 — (2/3)"". If Ix : [0,1] — R is given by Ig(z) = 1 if z € E and
Ig(x) = 0 otherwise, show, by finding appropriate dissections, that Ip is
Riemann integrable and

/Ol]IE(:L') dr = 1.

Informally, we have shown that  f has zero derivative on practically the whole
of [0, 1] but still manages to increase from 0 to 1’!

(v) This part takes us back to Section 9.4, and, in particular, to the
promise made on page 223 to exhibit a real-valued random variable which
is not a simple mix of discrete and continuous. Our argument is informal
(partly because we have not defined what we mean by a ‘mix of discrete and
continuous’). Define ' : R — R by F(z) = 0if x < 0, F(z) = f(x) if
0 <z <1and F(x) =1 otherwise. Explain why F'is continuous. Let X be
the real-valued random variable with Pr{X < x} = F(x).

Suppose, if possible, that X is a ‘mix of discrete and continuous’. Since
F' is continuous, X must, in fact, be a continuous random variable and so

Fz) = Pr{X <} = / " o)t

for some well behaved g. If g is Riemann integrable, then it is bounded on
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[0, 1] with |g(z)| < K for all = € [0, 1]. Deduce that, on this assumption,
[F(z) = Fy)| < K(y — )

for 0 <z <y < 1. By showing that this last inequality is false for some x
and y, obtain a contradiction.

Thus X must be a novel type of random variable.
[Graphs very similar to that of F' turn up in the theory of differential equa-
tions, in particular for processes intended to mimic transition to turbulence
in fluid flows.]

Exercise K.226. [11.4, H] (i) By considering f,(z) = A, sin (B,(z+C,))
where A,,, B, and C,, are to be stated explicitly, show that we can find an
infinitely differentiable function f, : R — R such that (writing ¢ (z) =

g9(z))

|f7(f)(:p)] < g7nl foralln >r >0and all z € R

yet

n—1
F0) = () + 14> [£7(0)].
r=0

Explain why f,, tends uniformly to an infinitely differentiable function
f:R — R with f™(0) > (n!)2. Show that the Taylor series

— /™) ,
gﬂ n! o

diverges for all x # 0.

(ii) The result of (i) can be extended as follows. Show that we can find a
sequence Y1, ¥z . . . of rational numbers such that each rational number occurs
infinitely often in the sequence. (In other words, given a rational number ¢
and an integer N, we can find an n > N with y,, = q.)

By considering f,(z) = A, sin (B,(z + C,)) where A,, B, and C, are to
be stated explicitly, show that we can find an infinitely differentiable function
fn : R — R such that

If () <27t forallnm>r>0andallzeR

yet

£ () = (D) + 14 £ ().
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Deduce the existence of an infinitely differentiable function f : R — R
whose Taylor series

> fn)
Zf n!<Q)(q+h)n

n=0

diverges for all h # 0 and all rational numbers q.

(iii) The result of (ii) is even stronger than at first appears. Use the ideas
of Exercise K.230 to show that, if a function F' : R — R has derivatives of
all orders at x and

Flx+h) = i F(w) h"

n!
n=0

for all |h| < R, then F is infinitely differentiable at ¢ for all |t — z| < R and

F(t+k) = i FO) o

n=0

whenever |k| < R — |t — z|.
Conclude that the function f obtained in (ii) can not have a valid Taylor
expansion about any point.

Exercise K.227. [11.4, T!] The object of this question and the next two is
to define ¢ and to obtain its properties directly rather than by the indirect
definition used in Section 5.7. In this first question we deal with the case «
rational. We assume the properties of ™ when n is an integer.

(i) Carefully quoting the results that you use, show that, if n is a strictly
positive integer, then, given any « > 0, there exists a unique ry,,(x) > 0 with
71 /()" = x. Show further (again carefully quoting the results that you use)
that the function rq/, : (0,00) — (0,00) is differentiable with

ri/m(2)
Ti/n(x) T T

(ii) Show that if m, m’, n and n’ are strictly positive integers with m/n =
m’/n’ then

’

(riym(@))™ = (rijw(x))"

for all « > 0. Explain why this means that we can define r, ,,(x) = 71/, ()™
for all m, n positive integers.
(iii) If o, § € Q and «a, [ > 0 prove the following results.
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are(z) ‘

ro(r) =

Show further that, if n is a strictly positive integer,
(f) rp(x) = 2™ for all x > 0.
(iv) Show carefully how to define r, for all & € Q and obtain results
corresponding to those in part (iii).

T

Exercise K.228. [11.4, T!, ] We continue the arguments of Question K.227.

(i) Suppose that * > 0, @ € R and «,, € Q with o, — @ as n — oc.
Show that the sequence r,, (z) is Cauchy and so tends to a limit y, say.

Suppose that 3, € Q with £, — a as n — oo. Show that 75, (z) — y as
n — oco. We can thus write r,(z) = y.

Show also that r,(x) > 0.

(ii) Suppose that a € R, a@ # 0 and «,, € Q with o, — a as n — oc.
Show that, if 0 < a < b, we have r,, — r, uniformly on [a,b]. Deduce,
quoting any results that you use, that the function r, : (0,00) — (0,00) is
differentiable with

are(z) ‘

(iii) Prove the remaining results corresponding to to those in part (iii) of
Question K.227.

Exercise K.229. [11.4, T!, 1] Question K.228 does not give all the prop-
erties of z that we are interested in. In particular, it tells us little about
the map o +— x®. If a > 1, let us write P(t) = P,(t) = a’.

(i) Show that P : R — (0, 00) is an increasing function.

(ii) Show that P(t) — 1 as ¢t — 0.

(iii) By using the relation P(s+t) = P(s)P(t), show that P is everywhere
continuous.

(iv) Show that, if P is differentiable at 1, then P is everywhere differen-
tiable.

(v) Let f(y) = n(y"/" — 1) — (n + 1)(y*/™*) — 1). By considering f’, or
otherwise, show that f(y) > 0 for all y > 1. Hence, or otherwise, show that

P(1/n) — P(0)
1/n

tends to a limit, L say,



Please send corrections however trivial to twk@dpmms.cam.ac.uk 557

as n — 00.
(vi) Show that, if 1/n > x > 1/(n+ 1) then

P(z) — P(0) - P(1/n) — P(0) L +1
T - 1/n n

By using this and similar estimates, or otherwise, show that

P@) - PO)
x
as x — 0 through values of x > 0.
(vii) Show that, if z # 0
x —x
and deduce that
P@) - PO)

as © — 0. Conclude that P is differentiable at 0 and so everywhere with
P'(t) = LP(t).

(viii) If @ > 0 and we set P,(t) = a', show that P, is differentiable with
P!(t) = L,P'(t) for some constant L,. Show that L, > 0 if a > 1. What can
you say about L, for other values of a?

(ix) If @, A > 0 show that L,x = AL,. Deduce that there is a real number
e > 1 such that, if we write

then e is a differentiable function with e’(t) = e(t).

(x) Tear off the disguise of L,.

We have now completed a direct attack on the problem of defining 2 and
obtaining its main properties. It should be clear why the indirect definition
x® = exp(alogx) is preferred.

Exercise K.230. [11.5, P] Suppose >~ a,z" has radius of convergence
greater than or equal to R > 0. Write g(z) = > °  a,2" for |z| < R. Show
that, if |29] < R then we can find by, by, --- € C such that > 7 b,2"
has radius of convergence greater than or equal to R — |z9| and g(z) =
Yoo bn(z — 29)" for |20 — 2| < R — |2|. [This is quite hard work. If you
have no idea how to attack it, first work out formally what the values of the
b, must be. Now try and use Lemma 5.3.4.]
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Show that g is complex differentiable at zo with ¢'(20) = by = > or | na,zg .
Deduce that a power series is differentiable and that its derivative is that ob-
tained by term by term differentiation within its radius of convergence. (We
thus have an alternative proof of Theorem 11.5.11.)

Exercise K.231. [11.5, P] Here is another proof of Theorem 11.5.11. Sup-
pose >~ a,2z" has radius of convergence greater than or equal to R > 0.
(i) Show that > 7 na,z""! and Y >, n(n — 1)a,z""? also have radius

of convergence R.
n n—2
) <nn-1 .
(5) == (")

(ii) Show that
for all n — 2 > 5 > 0 and deduce that
(z+h)" — 2" —nz""'h| < n(n —1)(|z| +|h])" 2
for all z, h € C.
(iii) Use (i) and (ii) to show that, if 0 < ¢ and |z| + |h| < R — 0, then

Zanz—l—h Zanz —than” !

where A(§) depends only on ¢ (and not on h or z).
(iv) Deduce that a power series is differentiable and that its derivative is
that obtained by term by term differentiation within its radius of convergence.

< A(0)[h]”

Exercise K.232. [11.5, P] Consider the Legendre differential equation
(1= 2?)y" —2zy +1(1+ 1)y = 0,

where [ is a real number. Find the general power series solution. Show that,
unless [ is non-negative integer, every non-trivial power series solution has
radius of convergence 1.

Show, however, that, if [ = n a non-negative integer the general series
solution can be written

y(a) = ABy(z) + BQu(x)

where (), is a power series of radius of convergence 1, P, is a polynomial of
degree n, and A and B are arbitrary constants.
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Verify that, when n is a non-negative integer, the function given by v(x) =
(2 — 1)™ satisfies the equation

(1 —a*)v'(z) + 2nzv(z) = 0.

Deduce that v™(z) satisfies the Legendre differential equation with [ = n.
[Consult Exercise K.270 if you need a hint.] Conclude that P, is a constant
multiple of the function p,, defined in Exercise K.212.

Exercise K.233. [11.5, P] Obtain the general power series solution of

d2 dw
— — —Dw=0.
“ a2 e dz (& - D
For what values of z is your solution valid and why?
Answer the same questions for

Exercise K.234. [11.5, P] Using Lemma 11.5.19 or otherwise, find the
power series expansion Y ajaz’ of (14 x)'/2 for  real and [x] < 1.

Show that the complex power series Z;’io a;z’ has radius of convergence
1. What is the power series for the product Z;io a;2’ Z;’io a;z? and why?
What is its radius of convergence?

By considering

oo (o.) o0

5 5 KT
5 a;z g a;z g a; K727,
=0 =0 §=0

or otherwise, show that, if two power series of the same radius of conver-
gence R are multiplied, the resulting power series may have any radius of
convergence with value R or greater.

By considering expressions of the form

i Aij (i Bij + i Cj2j> s
=0 =0 j=0

or otherwise, show that, if two power series of radius of convergence R and S
are multiplied, the resulting power series may have any radius of convergence
with value min(R, S) or greater.
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Exercise K.235. [11.5, P] By modifying the proof of Abel’s test (Lemma 5.2.4),
or otherwise, prove the following result. Let £ be a set and a; : £ — R™ a
sequence of functions. Suppose that there exists a K such that

Z a;(?)

for all n > 1 and all ¢ € E. If A; is a decreasing sequence of real positive
numbers with \; — 0 as 7 — oo then Z;; Aja; converges uniformly on F.

Deduce, in particular, that if b, € Rand >~ b, converges, then y °  b,z"
converges uniformly on [0, 1]. Explain why this implies that

1 o] o] bn
/0 (;bnx>dx:;}n+l. *

Show that, provided we interpret the left hand integral as an improper
. . 1—e€ . . .
integral, lim. .o eso fo , equation % remains true under the assumption
that Y, b,/(n + 1) converges.

Show that
1 1 1
1—§+§—Z+"'—10g2
and
1 1+1 1+ G
3 5 7 47

Do these provide good methods for computing log2 and 77 Why?
Recall that, if a, b > 0, then a'°8<® = b. Show that

log, e —log, e +logge —logse + . ..

converges to a value to be found.

Exercise K.236. [11.5, G, S] (Only if you have done sufficient probability,
but easy if you have.) Let X be a random variable taking positive integral
values. Show that

ox(t) = Et¥ = Z Pr(X

is well defined for all ¢ € [—1,1].
If EX is bounded, show that

ox(1) — ox(t)
1—t
as t — 1 through values t < 1. Give an example of an X with EX infinite.

— EX
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Exercise K.237. [11.5, T, S] Use the ideas of Exercise K.78 to prove the
following extension. Suppose that we have a sequence of functions a,, : 2 — C

and a sequence of positive real numbers M, such that Z;’il M; converges
absolutely and |a,(z)| < M, for all z € Q and all n. Then

N 0
H1+a] —>H +a;(z
7=1

j=1
uniformly on €.

Exercise K.238. [11.5, P, S, 1] We do not have the apparatus to exploit
Exercise K.237 fully but the following exercise is suggestive.

(i) Show that Sy(z) = 2 [[2_,(1 — 2%n~2) converges uniformly to S(z) =
2122, (1—2%n"%) on any disc {z : |z| < R}. Deduce that S is a well defined
continuous function on C.

(it) By writing Sy(z) = —(N)2[]"__,(n — z) and considering Sy (z +
1)/Sn(2), or otherwise, show that S(z + 1) = S(z) (that is, S is periodic
with period 1). Show also that S(z) = 0 if and only if z is an integer.

[The product z [[°2, (1 — 2?n"?) goes back to Euler who identified it with
a well known function which the reader should also be able to guess. An
advantage of infinite products over infinite sums is that we can find zeros of
the function much more easily.|

Exercise K.239. [11.5, T] (i) Suppose that a,, € C and >~ a,z" has
radius of convergence R > 0. If ay # 0 and a, = 0 for n < N, use the
inequality

q
2 < el (\aw\— > !anZ"N|>

n=N+1

n=0

(for ¢ > n), together with standard bounds on |a,z"|, to show that there
exists a d > 0 such that

q

Za FAES |GN||Z|N
n

- 2
n=0

for all |z] < 9.

(ii) Suppose that a, € C and >~ a,2" has radius of convergence R > 0.
Set f(z) = > 02 anz" for |z| < R. Show, using (i), or otherwise, that, if
there exist w,, — 0 with f(w,,) = 0 and w,, # 0, then a,, = 0 for all n and
f=0.
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Exercise K.240. [11.5, P, 1] This is a commentary on the previous exer-
cise. We shall consider functions from R to R.

(i) Suppose that a, € Rand )~ , a,z” has radius of convergence R > 0.
Set f(z) = > 7 a,a™ for |z| < R. Show that, if there exist z,, — 0 with
f(zy) =0 and x,, # 0, then a,, = 0 for all n and f = 0.

(ii) Explain why a polynomial of degree at most n with n + 1 zeros must
be zero.

(iii) Give an example of a power series of radius of convergence co which
has infinitely many zeros but is not identically zero.

(iv) Let F be as in Example 7.1.5. Set G(z) = F(z)sinz~! for z # 0
and G(0) = 0. Show that G is infinitely differentiable everywhere (this will
probably require you to go through much the same argument as we used for
F). Show that there exist x,, — 0 with G(z,,,) = 0 and z,,, # 0 but G is not
identically zero.

Exercise K.241. [11.5, P] This question prepares the way for Exercise K.242.
The first two parts will probably be familiar but are intended to provide a
hint for the third part.

(1) Ifn2r21,showthat< " )_i_(n):(n—i—l)'
r—1 r r

(ii) Use induction to show that

=5 (e

r=0

whenever n is a positive integer and x and y are real.
(iii) Suppose that n is a positive integer and x and y are real. Verify the
next formula directly for n =0, 1, 2, 3 and then prove it for all n.

i; (Z) E(% - j)ngl(y — k)= ﬁ(x +y—q).

Exercise K.242. [11.5, T, 1] The following is a modification of Cauchy’s
proof of the binomial theorem. We shall work in R. We take w as a fixed
real number with |w| < 1.

(i) Use the ratio test to show that > - HJ ~o(x — j)w"™ converges. By
thinking about your proof and the Weierstrass M-test, improve this result to
show that > 7 & H;L:_é (x — j)w™ converges uniformly for |x| < M whenever
M is fixed. We write

o 1 -
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Explain why f is continuous.
(ii) Use Exercise 5.4.4 (first proved by Cauchy) and Exercise K.241 to
show that

f(@)f(y) = f(z+y) *

for all x and y.

(iii) Show that f(0) = 1 and deduce that f(z) # 0 for all . Deduce,
quoting any theorem you need, that f(x) > 0 for all x.

(iv) Explain why we can define g : R — R by g(z) = log f(z) and why g
is continuous. Show that

9(z) +g(y) = g(x +y) * %

for all x and y. Use Exercise K.90 (i) (first proved by Cauchy) to show that
g(x) = azx and so f(z) = b for some real positive number b.
(v) Find b by considering f(1). Deduce that

(1+w)® Z%Hm—j
n=0 " j=0

[One problem faced by anyone teaching elementary analysis in France is that
every theorem seems to be called Cauchy’s theorem. A glance at the exercise
above shows why!3.]

Exercise K.243. [11.5, T] (Part (iii) of this question makes repeated use
of Exercise K.76.) Exercise 11.5.24 raises the question of when we can tell
whether a differential equation of the form wu/(t) = f(¢,u(t)) has a power
series solution. The following theorem of Cauchy (see the concluding remark
of the previous question) gives a rather natural condition.

Suppose that ¢, ,,, € R [n, m > 0] and that there exists a p > 0 and an
K > 0 such that

|Cnm| < Kp™t™ for all n, m > 0.

(Exercise K.74 (c) shows why we use this condition.) Then we can find a
6 > 0 with p > ¢ and a, € R such that )~ a,t" converges to u(t), say, for

13Moreover, Cauchy’s contributions to the rigorising of analysis form only a fragment
of his contribution to pure and applied mathematics. The following quotation from a
materials engineer can be echoed in many fields. ‘{Cauchy’s paper of 1822] was perhaps
the most important event in the history of elasticity since Hooke. After this, that science
showed promise of becoming a practical tool for engineers rather than a happy hunting-
ground for a few somewhat eccentric philosophers.” ([18], Chapter 3)
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all |t| < d and such that, writing

flz,y) = Z Crnm®" Y™

n=0 m=0

for |x|, |y| < p~' we have u(0) = 0, |u(t)| < p and
u'(t) = f(t u(t))

for all |¢t| < 0.

(i) The object of this question is to prove Cauchy’s theorem but in the
first two parts of the question we are merely interested in seeing what is
going on so we work in a non-rigorous manner. Assuming that a power
series solution )7 ja,t™ with the required properties actually exists show
by formal manipulation that aq = 0 and kay, should be the coefficient of z#~!
in

0o 00 o m
E E Cpm @ E a,x” )
n=0 m=0 r=0

Explain why that coefficient is a finite sum only depending on ag, ay, ...,
ap_1. Show that, if we define Ay = 0, and define A;, A, ..., formally by
means of the equation

% (Z Antn) =33 Kt (Z Artr> , *
n=0 n=0 m=0 r=0
then |6Lk| S Ak

(ii) We continue with the ideas of (i). Show that Y can be rewritten (at

least, formally) as
dw _ o * *
dt (1= pt)(1—pw)

where w(t) = Y2 J A,t". Solve equation %% for w(0) = 0.

(iii) We now reverse the non-rigorous argument but this time proceed
rigorously. Show that equation Y% has a solution w(t) with w(0) = 0 and
the property that we can find A; and n > 0 such that ) ° , A,t" has radius
of convergence at least n and w(t) = Y 2 A,t" for all |[¢| < n. Show that
the A, satisfy equation % for |t| < n. Deduce that, if ay is given by equating
coefficients in the equation

0o 00 00 00 m
E E anx’ = E Cnm®" g a,x” ,
m=0 r=0

n=0 n=0
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then |ax| < Ay and Y7 a,t™ has radius of convergence at least 1. Show
that if we set u(t) = >~ ant™ for [t| < n, then u(0) = 0 and there exists
a 0 with 0 < 0 < n such that |u(t)] < p. Show that § and u satisfy the
conclusions of Cauchy’s theorem.

Exercise K.244. (Convolution.) [11.6, T] Let us write Cp(R) for the
set of continuous function f: R — R which are periodic with period 2.
(i) Show that, if f, g € Cp(R), then the equation

0 ‘/ f(t - 5)g

gives a well defined, continuous, 27 periodic function f % g : R — R. (Thus
f*g9€Cp(R).)
(ii) Show that, if f, g € Cp(R), then

1

fxg(t)= o

27+a
/ f(t— $)g(s) ds

for allt € R and a € R.
(iii) Show that if f, g, h € Cp(R) and A € R then

Af)xg=Afxg), fx(g+h)=Ff*xg+ fxh,
fxg=ygxfand f*(gxh)=(f*g)=h.

(iv) Suppose that f, g € Cp(R) and f is differentiable with f" € Cp(R).
Show that f x ¢ is differentiable and

(f*g9) =f'xg.

(v) Suppose that f, u, € Cp(R), that u,(t) > 0 for all t € R, that
un(t) =0 for m/n < |t| < 7w and

1 /7
5 up(t)dt =1
show that u, * f — f uniformly as n — oc.

(vii) Suppose that f € Cp(R) and € > 0. Show, by using parts (iv) and (v)
that there exists a twice differentiable function g with g, ¢’, ¢” € Cp(R) such
that Hf _gHoo <e.

(viii) Let us write Cp(C) for the set of continuous function f : R — C
which are periodic with period 27. Show. in as much detail as you consider
desirable, that parts (i) to (vi) hold with Cp(R) replaced by Cp(C)
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Exercise K.245. [11.6, T, T] We continue with the notation of the previous
question.
(i) Suppose that that f, g € Cp(C). Show that

— ~

fxg(n) = f(n)g(n)

for all integers n. (We saying that ‘taking Fourier coefficients converts con-
volution to multiplication’.)
(ii) Show that if f € Cp(C), then

F ()] < 1 ]loe-
(iii) Show that if f, g € Cp(C), then

F) < 1gm)]+ 1S = gllos-

(iv) Use part (iii) of this exercise, part (vii) of Exercise K.244 and Exer-
cise 11.6.10 to show that, if f € Cp(C), then f(n) — 0 as |n| — co. (This is
a version of the important Riemann-Lebesgue lemma.)

(v) Suppose, if possible, that there exists an e € Cp(C) such that exf = f
for all f € Cp(C). Find é and use (iv) to show that no such e can exist.
(Informally, convolution on C'p(C) has no unit.)

Exercise K.246. [11.6, T, T] This question uses the version of the Riemann-
Lebesgue lemma proved in Exercise K.245 (iv). If f € Cp(R) we write

Z f n) exp(int).

j=-n

(i) Suppose that fi, g1 € Cp(R) and fi(t) = g¢1(t)sint for all . Show
that f1(j) = 91(j +1) — §1(j — 1) and deduce that S,(f1,0) — 0 as n — co.

(i) Suppose that fo € Cp(R), fo(nm) = 0 and f, is differentiable at n for
all integer n. Show that there exists a go € Cp(R) such that fo(t) = go(t) sint
for all ¢ and deduce that S,(f2,0) — 0 as n — oc.

(iii) Suppose that f5 € Cp(R), f3(0) = 0 and f5 is differentiable at 0.
Write f4(t) = f3(t/2). Compute f4(j) in terms of the Fourier coefficients of
f5. Show that S,(f4,0) — 0 and deduce that S,(f3,0) — 0 as n — oc.

(iv) Suppose that f € Cp(R), and f is differentiable at some point x.
Show that S,(f,z) — f(x) as n — oo.

Exercise K.247. [12.1, H] The result of this question is a special case of
part of Lemma 13.1.4. However, precisely because it is a special case, some
readers may find it a useful introduction to the ideas of Section 13.1.
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(i) Let > 0 and let f : C — C be an everywhere differentiable function
such that [f'(z) — 1| < 1/2 for all |z] < J. Set X = {2z € C : |z| <4} If
lw| < §/2 and we define Tz = z — f(z) + w for z € X show, by using the
mean value inequality (Exercise 11.5.5) that Tz € X whenever z € X. Thus
T is a function 7': X — X.

(ii) We continue with the hypotheses and notation of part (i). Show that
T is a contraction mapping and deduce that the equation f(z) = w has
exactly one solution with |z| < 4.

(iii) Let FF: C — C be an everywhere differentiable function with con-
tinuous derivative. Suppose further that F'(0) = 0 and F'(0) = 1. Show
that there exists a 0 > 0 such that, if |w| < §/2, the equation F(z) = w has
exactly one solution with |z| <.

(iv) Let g : C — C be an everywhere differentiable function with contin-
uous derivative. Show that, if ¢’(0) # 0, there exists ;.72 > 0 such that, if
lw—g(0)| <y, the equation g(z) = w has exactly one solution with |z| < 7.

(v) If we omit the condition ¢’(0) # 0 in (iv) does it remain true that
there exists an 1 > 0 such that, if |w — g(0)| <7, the equation g(z) = w has
a solution? Give a proof or counterexample.

(vi) If we omit the condition ¢’(0) # 0 in (iv) but add the condition
g"(0) # 0 does it remain true that there exist 1.7, > 0 such that, if |w —
g(0)| < m, the equation g(z) = w has at most one solution with |z| < 7y?
Give a proof or counterexample.

Exercise K.248. [12.1, P, 1] We work in C. Consider the following state-
ment.

There exists a § > 0 such that, if |w| <, the equation f;(z) = w has a
solution.

Give a proof or counterexample in each of the following cases.

(i) fi(z) = 2"

(i) fa(z) = 2z + 2*.

(i) f3(z) = 2+ |z|.

(iv) fa(z) = 2+ |2]%

Is our statement true for all F' in the following cases? Give a proof or
counterexample.

(v) f5(2) = F(2) + |2| where F : C — C is an everywhere differentiable
function with continuous derivative and F(0) = 0 and F’(0) = 1.

(vi) f¢(2) = F(2) + |2|*> where F : C — C is an everywhere differentiable
function with continuous derivative and F(0) = 0 and F’(0) = 1.

Exercise K.249. (Newton-Raphson.) [12.1, T] (i) Suppose that f :
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R — R is a twice differentiable function such that
f(@) ()
f'(@)?
for all = and some |A| < 1 Show that the mapping
_ [fl=)
f'(x)
is a contraction mapping and deduce that f has a unique root .
(ii) Suppose that F': R — R is a twice differentiable function such that

<A

Ter ==x

<A

‘ F(x) F"(x)
F’(J})Q

for all |z| < a and some |A| < 1 and that F'(0) = 0. Consider the mapping

Ter =x —

Show that T"x — 0.
Suppose that

Supjy<q | F" (1) supjy<, |1 (1))

= M.
infjy<q [F7(t)[?

By using the mean value theorem twice, show that, if |z| < a, then
|Tx| < Ma®.

(iii) If you know what the Newton-Raphson method is, comment on the
relevance of the results of (i) and (ii) to that method. Comment in particular
on the speed of convergence.

Exercise K.250. [12.1, G, P, S] (This is a short question and involves no
analysis.) Suppose f, g : X — X are such that fg = ¢gf. Show that if f
has a unique fixed point then g has a fixed point. Can g have more than one
fixed point? (Give a proof or counterexample.)

Show that, if we merely know that f has fixed points, it does not follow
that ¢g has any.

Exercise K.251. [12.1, P] If (X,d) is a complete metric space and T :
X — X is a surjective map such that

d(Tx,Ty) > Kd(x,y)
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for all z,y € X and some K > 1, show that 7" has a unique fixed point.

By considering the map 7' : R — R defined by T(z) = 1+ 4n + 2z
for 0 < x < 1 and n an integer, or otherwise, show that the condition T’
surjective cannot be dropped.

Exercise K.252. [12.1, P] We work in R™ with the usual distance. Let E
be a closed non-empty subset of R™ and let T"be amap T : F — FE.

(i) Suppose ||[T'(a) — T'(b)|| < |la — b]| for all a, b € E with a # b. We
saw in Example 12.1.4 that T need not have a fixed point. Show that, if T’
has a fixed point, it is unique.

(ii) Suppose || T'(a) —T'(b)|| > ||a—b]| for all a, b € E with a # b. Show
that T" need not have a fixed point but, if 7" has a fixed point, it is unique.

(iii) Suppose [|[T'(a) — T'(b)|| = ||a — b|| for all a, b € E. Show that T’
need not have a fixed point and that, if 7" has a fixed point, it need not be
unique.

(iv) Suppose now that E is non-empty, closed and bounded and

I7(a) = T(b)]| < [la = bl

for all a, b € E with a # b. By considering infycp [|[x —T'(x)||, or otherwise,
show that T" has a fixed point.
(v) Suppose that £ = R™ and

I7(a) = T(b)]| < [la = bl

for all a, b € R™ with a # b. Show that, if there exists a point ¢ € R™ and
a K > 0 such that || 7"c|| < k for all positive integer n, then 7" has a fixed
point.

Exercise K.253. [12.1, G, P, S] (This is easy if you see what is going on.)
Let (X,d) be a metric space. Show that the set of isometries f : X — X
forms a group G(X) under composition.

By choosing X to be an appropriate closed bounded subset of R? with
the usual metric, or otherwise, prove the following statements about G(X)
when X has the Bolzano-Weierstrass property.

(i) G(X) need not be Abelian.

(i) There exists an X such that G(X) has only one element.

(iii) There exists an X such that G(X) has infinitely many elements.

If n > 2 give an example of an (X, d) with the Bolzano-Weierstrass prop-
erty and a T : X — X such that 7™ has no fixed points for 1 <m <n —1
but 7™ does.
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Exercise K.254. [12.1, P] (i) Let (X, d) be a metric space with the Bolzano-
Weierstrass property. Suppose f : X — X is expansive in the sense that

d(f(x), f(y)) = d(z,y)

for all x, y € X. (Note that we do not assume that f is continuous.) If
a, b € X we write a9 = a and a,,; = f(a,) and define a sequence b,
similarly. Show that we can find a sequence of integers n(1) < n(2) < ...
such that d(a,r),a0) — 0 and d(bngy,bo) — 0 as n — oo. Deduce that
d(a,b) = d(f(a), f(b)) for all a, b € X (that is, f is an isometry).

Find a complete metric space (Y, p) and maps g, h: Y — Y such that

p(9(),9(y)) = 2p(x,y), p(h(z),h(y)) = 2p(z,y)

and ¢ is continuous but A is not.
(ii) Let (X, d) be a metric space with the Bolzano-Weierstrass property.
Suppose f: X — X is an isometry in the sense that

d(f(z), f(y)) = d(z,y)

for all z, y € X. If a € X we write ap = a and a,+; = f(a,). Show (as
in (i)) that we can find a sequence of integers n(1) < n(2) < ... such that
d(@n(ky, ao) — 0 as n — oo and deduce that f is bijective.

Find a complete metric space (Y, p) and a map g : Y — Y such that

plg9(x),9(y)) = p(x,y)
for all z, y € Y, but g is not surjective.

Exercise K.255. [12.1, P] Let (X, d) be a metric space with the Bolzano-
Weierstrass property and (Y, p) a metric space. Suppose f : X — Y and
g Y — X are such that p(f(z), f(2')) > d(z,2’) for all z, 2’ € X and
d(g(y),9(y")) = ply,y) for all y, ¢ € Y. By considering g o f and us-
ing Exercise K.254 show that p(f(x), f(z")) = d(z,2’) for all z, 2’ € X,
d(g(y),9(y")) = ply,y) for all y, v € Y and f and g are bijective. Is it
necessarily true that f and g are inverse functions?

Show that the result of the first paragraph may fail if we simply have
f X — f(X) bijective with f and f\;(lx) continuous and g : Y — ¢g(Y)
bijective with g and g|g’(ly) continuous.

Show that the result may fail, even if (X,d) and (Y, p) are complete, if
(X, d) does not have the Bolzano-Weierstrass property.
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Exercise K.256. [12.1, P] Let (V]| ||) be a complete normed space. We
say that a subset A C V' is conver if whenever a, b€ A and 0 < X <1 we
have

da+(1—-\)b e A
Suppose that A is closed bounded convex subset of V and f : A — A satisfies
[f(a) — £(b)[| < [la - D]
for all a, b € A. By considering
g(x) = (1 - O)f(x) + eag
for some ag € A and € > 0 show that
inf{||f(a) —al| ra€ A} =0

and deduce that f has a fixed point in A.

Give an example to show that the conclusion may be false if any one of
the three conditions:- convex, closed and bounded is omitted.

The following result is useful in the theory of Markov chains (see Exer-
cise K.258). Suppose p;; > 0for 1 <4, j <nand Z?leij =1forl1<i<n.
Give R™ the norm || [|; where ||x||; = }>_"_, [v;|. By choosing an appropriate
A and f show that we can find m; > 0 for 1 < 3 < n with Z?:l m; = 1 such
that

n
E TiPij = Tj.
i=1

Exercise K.257. [12.1, P] Throughout this question (X, d) is a non-empty
metric space with the Bolzano-Weierstrass property and 7' : X — X is
a map such that d(Tz,Ty) < d(z,y) and such that, given any z,y € X
such that = # y we can find a strictly positive integer N(z,y) such that
d(TNE g TNEY) < d(x,y).

(i) Show that the map S : X — R given by Sz = d(x,Tz) is continuous.
Explain why this means that there is a y € X such that d(y,Ty) < d(Tx,x)
for all z € X. Show that, in fact y = T'y. Show that y is the unique fixed
point of T'.

(ii) Let € > 0 and write

Up={z € X : d(T"z,y) < €}.
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Show that U,, C U, and that U, is open for all n > 1. Write U = | J.~, U,
and F' = X \ U. Why does F have the Bolzano-Weierstrass property? Show
that Tz € F whenever x € F. Use part (i) to show that, if F' were non-
empty, there would exist a w € F with Tw = w. Deduce that F' is indeed
empty.

(iii) Show that, if x € X, then d(T™z,y) — 0 as n — oc.

Exercise K.258. (Finite Markov chains.) [12.1, T!, 1] In a finite
Markov chain with states 1, 2, ..., m, if the system is in state ¢ at time
n it will be in state j at time n + 1 with probability p;; irrespective of any
earlier history. Thus, if it is in state ¢ with probability ¢; at time n and in
state j with probability ¢} at time n + 1, we have

m
¢ = api.
=1

The reader may ignore the previous paragraph but it explains why we are
interested in the space

X={qeR": ) ¢=1¢>0[1<s<m]}

i=1

and the map 7' : X — R™ given by T'q = q’ where ¢; = > qipiy for all
1 < j < m. Verify that if, as we shall do from now on, we take p;; > 0 for all
1Si,j§mand23n:1pij:1foralllgigmtheanGXforqueX
and so we may consider 7" as a map from X to X.

Finally we have to choose a metric d. In most of this book the particular
choice of metric has not been important but here it is. We take

m
du,v) = lu =l = fui — v
i=1

for all u, ve X.
(i) Explain why (X, d) has the Bolzano-Weierstrass property.
(ii) Show that d(Tu,Tv) < d(u,v) for all u, v € X.
(iii) Show that, if n > 1,

m

(T"@); = > apl’
i=1
for all 1 < j < m where pg) >0forall 1 <i,j<mand} ", pz(?) =1 for
all 1 <4 < m. If you know some probability prove this both by an algebraic
and a probabilistic argument.
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(iv) Show that, if

!
for some N > 1, then d(T™u,TVv) < d(u,v) for all u, v € X with u # v.

(v) Conclude, using Exercise K.257, that, provided only that % holds for
some N > 1, there is a unique 7 € X such that T'w = 7 and that, if q € X,
then d(T"q,7) — 0 as n — oo. If the associated Markov chain has been
running for a long time, what can you say about the probability that it is in
state 17

(vi) Suppose that m = 2, pjs = pay = 1 and p;; = pae = 0. Show that
is a unique € X such that T'w = 7. For which q € X is it true that
d(T"q, ) — 0 as n — o0o? Why does your result not contradict (v)?

(vii) Suppose that m = 2, p1o = ps; = 0 and py; = pa = 1. Find all the
7 € X such that Tw = w. What can you say about the behaviour of T"q
as n — oo for each q € X? Why does your result not contradict (v)?

(viil) Suppose that m = 4 and that p;; =1/2if 1 <4, j <2o0r3 <4, j <
4 and that p;; = 0 otherwise. Find all the 7w € X such that T'w = 7. What
can you say about the behaviour of T"q as n — oo for each q € X7

(ix) Note that, by Exercise K.256, the equation T'w = 7 always has a
solution in X even if % does not hold.

>0foralll<i,j7<m *

Exercise K.259. (Countable Markov chains.) [12.1, T!] In this exer-
cise and the next we consider Markov chains with an infinite number of states
1,2, ... . In algebraic terms we consider a collection of positive numbers p;;
[1 <4, j] such that > 72 p;; = 1 for each i > 1.

(i) Consider [!' the space of real sequences whose sum is absolutely con-
vergent, with norm || ||; given by ||x|oc = Y ooy |2s|. Show that, if we write
(Tx); = 2272, @ipij, then T is well defined continuous linear map from ' to
[' with operator norm ||T|| = 1. Show further that, if we write

X={qel': |qh=1andq >0 foralli>1},

then T'q € X whenever q € X. (Note that you are manipulating infinite
sums and you must justify each step carefully. Results like Lemma 5.3.9 may
be useful.)

(ii) We shall only be interested in systems satisfying the following exten-
sion of %. If £ > 1 there exists an N(k) such that

(N (k)

pi ™) >0 forall 1 < i, j < k. * %

Show that, under this condition, given any u, v € X with u # v, we can
find an N > 1 such that d(TVu, TVv) < d(u,v).
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(iii) Show, under assumption %%, that, if the equation 7w = 7 has a
solution 7 € X, then it is unique. Let

Y={hel':h>0forali>1}

Find all the solutions of the equation Th = h with h € Y firstly under the
assumption that the equation T'wr = 7 has a solution w € X and secondly
under the assumption that it does not.

(iv) Show, under assumption %%, that, if the equation 7w = 7 has a
solution 7w € X, then m; > 0 for all 4.

(v) Consider the following systems. In each case show we have a Markov
chain satisfying % . By solving the appropriate difference equations, or
otherwise, show that in case (a) the equation 7w = 7 has a solution w € X
but in cases (b) and (c) it does not.

(a) p1a = 1; pric1 = 1/2, pis = piiy1 = 1/4 for i > 2; p;; = 0 otherwise.
(b) p12 =1; piiv1 = 1/2, piy = pii—1 = 1/4 for i > 2; p;; = 0 otherwise.
(¢) pr2 = 1; piic1 = pii = piip1 = 1/3 for i > 2; p;; = 0 otherwise.

Exercise K.260. [12.1, T!, 1] This question continues the previous one.
We assume that condition ¥ holds and that the equation Tt = 7 has a
solution 7 € X. We will need part (ii) of Exercise K.195.

(i) Let J > 1 be fixed. Show, using part (iv) of question K.259, that we
can find an h € Y such that Th = h and h; = 1.

(ii) We continue with the notation of (i). Explain why X does not have
the Bolzano-Weierstrass property but

X;={qe X : h; >q; foralli>1}

does. Explain why X; is non-empty and show, carefully, that Tq € X
whenever q € X ;. Deduce that, if g € X, then |T"q—7|[; — 0 as n — oc.

(iii) Let e(p) € ! be given by e(p), = 1, e(p); = 0 otherwise. Explain why
|T"e(p)— 7|1 — 0 as n — oo. Deduce that, if g € X, then || T"q—=||; — 0.
Interpret this result probabilistically.

Exercise K.261. [12.2, P] Let (X, d) be a complete metric space and T :
X — X a mapping such that T™ is a contraction mapping. Show that 7" has
a unique fixed point. [Hint. Show that if w is a fixed point for 7™ then so is
Tw.]

If you have done Question K.253, explain why the example asked for in
the last paragraph of that question does not contradict the result of the first
paragraph of this question.
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Consider the space C([a, b]) with the uniform norm. Let ¢ be a continuous
real-valued function on R X [a, b] which satisfies the Lipschitz condition

6(2,8) — By, 1) < M for 2, y € R and t € [a, 1],

and let g € C([a,b]). Define T : C([a,b]) — C([a,b]) by

(Th)(t / o(h

Show, by induction, or otherwise that

I(T"h)(E) = (T"k) (1) o0 < %M”(t —a)"[|h =kl

for all h, k € [a,b].
Show that T" has a fixed point and comment briefly on the associated
theorem on the existence of solutions of a certain differential equation.

Exercise K.262. [12.2, P] Suppose that f : R — R is differentiable with
|f'(z)| < M for all x € R. Show that the system of equations

Jj=1

with a;; and b; real has a unique solution provided that

ZZ% <ip

i=1 j5=1

Exercise K.263. [12.2, P, S] Consider the differential equation for a func-
tiony: R —R

y'(t) =y(t)*, y(0) =0 *

where « is real and strictly positive. For which values of o does % have only
one solution and for which values of a does it have more than one? If % has
only one solution, prove this. If % has more than one solution, give at least
two solutions explicitly.

Exercise K.264. [12.2, P] Dieudonné is associated in most mathemati-
cians’ minds with the abstract approach of Bourbaki and his own text Foun-
dations of Modern Analysis [13]. He may have had this in mind when he
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wrote the determinedly concrete Infinitesimal Calculus [14] from which this
exercise is taken.

(i) Suppose f : R? — R is a continuous function with f(¢,u) < 0 when
tu > 0 and f(t,u) > 0 when tu < 0. Explain why f(0,¢) = f(u,0) = 0 for
all t and u. If y : R — R is a differentiable function with

y'(t) = f(t,y(t)) for all t € R, y(0) =0, *

show, by considering the behaviour of y at a maximum and a minimum in
each interval [0, ¢] with ¢ > 0, or otherwise, that y(¢) = 0 for all £ > 0. Show
that y(t) = 0 for all ¢ € R and so % has a unique solution.

(ii)) Now define

—2t if x > 12,
ft,u) =< —2x/t if t? >z > —t%
2t if —t2 > .

Verify that f is well defined and continuous everywhere and satisfies the
hypotheses of (i). Now set yo(t) = t* and define

yn+1(t)=/o f(s,yn(s))ds.

Show that y,(t) fails to converge as n — oo for any ¢ # 0 although, as we
know from (i), % has a unique solution.

Exercise K.265. [12.3, P] (This exercise makes repeated use of the mean
value inequality.)
(i) Consider the differential equation

y(t) =ly@)|"

with o > 1. Suppose y is a solution with y(0) > 1. Show that y(¢) is strictly
increasing for ¢ > 0 and y(¢) > ¢t + 1 for t > 0. Let t; be defined by taking
y(t;) = 27. Show that t;;; —t; < 20777 and deduce that there exists a
t. € R such that ¢t; — ¢, as j — oo. Conclude that y(t) — oo as t — t,
through values of ¢t < ¢*.

(ii) Prove the result of Example 12.3.6 by an argument along the lines of
part (i).

(iii) Show that there exists a differentiable function y : [0,00) — R such
that y(0) = e and

y'(t) = y(t) log y(t).
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Exercise K.266. (Euler’s method.) [12.3, T] The next few questions
deal with Euler’s method for finding approximate solutions of a differential
equation. They were suggested by the typically neat treatment in [44]. You
will find the discussion more interesting if you have used Euler’s method
before or if you try one of the excellent demonstrations which now exist on
the Internet.

Suppose we wish to solve the differential equation y'(¢) = f(¢,y(t)),
y(0) = yo numerically on a computer. (We shall look at y(t) for t > 0
but the same ideas apply when ¢t < 0.) A natural approach is to seek (ap-
proximate) solutions at the points =, = rh where the strictly positive number
h is called the ‘step length’ and r is a positive integer. Explain briefly why
we expect

y((r + l)h) ~ y(rh) + f(rh,y(rh))h.

This suggests that our approximation y, to y(rh) could be obtained by solving
the system of equations

Yr+1 = Yr + f(xm yr>h (A)

This is called Euler’s method.

Euler’s method seems reasonable and works on suitable test examples.
In this question we investigate its behaviour in general. We shall assume
stronger conditions on f than we did in Theorem 12.2.3 and elsewhere in
Sections 12.2 and 12.3. Specifically, we demand that f : R? — R is once
differentiable and there exist constants K and L such that |[fa(t,u)] < K
and

[fa(t, w4+ [ fa(t,w) f(tu)] < L

for all (t,u) € R% Explain briefly why these conditions imply the existence
of a unique differentiable y : R — R such that

y'(t) = f(ty(t), y(0) = yo. (B)

Explain why y is twice differentiable and express y”(t) in terms of f(¢,y(t)),
fa(t,y(t)) and fao(t,y(t)). By using the 2nd mean value theorem (Exer-
cise K.49), or otherwise, show that

Lh?

[y((n+1)h) = y(nh) = f(nh,y(nh))h| < =

Use this result to show that
Lh?

]y((n + D) — ypi1| < (1 + Kh)|y(nh) — y,| + 5
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Deduce that

Lh
[y(NB) = yx| < S ((1+ KRN = 1),

In order to emphasise the dependence on h, let us write yllh] = Yp. Show

that, if the positive number « is fixed and we take hy = a/N, then

Lh
[y(a) =y < 2 (L4 Khy) M+ 1),

Observe (or recall) that that, if x > 0, then

and deduce that
Lh
ly(a) — ™' < S (e = 1) (C)

and, in particular, y[NhN] — y(a) as N — 0.

Exercise K.267. [12.3, T, 1] We continue with the discussion of Exer-
cise K.266. Informally, we may interpret the inequality (C) in Exercise K.266
as saying that that ‘our error estimate for Euler’s method is roughly propor-
tional to the step length’. nequality (C) is, however, only an upper estimate
for the error. Can we get a substantially better estimate? Consider the spe-
cial case f(t,u) = u, yo = 0 and a = 1. Show that y(t) = e" and y,, = (1+y)".
Show that

y(1) —yp =e— 1+ NTHY
N
22(1_(N)L> s> L
o r! r ) N 2N 2

Informally, we may say ‘in this case, the error for Euler’s method decreases
no faster than the step length’.

We see that (roughly speaking) halving the step length in Euler’s method
will double the amount of calculation and only halve the error. Thus Euler’s
method is a reasonable one if we want to solve one differential equation to
a reasonable degree of accuracy but unattractive if we want to solve many
differential equations to a high degree of accuracy.
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Exercise K.268. [12.3, T, T|] We continue with the discussion of Exer-
cises K.266 and K.267. So far we have ignored the fact that computers only
work to a certain degree of accuracy. As a simple model to take account of
this, we replace equation (A) of Exercise K.266 by

er+1 :gr"‘f(xragr)h"i_er (D)

where the ‘error’ €, satisfies the condition |e,| < € for some fixed € > 0. As
before, we impose the initial condition 3, = 0.
(i) As in Exercise K.266, we take th} = y,, fix a positive number a and

take hy = a/N. Show that

N Lh € a
o)~ < (B4 ) e - (®)

What happens to the error estimate (that is the right hand side of (E)) as
N — oo (that is as the step length approaches 0)? Explain in simple terms

why we should expect this.

Lh
(ii) Which positive value of h minimises Ve + hLK? (iii) Show that the

best bound on the error that we can guarantee using (E) is proportional to
1/2
e’.

(iv) Just as in Exercise K.267, we ask whether we can improve substan-
tially on (iii). Once again, we consider the special case f(t,u) = u, yo = 0
and a = 1. A little experimentation shows that we can solve (D) if we choose
€ = (1 —rh)e, giving

Jrin = (14+ N5 — (1= rN7Y)e, (¥)
Show that, for this choice of ¢,, we obtain

Jr=1=N1"—re

y(1) — geM = e — (1 4+ N"HN = N¢) > hy € 5 qzan
2 hn
Thus the answer to our question is no.
There exist several different ways of improving on Euler’s method but a
good understanding of Euler’s method is very helpful in understanding how
anybody came to think of these more advanced techniques.
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Exercise K.269. [12.3, H, 1] (i) Let a > 0. By considering the differential
equation y'(z) = g(x) and using Exercise K.266, show that there exists a
constant k, such that, if ¢ : R — R is differentiable, |f'(t)] < M for all
t € [0,a], N is a strictly positive integer and Nh = a, then

N-1

/Oag(t) dt—h>» g(rh)

n=0

< Mggh.

(It is easy to obtain this result directly with better values for k,. See, for
example, Exercise K.125 (v) or just think a bit.)

(ii) Suppose that a = m, Nh = a with N a strictly positive integer and
G(t) = sin?(Nt). Show that

N-1

/a G(t)dt —h Y G(rh)

n=0

> 1072 sup |G(t)].

te(0,a]

(iii) Consider the situation described in Exercise K.266. Suppose that we
replace the condition | f (¢, u)|+|f2(t,u) f(t,u)] < L by the weaker condition
|f(t,u)| < L for all (t,u) € R?. If a > 0 and € > 0 are fixed, is it possible to
find an Ny (depending only on K, L, a and €) such that

ju(a) — | < e
for all N > Ny?

Exercise K.270. (Leibniz rule.) [12.3, G] (i) If v, v : R — R are n
times differentiable at x show, by induction or otherwise, that the product
uv is n times differentiable at x with

(w0)™ (z) = zn: (n) w0 ()0 ™ (2).

r
r=0

(this is called the Leibniz rule.)
(ii) If y : R — R is defined by

(1+2%)y(w) =log(z + (1 +2%)),
show that y is differentiable on (0, c0) with
(1+2%)y (2) + ay(z) = 1.

Show, by using induction and the Leibniz rule, that y is infinitely differen-
tiable and find the Taylor series

X )
Z Yy (O)xn
n!

n=0
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(iii) (This part uses sledgehammers to crack a nut and may be omitted
without loss.) Find the radius of convergence of the Taylor series and, by
using results on the differentiation of power series and the uniqueness of the
solution of differential equations, show that, within the radius of convergence

20/ (0)
y(w) =2 ,(O)x”-

n.

n=0

Exercise K.271. [12.4, P, S] Let K : [0,1]> — R and g : [0,1] — R be
continuous. Explain why there exists an M > 0 such that |K (s, t)| < M
for all (s,t) € [0,1]2. Suppose that |[\| < M~!. By finding an appropriate
contraction mapping 7" : C([0, 1]) — C([0, 1]) show that there exists a unique
f € C([0,1]) such that

£(t) = g(t) + A / K (s,£)(t) ds.

Exercise K.272. (The Wronskian.) [12.4, M] This should be treated
as an exercise in calculus rather than analysis. We write

11 aiz2 A3 11 Q12 413

a1 Qg agz| =det [ az; age ass

a3; daz2 G33 a3; Aazz2 ass

(i) If uy, ug, ... ws are all differentiable show that
d U,l(t) Ug(t) U3(t)
oot walt) ua(t)

(ii) If uy, us and ug are three solutions of

ym(t) + a(t)y”<t) + b(t)y,(t> + C(t)y(t) =0,

we define their Wronskian W by
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Use part (i) and results about determinants to show that
W'(t) = —a(t)W(t).

(iii) Generalise parts (i) and (ii). Reread the proof of part (i) of Lemma 12.4.3
in the light of this exercise.

Exercise K.273. [12.4, T, S| The functions f, g : R — R are everywhere
differentiable and their Wronskian f’g — ¢’ f never vanishes. By applying
Rolle’s theorem to f/g, or otherwise, show that if f has zeros at a and b with
a < b then g must have a zero strictly between a and b. Deduce that ‘the
zeros of f and ¢ are intertwined’.

Exercise K.274. [12.4, P] If fi, f2 : [a,b] — R are once differentiable we
define the Wronskian W ( f1, f2) by

W (f1, f2) = det (ﬁ §Z)

Show that if f; and f5 are linearly dependent (that is, we can find A\;, Ay € R
not both zero such that \ifi(t) + Ao fa(t) = 0 for all ¢ € [a,b]) then the
Wronskian W ( f1, f2) is identically zero. By considering functions of the type
g with g(z) = 0 for z < ¢, g(x) = (z — ¢)? for x > ¢, or otherwise, show that
the converse is false.

Suppose now that f1, fo are twice continuously differentiable. Show, by
considering the Wronskian

fh
W(f, fi,fo)=det | [" 1 f3
f// {/ él

and using results on the existence and uniqueness of differential equations
with given initial conditions, that the following result holds.
There exists a differential equation of the form

y"(x) + a1 (x)y (z) + az(z)y(x) =0

whose solutions are exactly the functions of the form Ay f; + Ao fo with A; and

Ao (in more sophisticated language, having f; and f> as a basis for the space

of solutions) if and only if W (fi, f2) is non-zero everywhere on [a, b].
Generalise the results of this question to n functions fi, fo, ..., fa.
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Exercise K.275. [12.4, M] (This question should be treated as a mathe-
matical methods one.)
(i) Consider a differential equation

y" () +p(x)y'(x) + q(x)y(x) = 0. *

Suppose that u is a solution of . Show that if we write y(z) = u(z)v(x)
and w(x) = v/(x) then % takes the form of a first order differential equation
in w. Show that y(z) = (A+ B [ w(t) dt)v(z) gives the general a solution
for ¥%.

(ii) Show that y(z) = exp x gives a solution of
y'(x) = 2z + 1)y (z) + (z + y(x) = 0

and use the method of (i) to find the general solution.
(iii) We know that y(z) = exp z gives a solution of

y'(x) — 2y (v) +y(x).

Find the general solution by the method of (i).
(iv) Show how, if we know one solution of

y" () + p1(x)y (x) + pa(2)y'(x) + ps(2)y(z) = 0

we can reduce the problem of finding a general solution to that of solving a
second order linear differential equation. Generalise.

Exercise K.276. (Method of variation of parameters.) [12.4, M,
T] (Like Question K.275 this question should be treated as a mathematical
methods one.)

Consider a differential equation

y"(2) + p(2)y'(x) + q(x)y(z) = 0. *

Let y; and yo be solutions of s whose Wronskian W(x) = yi(x)ya(x) —
y1(z)yh(z) never vanishes. Suppose that we wish to solve the differential
equation

y" () + p(2)y (z) + q(x)y(z) = f(z). * ok

(i) In view of the success of the method of Question K.275 we might be
tempted to look for a solution of the form

y(2) = ur(@)yr (x) + uz(x)y2(z).
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Make this substitution in .

(ii) At the end of (i) you obtained a differential equation (f) for u; and
ug. It is a useful heuristic guide (though not always a reliable one) that two
unknowns require two equations so we add the further equation

u1 ()9 () + ua(z)ys(x) = 0. (1)

Use (1) to simplify () and then use the pair of equations to find u} and w5.
Now find the general solution of Y.

(iii) Discuss the relation of your result to the Green’s function result given
in Theorem 12.4.6.

(iv) Use the method of this question to find the general solution of

B 2
1 4em

y'(w) —y(z)
(v) Try and extend the ideas of this question to the solution of

y"(z) + p(x)y" () + q(2)y (x) + r(x)y = f(x).

when three solutions y1, y2, y3 with non-zero Wronskian (see Question K.272)
are known.

[It would be hard to think of an example more opposed to the modern view
that ‘understanding precedes doing’. But even the most convinced proponent
of modern ways must admit that it has a certain charm.|

Exercise K.277. [12.4, P] Let C'(S) be the space of continuous functions
on the unit square

S={(z,y) : 0<x<1,0<y<1}

equipped with uniform norm || K||oc = sup(, y)es [ K (@, y)| and let C(I) be the
space of continuous functions on the unit interval I = [0, 1] equipped with the
uniform norm. Let £ be the space of continuous linear maps L : C(1) — C(I)
equipped with the operator norm. If K € C(S) we set

(Txe())(x) = / K (2, 9) () dy.

Show that Tx € L.

Prove or disprove each of the following statements.

(i) If K,, — K in C(95), then Tk, — Tk in L.

(ii) If Tg, — Tk in L, then K, — K in C(S).

(iii) The mapping K — Tk is an injective map from C(S) to L.
(

iii) The mapping K +— T is a surjective map from C(S) to L.
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Exercise K.278. [12.4, T] (i) In Exercise K.132, you showed that if ¢ :
R? — R is a differentiable function with continuous partial derivatives then

G(z) :/ g(x,t)dt
0
is differentiable with
G'(a) = glwa) + [ galot)at
0

Review this exercise.
(ii) Suppose that a, b, f : R — R are continuous. Explain why there
exists a unique twice differentiable y; : R — R such that

Yi (1) + a)y(t) + b(t)yi (1) = 0, 12(0) =0, 11(0) =1,
and a unique twice differentiable ¢, : R — R such that
Y() + a(t)yh(t) + b(tya(t) = 0, (1) = 0, yh(1) = 1.
We make the following
key assumption: y1(1) # 0.
Show that, if we define H, H : R — R by
H(s,t) = y1(t)ya(s)W (s) ™", H(s,t) = ya(t)ya ()W (s) ™",

then H and H are twice differentiable functions with continuous second par-
tial derivatives and

Hoo(s,t) +a(t)Ha(s,t) + b(t)H (s, t) =0
Hoo(s,t) + a(t)Ho(s, t) + b(t)H(s,t) = 0, H(s,1) = 0.
Check that H(t,t) = H(t,t), Hy(t,t) = Hy(t,1).

_ (ili) We define G : R? — R by G(s,t) = H(s,t) for t < s and G(s,t) =
H(s,t) for s <t. If we set

y(t):/o G(s,t)f(s)ds:/o H(s,t)f(s)ds+/t (s,0)f(s) ds,

show, using part (i) and the properties of H and H established in part (ii)
(but not using the definitions of H and H), that y is twice differentiable and
satisfies

y'(t) +a(t)y’ + b(t)y = f(t) *
together with the conditions y(0) = y(1) = 0.
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Exercise K.279. [12.4, M] Consider the differential equation
y W —ky = f

for y : [0,1] — R subject to boundary conditions y(0) = ¢'(0) = 0, y(1) =
y'(1) = 0 where f :[0,1] — R is continuous and k is real.

By extending the discussion of the Green’s function in Section 12.4 show
that, provided that k£ does not take certain exceptional values to be identified,
the system has the solution

y(z) = / G 1) £(t) dt

where

Glo.t) A(sinh kx — sin kx) + B(cosh kz — cos kx) if0<z<t,
x,t) =
C(sinh k(1 —z) —sink(1 — x)) + D(cosh k(1 —z) —cosk(l —z)) ift <z <1,

and A, B C, D are given by

A
B|_ ...
C’_M

S O O

D
where M is a 4 X 4 matrix to be given explicitly.

Exercise K.280. [12.4, M] Consider the equation for a damped harmonic
oscillator

y'(t) + 20y (1) + iy (t) = f(D),

where 3 and w are strictly positive real numbers and y : [0, 00) — R satisfies
y(0) = 4/(0) = 0. Use Green’s function methods to show that, if 5 > w,

y(t) = a_l/o f(s)e P4 sinh(a(t — s)) ds

where « is the positive square root of 32 — w? and obtain a similar result in
the cases when w >  and w = (3.

It is known that the driving force f is non-zero only when ¢ is very small.
Sketch the behaviour of y(t) for large ¢ and determine the value of § which
causes y to die away as fast as possible. (Interpreting this last phrase in a
reasonable manner is part of your task.)
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Exercise K.281. [13.1, T,] (Although this sequence of exercises seems to
find a natural place here they could have been placed earlier and linked with
Section 11.1.) Let (U, || ||r) be a complete normed vector space. By Exer-
cise 11.1.15, the space L(U,U) of continuous linear maps with the operator
norm || || is complete.

(i) f T'€ L(U,U) and ||T|| < 1, show that the sequence S, = > T”
is Cauchy. Deduce that S,, converges in the operator norm to a limit S =
> 2o T7. Show also that ||S|| < (1—[|T])~" and [|1 —S|| < ||T|(1—||T])~".

(ii) We continue with the notation and assumptions of (i). By looking at
Sp(I —T), show that S(I —T) = I. Show also that (I —7)S = I. Conclude
that, it A€ L(U,U) and ||I — A|| <1, then A is invertible and

AT < (L= 17— A)™" and [T — A7 < (I = Al(1 = || = A) ™

(iii) Suppose that B € L(U,U) is invertible and || B—C|| < ||B~!||7*. If we
set A = B~!C, show that A = B~!(C is invertible. Show that A='B~1C =1
and CA7'B™! = CBB'A'B~! = I, and so C is invertible with inverse
A71B~!. Show, further that,

ICH < IB7HIQ — 1B~ B - C|l) and
B =7 < IB7HIIB = Cll(L— BB~ CI).

(iv) Let E be the set of invertible C' € L(U,U). Show that E is open in

(LU, U), || ). Show further that, if we define © : E — E by ©(C) = C™!,

then © is a continuous function.
(v) Returning to the discussion in (i) and (ii) show that if || T’|| < 1 then

I -=T)"=I-=T| <|T|*(1— T~
and
I(T+T)" = I+T| < |T|IPQ =TI~
Conclude that
OUI+T)=I-T+€T)|T],

where € : L(U,U) — L(U,U) is such that [|e(T")|] — 0 as ||T|| — 0. Con-
clude that © is differentiable at I. [If you wish to confine yourself to finite
dimensional spaces, take U finite dimensional, but there is no need.]

(vi) Show that © is everywhere differentiable on E with DO(B) = ®p,
where @5 : L(U,U) — L(U,U) is the linear map given by

dp(S)=—-B'SB.

Check that this reduces to a known result when dim U = 1.
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Exercise K.282. (Spectral radius.) [13.1, T, 1] We continue with the
ideas and notation of Exercise K.281.
(i) Suppose that A € L(U,U). Show that

LA < L AT]FlLA

(ii) Continuing with the hypotheses of (i), show that A = inf,> [|A™||*/™
exists and, by using the result of (i), or otherwise that

lA™ V" — A

We call A the spectral radius of A and write p(A) = A.

(iii) Show that »_>° ; A™ converges in the operator norm if p(A4) < 1 and
diverges if p(A) > 1.

(iv) If p(A) < 1 show that I — A is invertible and (I — A)~! =>"> =A™

Exercise K.283. [13.1, T] We continue with the ideas of Exercise K.282.

(i) If « € L(U,U) and A is a scalar show that p(Aa) = |A|p(«).

(i) Write down a linear map 3 : C™ — C™ such that ™! # 0 but
G™ = 0. What is the value of p(3)?

(iii) If the linear map o : C™ — C™ has m distinct eigenvalues explain
briefly why we can find an invertible linear map 6 : C™ — C™ such that faf~1
has a diagonal matrix D with respect to the standard basis. By considering
the behaviour of D™, or otherwise, show that

p(a) = max{|A| : X an eigenvalue of a}.

(For an improvement of this result see Exercise K.285.)
(iv) Give two linear maps «, 3 : C* — C? such that p(a) = p(8) = 0 but
pla+ ) =1.

Exercise K.284. (Cayley-Hamilton.) This question requires you to know
that any linear map o : C™ — C™ has an upper triangular matrix with re-
spect to some basis. Recall also that, if o : C™ — C™ we can define its
characteristic polynomial y, by the condition det(tt — ) = x,(t) for all
t € C. (Here and elsewhere, ¢ : C™ — C™ is the identity map.)

(i) We work with the standard basis on C™. Explain why, if o« : C™ — C™
is linear, we can find an invertible linear map 6 : C™ — C™ such that
B = Oaf~! has an upper triangular matrix with respect to the standard
basis.

(ii) Show that, if § : C™ — C™ has an upper triangular matrix with
respect to the standard basis and € > 0, then we can find v : C™ — C™ with
m distinct eigenvalues such that ||y — g < e.
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(iii) Deduce that, if a : C™ — C™ is linear we can find linear ay, : C™ —
C™ with m distinct eigenvalues and

|lag —al] — 0 as k — oo.

(iv) (Pure algebra) If a : C™ — C™ has n distinct eigenvalues, show, by
considering the matrix of a with respect to a basis of eigenvectors that

Xa(a) = 0.
(v) Show carefully, using (iii) and limiting arguments, that, if o : C™ —
C™ is linear, then
Xa(a) = 0.

[This argument is substantially longer than that used in algebra courses and
is repugnant to the soul of any pure minded algebraist. But it has its points
of interest.]

Exercise K.285. [13.1, T, ] We continue with the ideas of Exercise K.283.
(i) If o, € L(U,U) and « and @ commute, show that

pla+B) < p(a) + p(B).

(Compare Exercise K.283 (iv).)

(ii) By using the ideas of Exercise K.284, or otherwise, show that, if
a: C™ — C™ is linear and € > 0, we can find a § : C™ — C™ such that
18]l <€, @ and § commute and « +  has m distinct eigenvalues.

(iii) By using (ii), or otherwise, show that, if & : C™ — C™ is linear, then

p(a) = max{|A| : A an eigenvalue of a}.

[You may wish to read or reread Exercises K.99 to K.101 at this point.]

Exercise K.286. [13.1, T, 1] In previous questions we have shown that, if
a: C™ — C™ is linear, and we write

p(a) = max{|A| : A an eigenvalue of a}.

then [[a™[|'/" — p(a).
Suppose that b € C™, we choose an arbitrary xo € C™ and we consider

the sequence

X1 = b+ ax,.



590 A COMPANION TO ANALYSIS

If p(a) < 1, give two proofs that
%, — (t — ) 'b|| — 0 as n — oco.

(i) By finding x,, explicitly and using Exercise K.282.

(ii) By using the first paragraph of Exercise K.261.

By considering an eigenvector corresponding to an eigenvalue of largest
modulus show that the sequence will diverge if p(«) > 1 and we choose X
suitably. Show that, if p(a) = 1, either we can find an x( such the sequence
diverges or, if the sequence always converges, we can find two starting points
with different limits.

Exercise K.287. [13.1, T, 1] Consider the problem of solving the equation
Ax=Db

where A is an m x m matrix and x and b are column vectors of length
m. If m is small, then standard computational methods will work and, if
m is large and A is a general matrix we have no choice but to use standard
methods. These involve storing all m? coefficients and, in the case of Gaussian
elimination require of the order of m? operations.

Suppose we have to deal with a matrix A such that A is close to I, in
some sense to be determined later in the question, and there are only of
the order of n non-zero coefficients in I — A in a well organized pattern.
(Such problems arise in the numerical solution of important partial differen-
tial equations.) The following method can then be employed. Choose x, and
define a sequence

Xpi1 = b+ (I — A)x,.

Using the ideas of earlier exercises show that, under certain conditions, to
be stated, x,, will tend to a unique solution of Ax = b. Discuss the rapidity
of convergence, and show that, under certain conditions to be stated, only a
few iterations will be required to get the answer to any reasonable degree of
accuracy. Since each iteration requires, at worst, of the order of m? opera-
tions, and in many cases only of the order of m operations, this method is
much more efficient.

The rest of the question consists of elaboration of this idea. We require
Exercise K.286. Suppose that A is an m X m matrix and A =D — U — L
where L is strictly lower triangular, U is strictly upper triangular and D is
diagonal with all diagonal terms non-zero. We seek to solve Ax = b. The
following iterative schemes have been proposed

Jacobi x,,1 =D (b + (U + L)x,),
Gauss-Seidel x,.1 = (D — L) (b + Ux,,).
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For each of these two schemes give a necessary and sufficient condition in
terms of the spectral radius of an appropriate matrix for the method to
work.

Another iterative scheme uses

Xp11 = (D —wL) ™ (wb + ((1 —w)D +wlU)x,),

where w is some fixed real number. Give a necessary and sufficient condition,
in the form p(H) < 1 where H is an appropriate matrix, for the method to
work. By showing that

det H = (1 —w)™,
or otherwise, show that the scheme must fail if w < 0 or w > 2.

Exercise K.288. [13.1, S, 11] (This is a short question, but requires part (iv)
of Exercise K.281.) Show that Theorem 13.1.13 can be strengthened by

adding the following sentence at the end. ‘Moreover Df |]§1 is continuous on
B’

Exercise K.289. [13.1, T, 11] This is another exercise in the ideas of Ex-
ercise K.281. We work in (U, || ||/) as before.
(i) Show that, if « € L(U,U), we can find expa € L(U,U) such that

n r

Z%—GXPQ

r=0

— 0

as nm — oo.
(ii) Show carefully that, if @ and 8 commute,

expaexp [ = exp(a+ ().

(iii) Show that if o and 3 are general (not necessarily commuting) ele-

ments of L(U,U), then

|12 (exp(her) exp(hf3) — exp(hfB) exp(ha)) — (af — fa)|| — 0

as the real number h — 0.
Conclude that, in general, exp(«) exp((3) and exp(3) exp(a) need not be
equal. Deduce also that exp(a + () and exp(«a) exp(/3) need not be equal.
(iv) Show carefully (you must bear part (iii) in mind) that exp : L(U,U) —
L(U,U) is everywhere continuous.
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Exercise K.290. [13.1, P, 1] (i) Consider the map O3 : L(U,U) — L(U,U)
given by O3(a) = a®. Show that © is everywhere differentiable with

DO3(a)B = Ba’ + aBa’® + o*p.

(ii) State and prove the appropriate generalisation to the map a +— o™
with m a positive integer.

(iii) Show that exp, defined in Exercise K.289, is everywhere differentiable.
[This requires care.|

Exercise K.291. [13.1, P] Suppose U is a finite dimensional vector space
over C. Let a : U — U be a linear map. If o has matrix representation A
with respect to some basis, explain why, as N — oo, the entries of the matrix
Zg:o A™/n! converge to the entries of a matrix exp A which represents exp «
with respect to the given basis. (See Exercise K.289.)

It is a theorem that any a € L(U, U) has an upper triangular matrix with
respect to some basis. By using this fact, or otherwise, show that

det(exp a) = e,
Exercise K.292. [13.1, P] We work in the space Ms(R) of 2 x 2 real ma-
trices. We give Ms(R) the associated operator norm.

(i) Show that the map S : My(R) — My(R) given by S(A) = A? is
everywhere differentiable with DS(A)B = AB + BA. (If you have done
Exercise K.290, you may just quote it.)

(ii) Show that the matrix equation

o (0 1
A" = (O 0
has no solution.

(iii) Calculate explicitly all the solutions of

2
a b
(C d) 1

Describe geometrically the linear maps associated with the matrices A such
that A? = I and det A = —1. Describe geometrically the linear maps associ-
ated with the matrices A such that A2 = I and det A = 1. Describe geomet-
rically the linear maps associated with the matrices A such that A2 = I and
A is diagonal.

(iv) Show that there are open sets U and V' containing 0 (the zero matrix)
such that the equation

AP=T+X
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has exactly one solution of the form A =1+Y with Y € V for each X € U.
(v) Show that we can not find open sets U and V' containing 0 (the zero
matrix) such that the equation

A=T+X

has exactly one solution of the form

1 0
A= <O _1) Ly
withY € V for each X € U. Identify which hypothesis of the inverse function
theorem (Theorem 13.1.13) fails to hold and show, by direct calculation, that
is does indeed fail.

(vi) For which B is it true that B> = I and we can find open sets U and
V' containing 0 (the zero matrix) such that the equation

A=T+X

has exactly one solution of the form A = B+Y with Y € V for each X € U.
Give reasons for your answer.

Exercise K.293. [13.1, P, G] This question requires some knowledge of
eigenvectors of symmetric linear maps. We work in R? with the usual inner
product. Suppose a : R? — R3? is an antisymmetric linear map (that is

al = —a). Show that x and ax are orthogonal and that the eigenvalues of

a? must be non-positive real numbers. By considering eigenvectors of o and
a? show that we can always find z € R and three orthonormal vectors ey, e,

and es, such that
ae) = [eqr, aey, = —uep, aes = 0.

By choosing appropriate axes and using matrix representations show that
exp « is a rotation.

Exercise K.294. [13.1, P, G] Show that every linear map « : R”™ — R™
is the sum of a symmetric and an antisymmetric linear map. Suppose « is
an orthogonal map (that is, aa’ = 1) with ||s — a|| < € with € very small.
Show that

a=1+ef+ ey

with [|5]}, ] < 2.
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Exercise K.295. [13.3, M] (Treat this as a ‘methods question’.) The four
vertices A, B, C, D of a quadrilateral lie in anti-clockwise order on a circle
radius a and center O. We write 20, = ZAOB, 20, = /BOC, 205 = ZCOD,
20, = Z/DOA. Find the area of the quadrilateral and state the relation that
01, 05, 03 and 6, must satisfy.

Use Lagrange’s method to find the form of a quadrilateral of greatest area
inscribed in a circle of radius a. (Treat this as a ‘methods question’.)

Use Lagrange’s method to find the form of an n-gon of greatest area
inscribed in a circle [n > 3.

Use Lagrange’s method to find the form of an n-gon of least area circum-
scribing a circle [n > 3].
[Compare Exercise K.40.]

Exercise K.296. [13.3, T] Let p and ¢ be strictly positive real numbers

with p~t + ¢~! = 1. Suppose that y1, y2, ..., yn, ¢ > 0. Explain why there
must exist x1, x9, ..., x, > 0 with 2?21 az? = ¢ and

ijyj > thyj whenever 1, ta, ..., t, > 0 with Zt? =c.

j=1 j=1 j=1

Use the Lagrange multiplier method to find the z;. Deduce from your
answer that

n n 1/p n 1/q
Slont< () (Smr)
j=1 j=1 j=1
whenever a;, b; € C. Under what conditions does equality hold?

This gives an alternative proof of the first result in Exercise K.191 (i).

Exercise K.297. (The parallelogram law.) [14.1, T] Except in the last
part of this question we work in a real normed vector space (V.|| ||).

(i) Suppose that V has a real inner product ( ,) such that (x,x) = ||x]|?
for all x € V. Show that

e+ ¥l + llx = yII* = 2[lx]* + 2lly |

for all x, y € V. (This is called the parallelogram law.)
(ii) Show also that

AUx,y) = Ix+ylI> =[xyl

for all x, y € V. (This is called the polarisation identity.)
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(iii) Use the parallelogram law to obtain a relation between the lengths
of the sides and the diagonals of a parallelogram in Euclidean space.

(iv) Prove the inequality [[}x| — [ly||] < [Ix — yl| and use it together with
the polarisation identity and the parallelogram law to give another proof of
the Cauchy-Schwarz inequality.

(v) Suppose now that (V,(, )) is a complex inner product space with
norm || || derived from the inner product. Show that the parallelogram law
holds in the same form as before and obtain the new polarisation identity

Axy) =[x+ ylI* = lIx = yII* +illx + iy ||* = dflx — iy |*.

(vi) Show that the uniform norm on C([0, 1]) is not derived from an inner
product. (That is to say, there dooes not exist an inner product { , ) with

| flI2, = langlef, f) for all f € C([0,1]).

Exercise K.298. [14.1, T, 1] The parallelogram law of Question K.297
actually characterises norms derived from an inner product although the
proof is slightly trickier than one might expect.

(i) Let (V,]| ||) be real normed space such that

I+ ylI* + llx = ylI* = 2[x[* + 2[ly|

for all x, y € V. It is natural to try setting

(x,y) =47 (IIx +yl* = Ix = y[I*).
Show that (x,y) = (y,x) for all x, y € V and that (x,x) = ||x||* (so that,
automatically, (x,x) > 0 with equality if and only if x = 0).

(ii) The remaining inner product rules are harder to prove. Show that
[u+v+w|>+ [[u+v—w|?*=2[u+v|*+2||w]|?

and use this to establish that

(u+w,v)+ (u—w,v) =2(u,v) (1)
for all u, v, w € V. Use equation (1) to establish that

(2u,v) = 2(u,v) (2)

and then use equations (1) and (2) to show that

(x,v) +{y,v) = (x+y,v)
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forall x,y, veV.
(iii) Establish the equation

(Ax,y) = Mx,y)

for all positive integer values of A, then for all integer values, for all rational
values and then for all real values of A.

(iv) Use the fact that the parallelogram law characterises norms derived
from an inner product to give an alternative proof of Lemma 14.1.11 in the
real case.

(v) Extend the results of this question to complex vector spaces.

Exercise K.299. [14.1, P] Suppose (X, d) is a complete metric space with
a dense subset FE. Suppose that F is a vector space (over F where F = R
or F = C) with norm || ||g such that d(z,y) = ||z —p y||g for all z, y €
E. Suppose further that there is map My : E? — FE such that, writing
Mg(z,y) = zy, we have
() 2(y2) = (w9)
(ii) (:c+y)z—xz+yz 2(x+y) =zx+ 2y
(i) (Ax)y = A(zy), z(Ay) = Azy),

(i) oyl < [zl Iyl
for all z, y, z € EF and A\ € F. Show that, if X is given the structure of a
normed vector space as in Lemma 14.1.9, then we can find a map M : X2 —
X such that M(z,y) = Mg(z,y) for all z, y € E and M has properties (i)
to (iv) (with E replaced by X). Show that, if Mg(z,y) = Mg(y,x) for all
x, y € E, then M(z,y) = M(y,z) for all x, y € X. Show that, if there
exists an e € E such that Mg(z,e) = Mg(e,z) = x for all z € E, then
M(z,e) = M(e,z) = x for all z € X.

Exercise K.300. [14.1, T] This neat proof that every metric space (E,d)
can be completed is due to Kuratowski'*.

(i) Choose ey € E. For each e € E define f.(t) = d(e,t) —d(eo, t) [t € E].
Show that f. € C(E), where C(F) is the space of bounded continuous function
g: F—R.

(ii) Give C(F) the usual uniform norm. Show that

Hfu - va = d(ua U)

for all u, v € E.

(iii) Let Y be the closure of {f. : e € E}. By using Theorem 11.3.7, or
otherwise show that Y with the metric d inherited from C(E) is complete.
Show that (E,d) has a completion by considering the map 6 : E — Y given
by 0(e) = fe.

147 take it from from a book [15] crammed with neat proofs.
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Exercise K.301. [14.1, P] Results like Lemma 14.1.9 rely on a strong link
between the algebraic operation and the metric. From one point of view this
question consists of simple results dressed up in jargon but I think they shed
some light on the matter.

(i) (This just sets up a bit of notation.) Suppose that (X, d) is a metric
space. Show that dy : £? — R given by

da((z,y), (2',y)) = d(z,2") + d(y,y')

defines a metric on X?2. Show that, if (X, d) is complete, so is (X?, ds).

(ii) Consider X = [0,00) with the usual Euclidean metric d and E =
(0,00). Show that (X,d) is complete, E is a dense subset of X and that,
if we write Mg(x,y) = xy (that is if M is ordinary multiplication), then
(E, M) is a group and Mg : (E? dy) — (E,d) is continuous. Show, however,
that there does not exist a continuous map M : (X?/dy) — (X,d) with
M(z,y) = Mg(z,y) for all z, y € E such that (X, M) is a group.

(ili) Consider X = [0,00) with the usual Euclidean metric d and E =
(0,00)NQ. Show that (X, d) is complete, F is a dense subset of X and that,
if we write Mg (z,y) = vy, then (E, M) is a group and Mg : (E?,dy) — (FE,d)
is continuous. Show, however, that there does not exist a continuous map
M : (X% dy) — (X,d) with M(z,y) = Mg(x,y) for all z, y € F such that
(X, M) is a group.

(iv) Consider X = (0, 00). Show that if we write

d(x,y) = |logx — logy|

then (X,d) is a metric space. Let E = (0,00) N Q. Show that (X,d) is
complete, F is a dense subset of X and that, if we write Mg(x,y) = xy, then
(E, M) is a group and Mg : (E?,dy) — (E,d) is continuous. Show that there
exists a continuous map M : (X2, dy) — (X,d) with M(z,y) = Mg(x,y) for
all z, y € E such that (X, M) is a group.

Exercise K.302. [14.1, P] (i) Observe that R is a group under addition. If
E is a subgroup of R which is also a closed set with respect to the Euclidean
metric, show that either £ = R or

E={na:neZ}

for some o € R.
(ii) Observe that

S'={AeC:|\=1}
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is a group under multiplication. What can you say about subgroups E of S*
which are closed with respect to the usual metric?

(iii) Observe that R™ is a group under vector addition. What can you
say about subgroups E of R™ which are closed with respect to the Euclidean
metric?

Exercise K.303. [14.1, T, 11] Exercise K.56 is not important in itself, but
the method of its proof is. Extend the result and proof to f : E — R where
E is a dense subspace of a metric space (X, d).

Can the result be extended to f : E — Y where E is a dense subspace
of a metric space (X,d) and (Y,p) is a metric space? (Give a proof or
counterexample.) If not, what natural extra condition can we place on (Y, p)
so that the result can be extended?

Exercise K.304. [14.1, P, S, 1] Suppose that f: R — R satisfies

|f(z) — f(y)| < (z —y)? for all 2, y € R.

Show that f is constant.
Show that the result remains true if we replace R by Q. Explain why this
is consistent with examples of the type given in Example 1.1.3

Exercise K.305. [14.1, P] Let (X, d) be a metric space with the Bolzano-
Weierstrass property. Show that, given any ¢ > 0, we can find a finite set of
points x1, %2, ... x, such that the open balls B(x;,€) centre x; and radius
e cover X (that is to say, U;_, B(z;,¢) = X). (This result occurs elsewhere
both in the main text and exercises but it will do no harm to reprove it.)
Deduce that (X, d) has a countable dense subset.

Give an example of a complete metric space which does not have the
Bolzano-Weierstrass property but does have a countable dense subset. Give
an example of a metric space which is not complete but does have a countable
dense subset. Give an example of a complete metric space which does not
have a countable dense subset.

Exercise K.306. [14.1, P] (i) By observing that every open interval con-
tains a rational number, or otherwise, show that every open subset of R
(with the standard Euclidean metric) can be written as the countable union
of open intervals.

(i) Let (X, d) be a metric space with a countable dense subspace. Show

that every open subset of X can be written as the countable union of open
balls.
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(iii) Consider R%. Define p : R?* x R? — R by

1 if y1 # yo
min(1, |z; — z2|) if y1 = yo.

p((z1,11), (z2,92)) = {

Show that p is a metric and that p is complete. Show that, if we work in
(R?, p),

V=A{(z,y) : |z[ <1, y e R}

is an open set that can not be written as the countable union of open balls.

(iv) Let (X, d) be a metric space with a countable dense subspace. Show
that every open ball can be written as the countable union of closed balls.
Show that every open set can be written as the countable union of closed
balls. Show that, if U is an open set, we can find bounded closed sets K; with
Kj1 C K [1 <jland Jj2, K = U. [This result is useful for spaces like R"
with the usual metric where we know, in addition, that bounded closed sets
have the Bolzano-Weierstrass property.|

Exercise K.307. [14.1, P] The previous question K.306 dealt with general
metric spaces. Apart from the last part this question deals with the particular
space R with the usual metric. We need the notion of an equivalence relation.

(i) Let U be an open subset of R. If z, y € U, write = ~ y if there is an
open interval (a,b) C U with z, y € (a,b). Show that ~ is an equivalence
relation on U.

(ii) Write [z] ={y € U : y ~ z} for the equivalence class of some z € U.
If [#] is bounded, show, by considering the infimum and supremum of [z], or
otherwise, that [z] is an open interval. What can we say about [z] if it is
bounded below but not above? Prove your answer carefully. What can we
say about [z] if it is bounded above but not below? What can we say if [z]
is neither bounded above nor below?

(iii) Show that U is the disjoint union of a collection C of sets of the form
(a,b), (c,00), (—o0,c) and R.

(iv) Suppose that U is the disjoint union of a collection C’ of sets of the
form (a,b), (¢,0), (—o00,c) and R. If J € C’ explain why there exists an
I € C with I O J. Explain why, if a is an end point of J which is not an end
point of I, there must exist a J' € C’ with a € J'. Hence, or otherwise, show
that J = I. Conclude that C' = C.

(v) Show that C is countable.

(vi) We saw in part (iv) that C is uniquely defined and this raises the
possibility of defining the ‘length’ of U to be the sum of the lengths of the
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intervals making up C. However, this approach fails in higher dimensions.
The rest of this question concerns R? with the usual metric.

Show that the open square (—a,a) X (—a,a) is not the union of disjoint
open discs. [It may be helpful to look at points on the boundary of a disc
forming part of such a putative union.|

Show that the open disc {(z,y) : 2®+y* < 1} is not the union of disjoint
open squares.

Exercise K.308. [14.1, T] We say that metric spaces (X, d) and (Y, p) are
homeomorphic if there exists a bijective map f : X — Y such that f and
f~1 are continuous. We say that f is a homeomorphism between X and Y.

(i) Show that homeomorphism is an equivalence relation on metric spaces.

(ii) If f: X — Y is a homeomorphism, show that U is open in (X,d) if
and only if f(U) is open in (Y, p).

(iii) By constructing an explicit homeomorphism, show that R with the
usual metric is homeomorphic to the open interval (—1,1) with the usual
metric. Deduce that the property of completeness is not preserved under
homeomorphism.

(iv) By constructing an explicit homeomorphism show that I = (—1,1)
with the usual metric is homeomorphic to

J={z€C:|z|=1, z#1}

with the usual metric. Show that [—1, 1] with the usual metric is a completion
of I. Find a completion of J.

Explain briefly why the completion of I adds two points but the comple-
tion of J adds only one.

Exercise K.309. [14.1, T] (i) Suppose (X,d) is a metric space with the
Bolzano-Weierstrass property and (Y, p) is a any metric space. If f: X — Y
is a bijective continuous function show that (Y, p) has the Bolzano—Weierstrass
property and that f~!: Y — X is uniformly continuous. (Note that we have
shown that, in the language of Exercise K.308, (X, d) and (Y, p) are homeo-
morphic.)

(ii) Look briefly at Exercise 5.6.8. Which results (if any) of that exercise
can can be obtained using (i)?

(iii) Consider R with the usual metric. Give an example of a uniformly
continuous bijective map f : R — R with f~! not uniformly continuous.

(iv) Let d be the usual metric on R and p the discrete metric on R. Let
f:(R,p) — (R,d) be given by f(x) = z. Show that f is is a bijective
continuous function but f~! is not continuous.
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Exercise K.310. [14.1, T, T] Suppose that (X,d) is a metric space with
the Bolzano-Weierstrass property. Explain (by referring to Exercise K.305,
if necessary) why we can find a countable dense subset {z1, =3, x3, ...},
say, for X. Consider [? with its usual norm (see Exercise K.188). Show that
the function f : X — [? given by

f(z) = (d(x,z1),2  d(z, 15), 2 %d(z, 25), . ..)

is well defined, continuous and injective. Deduce that f(X) is homeomorphic
to X. [Thus [? contains a subsets homeomorphic to any given metric space
with the Bolzano-Weierstrass property.]

Exercise K.311. [14.1, P] Suppose that (X, d) and (Y, p) are metric spaces
and f: X — Y is a continuous surjective map.

(i) Suppose that p(f(z), f(z")) < Kd(z,2') for all z, 2’ € X and some
K > 0. If (X,d) is complete, does it follow that (Y, p) is complete? If
(Y, p) is complete, does it follow that (X,d) is complete? Give proofs or
counterexamples as appropriate.

(ii) Suppose that p(f(z), f(z')) > Kd(z,2’) for all z, 2’ € X and some
K > 0. If (X,d) is complete, does it follow that (Y,p) is complete? If
(Y, p) is complete, does it follow that (X,d) is complete? Give proofs or
counterexamples as appropriate.

Exercise K.312. [14.1, P] Let X be the space of open intervals a = (a, b)
with a < b in R. If a, § € X, then the symmetric difference a/AS consists
of the empty set, one open interval or two disjoint open intervals. We define
d(a, 3) to be the total length of the intervals making up aAg. Show that d
is a metric on X.

Show that the completion of (X, d) contains precisely one further point.

Exercise K.313. [14.1, P] Consider the set N of non-negative integers. If
n € N and n # 0, then there exist unique r, s € N with s an odd integer and
n=s2". Write A\(n) =r. If n, m € N and n # m we write

d(n,m) = 27 An=mb,

We take d(n,n) = 0.
(i) Show that d is a metric on N.
(ii) Show that the open ball centre 1 and radius 1 is closed.
(iii) Show that no one point set {n} is open.
(iv) Show that the function f: N — N given by f(z) = 2? is continuous.
(v) Show that the function g : N — N given by f(x) = 27 is not continuous
at any point of N.
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(vi) Show that d is not complete. (Be careful. You must show that your
Cauchy sequence does not converge to any point of N.)

Reflect on what the completion might look like. (You are not called to
come to any conclusion.)

Exercise K.314. [Appendix C, P] Show that there exists a continuous
function F' : R? — R which is infinitely differentiable at at every point except
0, which has directional derivative zero in all directions at 0 but which is not
differentiable at O.
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abuse of language, 422
algebraists, dislike metrics, 127, 589
alternating series test, 78
antiderivative, existence and uniqueness,
186
area, general problems, 169-172, 214-217,
229-231
authors, other
Beardon, 56, 395
Berlinski, 20
Billingsly, 230
Boas, 60, 152, 211
Bourbaki, 376, 422
Burn, 62
Conway, 449
Dieudonné, viii, 25, 60, 154, 206
Halmos, 375, 391
Hardy, viii, 43, 83, 103, 154, 297
Klein, 113, 422

Kline, 375

Littlewood, 81

Petard, H., 16

Plato, 28

Poincaré, 376
axiom

fundamental, 9, 12, 22, 374
of Archimedes, 10, 12, 373, 412
of choice, 172, 252
axioms
for an ordered field, 379
general discussion, 242, 364-365, 375—
377
Zermelo-Fraenkel, 375

balls
open and closed, 50, 245
packing, 233-235
packing in F3, 237-238

Banach, 242, 303

Bernstein polynomial, 542
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Big Oh and little oh, 506
bijective function, 475
binomial expansion
for general exponent, 297
positive integral exponent, 562
binomial theorem, 297, 562
bisection, bisection search, see lion hunt-
ing
Bishop’s constructive analysis, 415-419
Bolzano-Weierstrass
and compactness, 421
and total boundedness, 274
equivalent to fundamental axiom, 40
for R, 38-39
for closed bounded sets in R™, 49
for metric spaces, 272-274
in R™, 47
bounded variation, functions of, 181, 516—
519
brachistochrone problem, 190

calculus of variations
problems, 198-202
successes, 190-198

used, 258
Cantor set, 552
Cauchy

condensation test, 76

father of modern analysis, viii

function not given by Taylor series,

143

mean value theorem, 457

proof of binomial theorem, 562

sequence, 67, 263

solution of differential equations, 563
Cauchy-Riemann equations, 479
Cauchy-Schwarz inequality, 44
Cayley-Hamilton theorem, 588
chain rule

many dimensional, 131-132
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one dimensional, 102-104
Chebychev, see Tchebychev
chords, 475
closed bounded sets in R™
and Bolzano-Weierstrass, 49
and continuous functions, 56-58, 66
compact, 421
nested, 59
closed sets
complement of open sets, 51, 245
definition for R™, 49
definition for metric space, 244
key properties, 52, 245
closure of a set, 526
comma notation, 126, 148
compactness, 421, 536
completeness
definition, 263
proving completeness, 267
proving incompleteness, 264
completion
discussion, 355-358
existence, 362-364, 596
ordered fields, 411-413
structure carries over, 358-361
unique, 356-358
constant value theorem
false for rationals, 2
many dimensional, 138
true for reals, 20
construction of
C from R, 367-368
Q from Z, 366-367
R from @, 369-374
Z from N, 366
continued fractions, 436-440
continuity, see also uniform continuity
discussed, 7, 388-391, 417
of linear maps, 128, 250-253
pointwise, 7, 53, 245
via open sets, b4, 246
continuous functions
exotic, 2, 549-554
integration of, 182-186
on closed bounded sets in R™, 56-59
continuum, models for, see also reals and
rationals, 25-28, 418-419
contraction mapping, 303-305, 307, 330,
408

A COMPANION TO ANALYSIS

convergence tests for sums
Abel’s, 79
alternating series, 78
Cauchy condensation, 76
comparison, 70
discussion of, 465
integral comparison, 208
ratio, 76
convergence, pointwise and uniform, 280
convex
function, 451, 498-499
set, 447, 571
convolution, 565-566
countability, 383-386
critical points, see also maxima and min-

ima, 154-160, 163167, 340

D notation, 126, 150
Darboux, theorems of, 452, 492
decimal expansion, 13
delta function, 221, 320
dense sets as skeletons, 12, 356, 543
derivative
complex, 288-289
directional, 125
general discussion, 121-127
in applied mathematics, 152, 401-
404
in many dimensions, 124
in one dimension, 18
left and right, 424
more general, 253
not continuous, 452
partial, 126
devil’s staircase, 552
diagrams, use of, 98
differential equations
and Green’s functions, 318-326
and power series, 294, 563
Euler’s method, 577-580
existence and uniqueness of solutions,
305-318
differentiation
Fourier series, 302
power series, 291, 557-558
term by term, 291
under the integral
finite range, 191
infinite range, 287
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Dini’s theorem, 542
directed set, 396
dissection, 172
dominated convergence
for some integrals, 547
for sums, 84
duck, tests for, 369

economics, fundamental problem of, 58
escape to infinity, 84, 283-284
Euclidean
geometry, 364-365
norm, 44
Euler
method for differential equations, 577—
580
on homogeneous functions, 480
Euler’s v, 467
Euler-Lagrange equation, 194
exponential function, 91-98, 143, 317, 417,
497, 591
extreme points, 447448

Father Christmas, 172
fixed point theorems, 17, 303-304
Fourier series, 298-302
Fubini’s theorem
for infinite integrals, 512
for integrals of cts fns, 213, 510
for sums, 90
full rank, 345
functional equations, 477-479
fundamental axiom, 9
fundamental theorem of algebra
proof, 114-117
statement, 113
theorem of analysis, 114, 120
fundamental theorem of the calculus
discussion of extensions, 186
in one dimension, 184-186

Gabriel’s horn, 521
Gaussian quadrature, 544
general principle
of convergence, 68, 263, 412
of uniform convergence, 280
generic, 164
geodesics, 254-260
global and local, contrasted, 65, 123, 142—
144, 155, 160, 164, 314-317, 341

Greek rigour, 29, 365, 376, 521
Green’s functions, 318-326, 583-586

Hahn-Banach for R", 447
Hausdorff metric, 534
Heine-Borel theorem, 449
Hessian, 157

hill and dale theorem, 164-166
Holder’s inequality, 531, 533
homeomorphism, 600
homogeneous function, 480

implicit function theorem
discussion, 339-347
statement and proof, 343-344
indices, see powers
inequality
arithmetic-geometric, 451
Cauchy-Schwarz, 44
Hoélder’s, 531, 533
Jensen’s, 450, 498
Ptolomey’s, 443
reverse Holder, 532
Tchebychev, 222
infimum, 34
infinite
products, 472, 561
sums, see sums
injective function, 475
inner product
completion, 360, 364
for 12, 531
for R", 43
integral kernel, example of, 326
integral mean value theorem, 490
integrals
along curves, 228-229, 231
and uniform convergence, 282
improper (or infinite), 207-211
of continuous functions, 182-186
over area, 212-217
principle value, 211
Riemann, definition, 172-174
Riemann, problems, 205-206, 214
Riemann, properties, 174-181
Riemann-Stieltjes, 217-224, 519
Riemann-Stieltjes, problems, 220
vector-valued, 202-204
integration
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by parts, 189
by substitution, 187
numerical, 495-497, 544
Riemann versus Lebesgue, 206-207
term by term, 287
interchange of limits
derivative and infinite integral, 287
derivative and integral, 191
general discussion, 83-84
infinite integrals, 512
integral and sum, 287
integrals, 213
limit and derivative, 285, 286
limit and integral, 282-284
limit and sum, 84
partial derivatives, 149
sums, 90
interior of a set, 526
intermediate value theorem
equivalent to fundamental axiom, 22
false for rationals, 2
not available in constructive analy-
sis, 418
obvious?, 25-28
true for reals, 15
international date line, 108
inverse function theorem
alternative approach, 407-410
gives implicit function theorem, 342
many dimensional, 337
one dimensional, 106, 402
inverses in L(U,U), 336, 587
irrationality of
e, 97
7, 467
V2, 432
irrelevant m, 269
isolated points, 263

Jacobian
determinant, 406
matrix, 127

Jensen’s inequality, 450, 498

Kant, 28, 364
kindness to animals, 514
Krein-Milman for R™, 448

Lagrangian
limitations, 353

A COMPANION TO ANALYSIS

method, 350-351
necessity, 350
sufficiency, 353
Leader, examples, 528
left and right derivative, 424
Legendre polynomials, 544-545, 559
Leibniz rule, 580
limits
general view of, 395-400
in metric spaces, 243
in normed spaces, 244
more general than sequences, 55-56
pointwise, 280
sequences in R™, 46
sequences in ordered fields, 3—-7
uniform, 280
limsup and liminf, 39
lion hunting
in C, 42
in R, 15-16, 58, 491-492
in R™, 48
Lipschitz
condition, 307
equivalence, 248
logarithm
for (0, 00), 104-106, 476, 497
non-existence for C \ {0}, 108-109,
315-317
what preceded, 475

Markov chains, 571-574
maxima and minima, 58, 154-160, 194-
202, 347-354
Maxwell
hill and dale theorem, 164
prefers coordinate free methods, 46,
121
mean value inequality
for complex differentiation, 289
for reals, 18-20, 22, 36, 60
many dimensional, 136-138
mean value theorem
Cauchy’s, 457
discussion of, 60
fails in higher dimensions, 139
for higher derivatives, 455
for integrals, 490
statement and proof, 60
metric
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as measure of similarity, 278-279
British railway non-stop, 243
British railway stopping, 243
complete, 263
completion, 363
definition, 242
derived from norm, 242
discrete, 273
Hausdorff, 534
Lipschitz equivalent, 248
totally bounded, 273
Mobius transformation, 255-261
monotone convergence
for sums, 470

neighbourhood, 50, 245
non-Euclidean geometry, 364-365
norm

all equivalent on R", 248

completion, 358, 364

definition, 241

Euclidean, 44

operator, 128, 253, 481

sup, 276

uniform, 275, 277
notation, see also spaces

Dijga 150

Djg, 126

I [I'and || - |, 241

t, H88

(x,y), 43

9,ij, 148

gd‘, 126

z*, 119

Xy, 43

non-uniform, 422-423
nowhere differentiable continuous func-

tion, 549

open problems, 80, 468
open sets
can be closed, 273
complement of closed sets, 51, 245
definition for R™, 50
definition for metric space, 244
key properties, 51, 245
operator norm, 128, 253, 481
orthogonal polynomials, 542

parallelogram law, 594-596

partial derivatives
and Jacobian matrix, 127
and possible differentiability, 147, 161
definition, 126
notation, 126, 148, 150, 401-404, 423
symmetry of second, 149, 162
partition, see dissection
pass the parcel, 339
piecewise definitions, 425
placeholder, 241, 350, 422
pointwise compared with uniform, 65, 280,
282
power series
addition, 459
and differential equations, 294, 563
composition, 470
convergence, 71
differentiation, 291, 557-558
limitations, 143, 298
many variable, 469
multiplication, 94
on circle of convergence, 71, 80
real, 293
uniform convergence, 290
uniqueness, 293
powers
beat polynomials, 434
definition of, 109113, 294-296, 555—
557
primary schools, Hungarian, 384
primes, infinitely many, Euler’s proof, 473
probability theory, 221-224, 240-241
Ptolomey’s inequality, 443

quantum mechanics, 27

radical reconstructions of analysis, 375,
415-419
radius of convergence, see also power se-
ries, 71, 78, 290, 460
rationals
countable, 385
dense in reals, 12
not good for analysis, 1-3
reals, see also continuum, models for
and fundamental axiom, 9
existence, 369-374
uncountable, 17, 385, 445
uniqueness, 380-381
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Riemann integral, see integral
Riemann-Lebesgue lemma, 566
Rolle’s theorem
examination of proof, 453
interesting use, 63—64
statement and proof, 61-63
Routh’s rule, 485
routine, 50
Russell’s paradox, 375

saddle, 157

sandwich lemma, 7

Schur complement, 485

Schwarz, area counterexample, 229

Shannon’s theorem, 236241

Simpson’s rule, 496

singular points, see critical points

slide rule, 111

solution of linear equations via
Gauss-Siedel method, 590
Jacobi method, 590

sovereigns, golden, 81-82

space filling curve, 550

spaces
C([a,0), | [11), 266, 278
C(la,0]), || [|2), 267, 278
C([a, b)), | ll=0), 278
C(la,8]), [ [l), 533
Co, 270
11, 267
12, 531
1°°, 270
1P, 533
500, 265
L(U,U), 587
L(U,V), 253

spectral radius, 588-590
squeeze lemma, 7

Stirling’s formula, simple versions, 209,

238, 504
successive approximation, 329-331

successive bisection, see lion hunting

summation methods, 461-464

sums, see also power series, Fourier se-
ries, term by term and conver-

gence tests
absolute convergence, 69
conditionally convergent, 78
convergence, 68

A COMPANION TO ANALYSIS

dominated convergence, 84
equivalent to sequences, 68, 287
Fubini’s theorem, 90
monotone convergence, 470
rearranged, 81, 86, 467
sup norm, 276
supremum
and fundamental axiom, 37
definition, 32
existence, 33
use, 34-37
surjective function, 475
symmetric
linear map, 481
matrix, diagonalisable, 446

Taylor series, see power series
Taylor theorems
best for examination, 189
Cauchy’s counterexample, 143

depend on fundamental axiom, 145

global in R, 142, 189, 455
in R, 141-145
little practical use, 190, 297
local in R, 142
local in R™, 150151, 154
Tchebychev
inequality, 222
polynomials, 454-456
spelling, 455
term by term
differentiation, 287, 291, 302
integration, 287
Thor’s drinking horn, 522
Torricelli’s trumpet, 521
total boundedness, 273
total variation, 517
transcendentals, existence of
Cantor’s proof, 385
Liouville’s proof, 435
Trapezium rule, 495

trigonometric functions, 98-102, 143, 318,

519-520
troublesome operations, 306

uniform
continuity, 65-66, 182, 275
convergence, 280-288
norm, 275
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uniqueness
antiderivative, 20, 186
completions, 356-358
decimal expansion, 13
Fourier series, 299
limit, 4, 47, 244
power series, 293
reals, 380-381
solution of differential equations, 305—

308
universal chord theorem, 441

variation of parameters, 583

Vieta’s formula for 7, 475

Vitali’s paradox, 171

volume of an n-dimensional sphere, 233

Wallis

formula for 7, 472

integrals of powers, 494
Weierstrass

M-test, 288

non-existence of minima, 199-202, 536—

538

polynomial approximation, 540
well ordering of integers, 10, 31
witch’s hat

ordinary, 281

tall, 283
Wronskian, 320-321, 581-582

young man, deep, 326, 528
young woman, deep, 384

Zeno, 2529
zeta function, brief appearance, 298

613



